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Abstract: This study presents a dynamic modeling approach to investigate the impact of saturation dynamics 

on HIV/AIDS transmission in the presence of vertical transmission and treatment strategies. The proposed 

model incorporates disease-free and endemic equilibria, with a focus on analyzing the basic reproduction 

number and conducting stability analysis. Results indicate that the disease-free equilibrium is locally 

asymptotically stable under certain conditions. The findings suggest that a combination of treatment 

interventions and awareness campaigns, along with other control measures, may play a crucial role in curbing 

the spread of the HIV/AIDS virus. This research contributes to understanding the complex dynamics of 

HIV/AIDS epidemics and highlights the importance of considering saturation effects in epidemic modeling. 
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Introduction 

HIV/AIDS remains a significant global health challenge, particularly in underdeveloped nations 

where the disease is predominantly transmitted through unprotected sexual contact. Mathematical 

modeling plays a crucial role in understanding the dynamics of HIV/AIDS epidemics and evaluating 

potential intervention strategies. Building upon existing research, this study focuses on incorporating 

saturation effects into an HIV/AIDS epidemic model that considers vertical transmission and 

treatment dynamics. 

[1] Provides a foundation for exploring the impact of vertical transmission and treatment on 

HIV/AIDS dynamics. By extending this model to include saturation dynamics, we aim to enhance 

our understanding of how the disease spreads within populations and assess the effectiveness of 

control measures. Saturation effects, which account for limitations in disease transmission due to 

factors such as population density or behavioral changes, can significantly influence the trajectory of 

an epidemic. Where: S, I, J, T, and A represent the populations of susceptible, asymptomatic, 

symptomatic, treated, and AIDS individuals, respectively. Λ is the recruitment rate of susceptible 

individuals. β is the transmission rate of HIV/AIDS. 𝜇 is the natural death rate. 𝛾 is the progression 

rate from asymptomatic to symptomatic stage. δ is the progression rate from symptomatic to AIDS 

stage. η is the treatment rate from symptomatic stage to treatment. α is the saturation parameter. K 

is the saturation level. 

Through the integration of saturation dynamics, vertical transmission, and treatment strategies, 

this study seeks to provide insights into the complex interplay of factors shaping HIV/AIDS 

epidemics. By analyzing the modified model and conducting stability analysis, we aim to identify 

key parameters that influence disease spread and evaluate the potential of interventions, such as 

treatment and awareness campaigns, in mitigating the impact of HIV/AIDS. 

The modified HIV/AIDS epidemic model with the incorporation of a saturation term can be 

represented by the following set of differential equations: 

Susceptible individuals (S): 
𝑑𝑆

𝑑𝑡
= Λ − 𝛽𝑆𝐼 − 𝜇𝑆 

Asymptomatic infected individuals (I): 
𝑑𝐼

𝑑𝑡
= 𝛽𝑆𝐼 − (y + 𝜇)𝐼 − 𝛼 

I

1+
I

k
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Symptomatic infected individuals (J): 
𝑑𝐽

𝑑𝑡
= 𝛾𝐼 − (𝛿 + 𝜇)𝐽 − 𝛼 

J

1+
J

k

  

Individuals under treatment (T): 
𝑑𝑇

𝑑𝑡
= 𝛿𝐽 − (𝜂 + 𝜇)𝑇 − 𝛼 

T

1+
T

k

  

AIDS individuals (A): 
𝑑𝐴

𝑑𝑡
= 𝜂𝑇 − μA  

This modified model incorporates the saturation term to account for the impact of limited 

resources or capacity on the transmission dynamics of HIV/AIDS. The saturation term introduces a 

non-linear effect that influences the progression of individuals between different compartments in 

the model. 

Equilibrium Point 

The disease-free equilibrium typically occurs when the number of infected individuals is zero 

and the disease is not present in the population. Solving the above model, the disease – free 

equilibrium was obtained as: (S, I, J, T, A) = (
Λ

𝜇
, 0, 0, 0, 0)  

Endemic Equilibrium are system of equations describes the steady-state values of each 

compartment when the disease is endemic, i.e., when it persists in the population. Endemic 

equilibrium is derived when solving this system of equations for S*, I*, J*, T*, A* 

Basic Reproduction Number 

The basic reproduction number 𝑅𝑜 is a crucial epidemiological parameter that represents the 

average number of secondary infections produced by a single infected individual in a completely 

susceptible population. It is calculated as the ratio of the transmission rate 𝛽 to the recovery rate 𝛾. 

In the model, 𝑅𝑜 can be computed as: 

𝑅𝑜 =
𝛽

𝛾
  

Global Stability of Disease Free Equ Librium 

To analyze the global stability of the model using Lyapunov functions, we need to define a 

Lyapunov function that is positive definite and decreases along the trajectories of the system, except 

at equilibrium points where it remains constant. 

Let’s define the Lyapunov function as follows: 

V(S, I, J, T, A) = aS + bI + cJ + dT + eA 

where a,b,c,d, and e are positive constants to be determined. 

Now, we’ll compute the time derivative of V along the trajectories of the system: 

𝑉̇ =
𝑑𝑡

𝑑𝑉
=

𝟃𝑺

𝟃𝑽
𝑺̇ +

𝟃𝑰

𝟃𝑽
İ +

𝟃𝑱

𝟃𝑽
𝐽̇ +

𝟃𝑻

𝟃𝑽
 𝑇̇ +

𝟃𝑻

𝟃𝑽
𝐴̇ 

Substituting the expressions for Ṡ, İ, 𝐽,̇ 𝑇̇, and 𝐴̇ from the given equations 

Then, we’ll compute 𝑉̇ with these values and check if it is negative semi-definite. If 𝑉̇ is negative 

semi-definite for all points in the state space, the equilibrium is globally asymptotically stable. 

Discussion of Result 

The results of the dynamic modeling approach incorporating saturation dynamics, vertical 

transmission, and treatment strategies provide valuable insights into the dynamics of HIV/AIDS 

epidemics. The analysis of the model, including the basic reproduction number and stability 

properties, sheds light on the potential impact of various factors on disease transmission and control 

measures. 

The incorporation of saturation effects in the model highlights the importance of considering 

limitations in disease transmission due to factors such as population density or behavioral changes. 

This aspect adds a realistic dimension to the model, reflecting real-world complexities that can 

influence the spread of HIV/AIDS within populations. 
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The stability analysis of the model reveals crucial information about the equilibrium points and 

their stability properties. Understanding the stability of these points is essential for predicting the 

long-term behavior of the epidemic and assessing the effectiveness of interventions. The asymptotic 

stability of equilibrium points indicates the system’s tendency to reach a steady state over time, 

providing insights into the long-term dynamics of the disease. 

Furthermore, the model underscores the significance of treatment interventions, awareness 

campaigns, and other control measures in curbing the spread of HIV/AIDS. By evaluating the impact 

of these strategies within the model framework, we can assess their potential effectiveness in 

reducing disease transmission and improving public health outcomes. 

Overall, the results of the model analysis contribute to a better understanding of HIV/AIDS 

epidemics and emphasize the importance of comprehensive approaches that consider various factors 

influencing disease dynamics. This research can inform decision-making processes aimed at 

designing effective strategies for managing and controlling the spread of HIV/AIDS in populations. 

Conclusion 

The dynamic modeling approach incorporating saturation dynamics, vertical transmission, and 

treatment strategies provides valuable insights into the complex dynamics of HIV/AIDS epidemics. 

By analyzing the modified model and conducting stability analysis, we have identified key 

parameters influencing disease spread and evaluated the potential of interventions such as treatment 

and awareness campaigns in mitigating the impact of HIV/AIDS. The study highlights the 

importance of considering saturation effects in epidemic modeling and emphasizes the role of 

treatment interventions and awareness campaigns in curbing the spread of the HIV/AIDS virus. 

Further research and analysis in this direction can contribute to a better understanding of disease 

transmission dynamics and the effectiveness of control measures in combating HIV/AIDS epidemics. 

References 

1. Bashiru,K.A, Ojurongbe, T.A, Kolawole, M.K, Aduroja O. O, Olaosebikan, M.L, Adeboye, N.O & Afolabi, 

H.A. (2023). Stability Analysis of HIV/AIDS Epidemic Model in the Presence of Vertical Transmission and 

Treatment, UNIOSUN Journal of Engineering and Environmental Sciences. Vol. 5 No. 1. March. 2023 

2. Ayele, T.K., Goufo, E.F., & Mugisha, S. (2021). Mathematical modeling of HIV/AIDS with optimal control: 

A case study in Ethiopia. Results in Physics, 26, 104263. 

3. Bashiru, K.A. (2014). Stochastic and Dynamic Models Assessment of HIV/AIDS Epidemic in Nigeria. 

Unpublished PhD thesis, Federal University of Technology, Akure. 

4. Bashiru, K.A., Fasoranbaku, A.O., Adebimpe, O., & Ojurongbe, T.A. (2017). Stability analysis of Mother-to-

Child Transmission of HIV/AIDS Dynamic Model with Treatment. ANNALS. COMPUTER SCIENCE 

SERIES Journal “Tibiscus” University of Timisoara, Romania, 15(2), 89-96. 

5. Bashiru, K.A., Ojurongbe, T.A., & Lawal, M. (2017). The dynamic of Heterosexual Transmission of 

HIV/AIDS Model with Treatment. Fountain Journal of Natural and Applied Sciences, 6(2), 15-23. 

6. Ige, Tosin, William Marfo, Justin Tonkinson, Sikiru Adewale, and Bolanle Hafiz Matti. “Adversarial 

Sampling for Fairness Testing in Deep Neural Network.” arXiv preprint arXiv:2303.02874 (2023). 

7. Amos Okomayin, Tosin Ige, Abosede Kolade , ” Data Mining in the Context of Legality, Privacy, and Ethics 

” International Journal of Research and Scientific Innovation (IJRSI) vol.10 issue 7, pp.10-15 July 2023 

https://doi.org/10.51244/IJRSI.2023.10702 

8. T. Ige and C. Kiekintveld, “Performance Comparison and Implementation of Bayesian Variants for 

Network Intrusion Detection,” 2023 IEEE International Conference on Artificial Intelligence, Blockchain, 

and Internet of Things (AIBThings), Mount Pleasant, MI, USA, 2023, pp. 1-5, doi: 

10.1109/AIBThings58340.2023.10292485. 

9. Ige, Tosin, and Christopher Kiekintveld. “Performance Comparison and Implementation of Bayesian 

Variants for Network Intrusion Detection.” 2023 IEEE International Conference on Artificial Intelligence, 

Blockchain, and Internet of Things (AIBThings). IEEE, 2023. 

10. Okomayin, Amos, and Tosin Ige. “Ambient Technology & Intelligence.” arXiv preprint arXiv:2305.10726 

(2023). 

11. Adewale, Sikiru, Tosin Ige, and Bolanle Hafiz Matti. “Encoder-Decoder Based Long Short-Term Memory 

(LSTM) Model for Video Captioning.” arXiv preprint arXiv:2401.02052 (2023) 

12. Cassels, S., Clark, S.J., & Morris, M. (2012). Mathematical models for HIV transmission dynamics: tools for 

social and behavioral science research. Journal of Acquired Immune Deficiency Syndromes, 47(1), 34-39. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 March 2024                   doi:10.20944/preprints202403.0255.v1



 4 

 

13. Fasoranbaku, O.A., Bashiru, K.A., & Yusuf, T.T. (2015). Stochastic Analysis of Mother-to-Child 

transmission of HIV/AIDS Epidemic in the presence of Treatment. European Journal of Statistics and 

Probability, 3(5), 9-18. 

14. Garba, Z.U., Ibrahim, M.O., Danbaba, A., & Yussuf, I. (2016). Mathematical modeling for screening and 

migration in horizontal and vertical transmission of HIV/AIDS. Retrieved from 

http://www.garj.org/garpas/index.htm. 

15. Glass, T., Myer, L., & Lesosky, M. (2020). The role of HIV viral load in mathematical models of HIV 

transmission and treatment: a review. BMJ Global Health, 5(1). 

16. Huo, H.F., Chen, R., & Wang, X.Y. (2016). Modelling and stability of HIV/AIDS epidemic model with 

treatment. Applied Mathematical Modelling, 40, 65550-65559. 

17. Jia, J., & Qin, G. (2017). Stability analysis of HIV/AIDS epidemic model with nonlinear incidence and 

treatment. Advances in Difference Equations, 136. DOI:10.1186/S13662-017-1175-5. 

18. Kateme, E.L., Tchuenche, J.M., & Hove-Musekwa, S.D. (2012). HIV/AIDS Dynamics with Three Control 

Strategies: The role of incidence Function. International Scholarly Research Notices, 8(864795). 

19. Medan, M. (2007). Homotopy perturbation method for solving a model for HIV infection of CD4+ T-cells. 

Istanbul Tipcart University Fen Balmier Derris Yell, 12, 39-52. 

20. Mukandavire, Z., Gumel, A.B., Garira, W., & Tchuenche, J.M. (2009). Mathematical Analysis of a Model for 

HIV-Malaria Co-Infection. Mathematical Biosciences & Engineering, 6, 333-362. 

21. Ogunlaran, O.M., & Oukouomi, S.N. (2016). Mathematical model for an effective management of HIV 

infection. Hindawi Publishing Corporation, 6(4217548). Retrieved from 

http://dx.doi.org/10.1155/2016/4217548. 

22. Ongun, M. (2011). The Laplace Adomian decomposition method for solving a model for HIV infection of 

CD4+ T-cells. Mathematical and Computer Modelling, 63, 597-603. 

23. Sani, A., Kroese, D.P., & Pollett, P.K. (2006). Stochastic Models for the Spread of HIV in A Mobile Hetero-

Sexual Population. Mathematical Bioscience. doi:10.1016/j.mbs.2006.09.024. 

24. Tan, W.Y., & Zhi, X. (1997). A Stochastic Model of HIV Epidemic For Hetero-Sexual Transmission Involving 

Married Coupled and Prostitutes: The Chain Multinomial Model Of HIV Epidemic. Mathematical and 

Computer Modelling, 26(2), 17-92. 

25. Zhiming, L., Zhidong, T., & Miao, H. (2017). Modelling and Control for HIV/AIDS Transmission in China 

Based on Data from 2004 to 2016. Computational and Mathematical Methods in Medicine, 15(8935314). 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those 

of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) 

disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or 

products referred to in the content. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 March 2024                   doi:10.20944/preprints202403.0255.v1


