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Abstract: Partial Information Decompositions (PIDs) aim to categorize how a set of source variables provide
information about a target variable redundantly, uniquely, or synergetically. The original proposal for such an
analysis used a lattice-based approach and gained significant attention. However, finding a suitable underlying
decomposition measure is still an open research question, even at an arbitrary number of discrete random variables.
This work proposes a solution to this case with a non-negative PID that satisfies an inclusion-exclusion relation
for any f-information measure. The decomposition is constructed from a pointwise perspective of the target
variable to take advantage of the equivalence between the Blackwell and zonogon order in this setting. The
zonogons correspond to the Neyman-Pearson region for an indicator variable of one target state and f-information
is the expected value of quantifying its boundary. We prove that the decomposition satisfies the axioms of the
original decomposition framework and guarantees non-negative partial information results. We highlight that our
decomposition behaves differently depending on the used information measure, which can be utilized for different
applications. We additionally show how our proposal can be used to obtain a non-negative decomposition of
Rényi-information at a transformed inclusion-exclusion relation, and for tracing partial information flows through

Markov chains.

Keywords: partial information decomposition; redundancy; synergy; information flow analysis; f-information;

rényi-information

1. Introduction

From computer science to neuroscience, we can find the following problem: We would like
to know information about a random variable T, called the target, that we cannot observe di-
rectly. However, we can obtain information about the target indirectly from another set of variables
V = {V4,.., V,}. We can use information measures to quantify how much information any set of
variables provides about the target. When doing so, we can identify the concept of redundancy: For
example, if we have two identical variables V; = V), then we can use one variable to predict the
other and thus anything that this other variable can predict. Similarly, we can identify the concept of
synergy: For example, if we have two independent variables and a target that corresponds to their XOR
operation T = (V3 XOR V,), then both variables provide no advantage on their own for predicting
the state of T, yet their combination fully determines it. Williams and Beer [1] suggested that it is
possible to characterize information as visualized by the Venn diagram for two variables V = {V3, V,}
in Figure 1a. This decomposition attributes the total information about the target to being redundant,
synergetic, or unique to a particular variable. As indicated in Figure la by I(-, T), we can quantify three
of the areas using information measures. However, this is insufficient to determine the four partial
areas that represent the individual contributions. This causes the necessity to extend an information
measure to either quantify the amount of redundancy or synergy between a set of variables.

Williams and Beer [1] first proposed a framework for Partial Information Decompositions (PIDs)
and found favor by the community [2]. However, the proposed measure of redundancy was criticized
for not distinguishing “the same information and the same amount of information” [3—6]. The proposal
of Williams and Beer [1] focused specifically on mutual information. This work additionally studies
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the decomposition of any f-information or Rényi-information at discrete random variables. They have
significance, among others, in parameter estimations, high-dimensional statistics, hypothesis testing,
channel coding, data compression and privacy analyses [7,8].
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Figure 1. Partial information decomposition representations at two variables V.= {V1,V»}. (a)
Visualization of the desired intuition for multivariate information as Venn diagram. (b) Representation
as redundancy lattice, where I quantifies the information that is contained in all of its provided
variables (inside their intersection). The ordering represents the expected subset relation of redundancy.
(c) Representation as synergy lattice, where I, quantifies the information that is contained in neither of
its provided variables (outside their union). (d) When having two partial information decompositions
with respect to the same target variable, we can study how the partial information of one decomposition
propagates into the next. We refer to this as information flow analysis of a Markov chain such as
T — (A1, A2) = (By, By).

1.1. Related Work

Most of the literature focuses on the decomposition of mutual information. Here, many alternative
measures have been proposed but cannot fully replace the original measure of Williams and Beer [1]
since they do not provide non-negative results for any |V|: The special case of bivariate partial
information decompositions (|V| = 2) has been well studied and several non-negative decompositions
for the framework of Williams and Beer [1] are known [5,9-12]. However, each of these decompositions
provides negative partial information for |V| > 2. Further research [13-15] specifically aimed to
define decompositions of mutual information for an arbitrary number of observable variables, but
similarly obtain negative partial contributions and the resulting difficulty of interpreting their results.
Griffith et al. [3] studied the decomposition of zero-error information and obtained negative partial
contributions. Kolchinsky [16] proposed a decomposition framework for an arbitrary number of
observable variables that is applicable beyond Shannon information theory, however, where the partial
contributions do not sum to the total amount.

In this work, we propose a decomposition measure for replacing the one presented by Williams
and Beer [1] while maintaining its desired properties. To achieve this, we combine several con-
cepts from the literature: We use the Blackwell order, a preorder of information channels, for
the decomposition and for deriving its operational interpretation, similar to Bertschinger et al. [9]
and Kolchinsky [16]. We use its special case for binary input channels, the zonogon order studied
by Bertschinger and Rauh [17], to achieve non-negativity at an arbitrary number of variables and
provide it with a practical meaning by highlighting its equivalence to the Neyman-Pearson (decision)
region. To utilize this special case for a general decomposition, we use the concept of a target pointwise
decomposition as demonstrated by Williams and Beer [1] and related to Lizier ef al. [18], Finn and
Lizier [13], and Ince [14]. Specifically, we use Neyman-Pearson regions of an indicator variable for
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each target state to define distinct information and quantify pointwise information from its boundary.
This allows for the non-negative decomposition of an arbitrary number of variables, where the source
and target variables can have an arbitrary finite number of states. Finally, we apply the concepts
from measuring on lattices, discussed by Knuth [19], to transform a non-negative decomposition
with inclusion-exclusion relation from one information measure to another while maintaining the
decomposition properties.

Remark 1. We use the term "target pointwise” or simply "pointwise’ within this work to refer to the analysis of
each target state individually. This differs from [13,14,18], who use the latter term for the analysis of all joint
sources-target realizations.

1.2. Contributions

In a recent work [20], we presented a decomposition of mutual information on the redundancy lattice
(Figure 1b). This work aims to simplify, generalize and extend these ideas to make the following
contributions to the area of Partial Information Decompositions:

* We propose a representation of distinct uncertainty and distinct information, which is used to
demonstrate the unexpected behavior of the measure by Williams and Beer [1] (Sections 2.2
and 3).

* We propose a decomposition for any f-information on both the redundancy lattice (Figure 1b)
and synergy lattice (Figure 1c) that satisfies an inclusion-exclusion relation and provides a
meaningful operational interpretation (Section 3.2).

* We prove that the proposed decomposition satisfies the original axioms of Williams and Beer [1]
and guarantees non-negative partial information (Theorem 3).

* We propose to transform the non-negative decomposition of one information measure into
another. This transformation maintains the non-negativity and its inclusion-exclusion relation
under a re-definition of information addition (Section 3.3).

* We demonstrate the transformation of an f-information decomposition into a decomposition for
Rényi- and Bhattacharyya-information (Section 3.3).

* We demonstrate that the proposed decomposition obtains different properties from different
information measures and analyze the behavior of total variation in more detail (Section 4).

¢ We demonstrate the analysis of partial information flows through Markov chains (Figure 1d) for
each information measure on both the redundancy and synergy lattice (Section 4.2).

2. Background

This section aims to provide the required background information and introduce the used notation.
Section 2.1 discusses the Blackwell order and its special case at binary targets, the zonogon order,
which will be used for operational interpretations and the representation of f-information for its
decomposition. Section 2.2 discusses the PID framework of Williams and Beer [1] and the relation
between a decomposition based on the redundancy lattice and one based on the synergy lattice. We also
demonstrate the unintuitive behavior of the original decomposition measure which will be resolved
by our proposal in Section 3. Section 2.3 provides the considered definitions of f-information, Rényi-
information, and Bhattacharyya information for the later demonstration of transforming decomposition
results between measures.

Notation 1 (Random variables and their distribution). We use the notation T (upper case) to represent
a random variable, ranging over the event space T (calligraphic) containing events t € T (lower case), and
use the notation Pr (P with subscript) to indicate its probability distribution. The same convention applies
to other variables, such as a random variable S with events s € S and distribution Ps. We indicate the outer
product of two probability distributions as Ps @ Pr, which assigns the product of their marginals Ps(s) - Pr(t)
to each event (s, t) of the Cartesian product S x T. Unless stated otherwise, we use the notation T, S and V' to
represent random variables throughout this work.
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2.1. Blackwell and Zonogon Order

Definition 1 (Channel). A channel y =T — S from T to S represents a garbling of the input variable T that
results in variable S. Within this work, we represent an information channel y as (row) stochastic matrix, where
each element is non-negative, and all rows sum to one.

For the context of this work, we consider a variable S to be the observation of the output from an
information channel T — S from the target variable T, such that the corresponding channel can be
obtained from their conditional probability distribution, as shown in Equation 1 where 7 = {t1, ..., t,,}
and S = {s1,...,Sm }-

p(s1lt) .. plsm|t)
p=(T—=S)="Pgr = : : @)

p(si|te) - p(sm|tn)

Notation 2 (Binary input channels). Throughout this work, we reserve the symbol x for binary input channels,
meaning « signals a stochastic matrix of dimension 2 x m. We use the notation U € « to indicate a column of
this matrix.

Definition 2 (More informative [17,21]). Awn information channel y; = T — Sq is more informative than
another channel yy = T — Sy if - for any decision problem involving a set of actions a € (2 and a reward
function u : (Q,T) — R that depends on the chosen action and state of the variable T - an agent with access to
S1 can always achieve an expected reward at least as high as another agent with access to S;.

Definition 3 (Blackwell order [17,21]). The Blackwell order is a preorder of channels. A channel y; is
Blackwell superior to channel yy, if we can pass its output through a second channel A to obtain an equivalent
channel to yy, as shown in Equation 2.

o Cpy <= pp =1 A for some stochastic matrix A (2)

Blackwell [21] showed that a channel is more informative if and only if it is Blackwell superior.
Bertschinger and Rauh [17] showed that the Blackwell order does not form a lattice for channels
=T — Sif |T| > 2 since the ordering does not provide unique meet and join elements. However,
binary target variables |7| = 2 are a special case where the Blackwell order is equivalent to the
zonogon order (discussed next) and does form a lattice [17].

Definition 4 (Zonogon [17]). The zonogon Z(x) of a binary input channel k = T — S is defined using the
Minkowski sum from the collection of vector segments as shown in Equation 3. The zonogon Z(x) can similarly
be defined as image of the unit cube [0,1)1°! under the linear map of x.

Z(x) = {inﬁi :0<x<1,7; € K} = {Kll cae [0,1]|S|} 3)

The zonogon Z(x) is a centrally symmetric convex polygon, and the set of vectors 7; € « span its
perimeter. Figure 2 shows the example of a binary input channel and its corresponding zonogon.

Definition 5 (Zonogon sum). The addition of two zonogons corresponds to their Minkowski sum as shown in
Equation 4.

Z(k1) +Z(ks) = {a+b : a€ Z(x),b € Z(x)} = z([xl KZ]) (4)
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Definition 6 (Zonogon order [17]). A zonogon Z (i) is zonogon superior to another Z(iy) if and only if
Z(x2) C Z(K7).

Bertschinger and Rauh [17] showed that for binary input channels, the zonogon order is equivalent
to the Blackwell order and forms a lattice (Equation 5). In the remaining work, we will only discuss
binary input channels, such that the orderings of Definition 2, 3 and 6 are equivalent and can be
thought of as zonogons with subset relation.

K1 E K < Z(K]) - Z(Kz) (5)

For obtaining an interpretation of what a channel zonogon Z (k) represents, we can consider a binary
decision problem by aiming to predict the state t € 7 of a binary target variable T using the output of
channel x = T — S. Any decision strategy A € [0,1]/¥1*2 for obtaining a binary prediction T can be
fully characterized by its resulting pair of True-Positive Rate (TPR) and False-Positive Rate (FPR), as
shown in Equation 6

TPR 1-TPR
FPR 1-FPR

K A=(T—=8—T) =Py = p(; ©6)

Therefore, a channel zonogon Z(x) provides the set of all achievable (TPR,FPR)-pairs for a given
channel x [20,22]. This can also be seen from Equation 3, where the unit cube a € [0,1] S| represents all
possible first columns of the decision strategy A. The first column of A fully determines the second
since each row has to sum to one. As a result, xa provides the (TPR,FPR)-pair for the decision strategy
A =[a (1-a)] and the definition of Equation 3 all achievable (TPR,FPR)-pairs for predicting the state
of a binary target variable. Since this will be helpful for operational interpretations, we label the axis of
zonogon plots accordingly, as shown in Figure 2. The zonogon ([17] p. 2480) is the Neyman-Pearson
region ([7] p. 231).

1 T T T I ’Z7
= 08 — : : . )
2 I Us | 51 S2 S3 S4
5 sl __[015 015 030 030] 4,
o 7, 070 020 008 002] &SIT
> [ —
= v - - ~ ~
g 04) . = [ 7 T, T, sy
p_d; I 552
£ 02 )
< G

0 | ! | ! | !
0 02 04 06 08 1

True-Positive Rate (TPR)
Figure 2. An example zonogon (blue) for a binary input channel x from 7 = {t,fh} to § =
{s1,52,53,54}. The zonogon is the Neyman-Pearson region and its perimeter corresponds to the
vectors Us; € k sorted by increasing/decreasing slope for the lower/upper half which results from

the likelihood ratio test. The zonogon thus represents the achievable (TPR,FPR)-pairs for predicting T
while knowing S.

Definition 7 (Neyman-Pearson region [7] & decision regions). The Neyman-Pearson region for a binary
decision problem is the set of achievable (TPR,FPR)-pairs and can be visualized as shown in Figure 2. The
Neyman-Pearson regions underlie the zonogon order and their boundary can be obtained from the likelihood-ratio
test. We refer to subsets of the Neyman-Pearson region as reachable decision regions, or simply decision regions,
and its boundary as zonogon perimeter.
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Remark 2. Due to the zonogon symmetry, the diagram labels can be swapped (FPR x-axis/TPR y-axis) which
changes the interpretation to aiming a prediction for T # t.

Notation 3 (Channel lattice). We use the notation 1 N« for the meet element of binary input channels under
the Blackwell order and k1 Lk for their join element. We use the notation Ty = [} 9] for the top element of
binary input channels under the Blackwell order and Lgw = [1] for the bottom element.

For binary input channels, the meet element of the Blackwell order corresponds to the zonogon
intersection Z(x1 M«y) = Z(x1) N Z(x2) and the join element of the Blackwell order corresponds to
the convex hull of their union Z(x; U xy) = Conv(Z(x1) U Z(kz)). Equation 7 describes this for an
arbitrary number of channels.

z<|_| K) =()Z(kx) and z<|_| K> :ConV<U Z(K)) ?)

KEA KEA KEA KEA

Example 1. The remaining work only analyzes indicator variables, so we only need to consider the case |T| = 2
where all presented ordering relations of this section are equivalent and form a lattice.

Figure 3a visualizes a channel T = S with |S| = 3. We can use the observations of S for making a
prediction T about T. For example, we predict that T is in its first state with probability wy if S is in its first state,
with probability wy if S is in its second state and with probability w3 if S is in its third state. This randomized
decision strategies can be noted as stochastic matrix A shown in Figure 3a. The resulting TPR and FPR of this
decision strateqy is obtained from the weighted sum of these parameters (wq, wy and w3) with the vectors in
. Each decision strategy corresponds to a point within the zonogon, since the probabilities are constrained by
w1, Wy, w3 € [0,1] and the resulting zonogon is the Neyman-Pearson region.

Figure 3b visualizes an example for the discussed ordering relations, where all observable variables have two
states: |S;| = 2 where i € {1,2,3}. The zonogon/Neyman-Pearson region corresponding to variable Ss is fully
contained within the others (Z(x3) C Z(x1) and Z(x3) C Z(xy)). Therefore, we can say that S is Blackwell
inferior (Definition 3) and less informative (Definition 2) than Sy and Sy about T. Practically, this means that
we can construct an equivalent variable to Sz by garbling Sy or Sy and that for any sequence of actions based on
S3 and any reward function with dependence on T, we can achieve an expected reward at least a high by acting
based on Sy or Sy instead. The variables S1 and Sy are incomparable from the zonogon order, Blackwell order,
and informativity order, since the Neyman-Pearson region of one is not fully contained in the other.

The zonogon shown in Figure 3a corresponds to the join under the zonogon order, Blackwell order and
informativity order of S1 and Sy in Figure 3b about T. For binary targets, this distribution can directly be
obtained from the convex hull of their Neyman-Pearson regions and corresponds to a valid joint distribution for
(T, S1,S2). All other joint distributions are either equivalent or superior to it. When doing this on indicator
variables for |'T| > 2, then the obtained joint distributions for each t € T may not combine into a specific valid
overall joint distribution.
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Figure 3. Visualizations for Example 1 where |7| = 2. (a) A randomized decision strategy for
predictions based on T =+ S can be represented by a |S| x 2 stochastic matrix A. The first column of this
decision matrix provides the weights for summing the columns of channel « to determine the resulting
prediction performance (TPR, FPR). Any decision strategy corresponds to a point in the zonogon. (b)
All presented ordering relations in Section 2.1 are equivalent at binary targets and correspond to the
subset relation of the visualized zonogons. The variable S3 is less informative than both S; and S, with

respect to T, and the variables S; and S, are incomparable. The shown channel in (a) is the Blackwell
join of x1 and x3 in (b).

2.2. Partial Information Decomposition

The commonly used framework for PIDs was introduced by Williams and Beer [1]. A PID is
computed with respect to a particular random variable that we would like to know information
about, called the target, and tries to identify from which variables that we have access to, called visible
variables, we obtain this information. Therefore, this section considers sets of variables that represent
their joint distribution.

Notation 4. Throughout this work, we use the notation T for the target variable and V.= {V4, ..., V;,} for the

set of visible variables. We use the notation P (V) for the power set of V, and P1(V) = P(V) \ @ for its power
set without the empty set.

Definition 8 (Sources, Atoms [1]).

* Asource S; € P1(V) is a non-empty set of visible variables.
* Anatom o € A(V) is a set of sources constructed by Equation 8.

A(V) ={a € P1(P1(V)) : VS, Sy, €a,S; & Sy}, (8)

The used filter for obtaining the set of atoms (Equation 8) removes sets that would be equivalent
to other elements. This is required for obtaining a lattice from the following two ordering relations:

Definition 9 (Redundancy-/Gain-lattice [1]). The redundancy lattice (A(V), <) is obtained by applying
the ordering relation of Equation 9 to all atoms w, p € A(V).

¥ B VS, €p,3S,€ua,S,CS, 9)
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The redundancy lattice for three visible variables is visualized in Figure 4a. On this lattice, we
can think of an atom as representing the information that can be obtained from all of its sources
about the target T (their redundancy or informational intersection). For example, the atom & =
{{V1, V2},{V1, V3}} represents on the redundancy lattice the information that is contained in both
(V4, V,) and (V;, V3) about T. Since both sources in a provide the information of V3, their redundancy
contains at least this information, and the atom = {{V; }} is considered its predecessor. Therefore, the
ordering indicates an informational subset relation for the redundancy of atoms, and the information
that is represented by an atom increases as we move up. The up-set of an atom « on the redundancy
lattice indicates the information that is lost when losing all of its sources. Considering the example
from above, if we lose access to {V; (or) V> } and {V; (or) V3}, then we lose access to all atoms in the
up-setof & = {{V, o}, {V1, V3}}.

Definition 10 (Synergy-/Loss-lattice [23]). The synergy lattice (A(V), <) is obtained by applying the
ordering relation of Equation 10 to all atoms a, p € A(V).

a2 B<=VS,€p,3S;, €S, CS, (10)

The synergy lattice for three visible variables is visualized in Figure 4b. On this lattice, we can
think of an atom as representing the information that is contained in neither of its sources (information
outside their union). For example, the atom a = {{Vy, V,2},{V4, V3}} represents on the synergy
lattice the information that is obtained from neither (V;, V,) nor (Vj, V3) about T. The ordering again
indicates their expected subset relation: the information that is obtained from neither {V; (and) V,}
nor {V; (and) V3} is fully contained in the information that cannot be obtained from = {{V;}} and
thus « is a predecessor of .

With an intuition for both ordering relations in mind, we can see how the filter in the construction
of atoms (Equation 8) removes sets that would be equivalent to another atom: the set {{V4, V»},{V1}}
is removed from the power set of sources since it would be equivalent to the atom {{V; }} under the
ordering of the redundancy lattice and equivalent to the atom {{V3, V»}} under the ordering of the
synergy lattice.

Notation 5 (Redundancy/Synergy lattices). We use the notation (A(V),Y, \) for the join and meet
operators on the redundancy lattice, and (A(V),V, \) for the join and meet operators on the synergy lattice.
We use the notation T gy, = {V} for the top and Lg; = @ for the bottom atom on the redundancy lattice, and
Tsr = Qand Lgp = {V} for the top and bottom atom on the synergy lattice. For an atom «, we use the
notation |a for its down-set, L« for its strict down-set, and «~ for its cover set. These definitions will only
appear in the Mobius inverse of a function that is directly associated with either the synergy or redundancy
lattice such that there is no ambiguity about which ordering relation has to be considered.

The redundant, unique, or synergetic information (partial contributions) can be calculated based
on either lattice. They are obtained by quantifying each atom of the redundancy or synergy lattice with
a cumulative measure that increases as we move up in the lattice. The partial contributions are then
obtained in a second step from a M&bius inverse.
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{81} {82} {ss} Ezfsm/szs} {Sllz} {813} {82} \{ASlrSz,Sa}
{sl,lszs} ﬁ%ﬁﬁ/ {S}Slz} M
{sl,lsz}><{sl,s3}><{s}s3} {Sljsla}>§su,szg<{sljszs}
N N
i {S:Lza }
(a) Redundancy-/Gain-Lattice (A({V1, V2, V3}), <) (b) Synergy-/Loss-Lattice (A({V1,V, V3}), <)
(quantifies information present in all sources) (quantifies information present in neither source)

Figure 4. For the visualization, we abbreviated the notation by indicating the contained visible
variable as index of the source, for example, S1p = {V4, V1 } to represent their joint distribution: (a) A
redundancy lattice based on the ordering < of Equation 9. (b) A synergy lattice based on the ordering
= of Equation 10 for the partial information decomposition at V.= {V1, V,, V3}. On the redundancy
lattice, the redundancy of all sources within an atom increases while moving up. On the synergy lattice,
the information that is obtained from neither source of an atom increases while moving up.

Definition 11 ([Cumulative] redundancy measure [1]). A redundancy measure In(a; T) is a function that
assigns a real value to each atom of the redundancy lattice. It is interpreted as a cumulative information measure
that quantifies the redundancy between all sources S € « of an atom « € A(V) about the target T.

Definition 12 ([Cumulative] loss measure [23]). A loss measure I, («; T) is a function that assigns a real
value to each atom of the synergy lattice. It is interpreted as a cumulative measure that quantifies the information
about T that is provided by neither of the sources S € w of an atom « € A(V).

To ensure that a redundancy measure actually captures the desired concept of redundancy, Williams
and Beer [1] defined three axioms that a measure I should satisfy. For the synergy lattice, we consider
the equivalent axioms discussed by Chicharro and Panzeri [23]:

Axiom 1 (Commutativity [1,23]). Invariance in the order of sources (o permuting the order of indices):

Im({sl, Y Si},' T) = Im({sg(l), Yy Sa(i) }; T)
Iu({S1, ceey Sl‘},’ T) = Iu({sa(l), ceey S(T(i) }; T)

Axiom 2 (Monotonicity [1,23]). Additional sources can only decrease redundant information. Additional
sources can only decrease the information that is in neither source.

In({S1,.,Si-1};T) = In({S1,... Si}; T)
({81, ., Si-1}T) = Iu({S1,... Si}1; T)
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Axiom 3 (Self-redundancy [1,23]). For a single source, redundancy equals mutual information. For a single
source, the information loss equals the difference between the total available mutual information and the mutual
information of the considered source with the target.

IW({S:};T) = [(S;T) and I,({S;};T) = I(V;T) — I(S;; T)

The first axiom states that an atom’s redundancy and information loss should not depend on
the order of its sources. The second axiom states that adding sources to an atom can only decrease
the redundancy of all sources (redundancy lattice) and decrease the information from neither source
(synergy lattice). The third axiom binds the measures to be consistent with mutual information and
ensures that the bottom element of both lattices is quantified to zero.

Once a lattice with corresponding cumulative measure (In/Iy) is defined, we can use the Mobius
inverse to compute the partial contribution of each atom. This partial information can be visualized
as partial area in a Venn diagram (see Figure 1a) and corresponds to the desired redundant, unique,
and synergetic contributions. However, the same atom represents different partial contributions on
each lattice: As visualized for the case of two visible variables in Figure 1, the unique information of
variable V is represented by « = {{V;}} on the redundancy lattice and by B = {{V,}} on the synergy
lattice.

Definition 13 (Partial information [1,23]). Partial information Aln(a; T) and Al (a; T) corresponds to the
Mobius inverse of its corresponding cumulative measure on the respective lattice.

Redundancy-Lattice: Aln(a;T) = In(a; T) — Y AIN(B; T), (11a)
Bela

Synergy-Lattice: Al(a;T) = Iu(a; T) — Y AIu(B; T). (11b)
Bela

Remark 3. Using the Mobius inverse for defining partial information enforces an inclusion-exclusion relation
in that all partial information contributions have to sum to the corresponding cumulative measure. Kolchinsky
[16] argues that an inclusion-exclusion relation should not be expected to hold for PIDs and proposes an
alternative decomposition framework. In this case, the sum of partial contributions (unique/redundant/synergetic
information) is no longer expected to sum to the total amount I(V; T).

Property 1 (Local positivity, non-negativity [1]). A partial information decomposition satisfies non-negativity
or local positivity if its partial information contributions are always non-negative, as shown in Equation 12.

Va e A(V).  Aln(a;T) >0  or  Aly(a;T) >0 (12)

The non-negativity property is important if we assume an inclusion-exclusion relation since it
states that the unique, redundant, or synergetic information cannot be negative. If an atom « provides
a negative partial contribution in the framework of Williams and Beer [1], then this may indicate that
we over-counted some information in its down-set.

Remark 4. Several additional axioms and properties have been suggested since the original proposal of Williams
and Beer [1], such as target monotonicity and target chain rule [4]. However, this work will only consider the
axioms and properties of Williams and Beer [1]. To the best of our knowledge, no other measure since the original
proposal (discussed below) has been able to satisfy these properties for an arbitrary number of visible variables
while ensuring an inclusion-exclusion relation for their partial contributions.
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It is possible to convert between both representations due to a lattice duality:

Definition 14 (Lattice duality and dual decompositions [23]). Let C = (A(V), <) be a redundancy
lattice with associated measure I, and let D = (A(V), =) be a synergy lattice with measure 1., then the two
decompositions are said to be dual if and only if the down-set on one lattice corresponds to the up-set in the other
as shown in Equation 13.

Ya € C, 3B € D : Aln(a; T) = AIL(B; T) (13a)

Va € D,3B € C : Aly(a -T) = AIn(B;T) (13b)

VeeC,3peD: In(wT)= Y Aln(yT)= ), Aly(y;T) (13c)
rEla YETB

VaeD,3peC: Iy(;T)= Y, Alu(%T)= )Y, Aln(yT) (13d)
YELH YETP

Williams and Beer [1] proposed 2", as shown in Equation 14, to be used as measure of redun-
dancy and demonstrated that it satisfies the three required axioms and local positivity. They define
redundancy (Equation 14b) as the expected value of the minimum specific information (Equation 14a).

Remark 5. Throughout this work, we use the term "target pointwise information” or simply "pointwise informa-
tion” to refer to 'specific information’. This shall avoid confusion when naming their corresponding binary input
channels in Section 3.

I(S;T=t) Sgps“ {log<p(1)) —log(p(ll s)ﬂ (14a)

IP(Sy,..,SuT) = Y p(H) min I(S;; T = ¢). (14b)
teT iel.k

To the best of our knowledge, this measure is the only existing non-negative decomposition that
satisfies all three axioms listed above for an arbitrary number of visible variables while providing an
inclusion-exclusion relation of partial information.

However, the measure IZ'" could be criticized for not providing a notion of distinct information
due to its use of a pointwise minimum (for each t € 7") over the sources. This leads to the question
of distinguishing “the same information and the same amount of information” [3-6]. We can use
the definition through a pointwise minimum (Equation 14) to construct examples of unexpected
behavior: consider for example a uniform binary target variable T and two visible variables as output
of the channels visualized in Figure 5. The channels are constructed to be equivalent for both target
states and provide access to distinct decision regions while ensuring a constant pointwise information
Vt € T : I(Vy, T =t) = 0.2. Even though our ability to predict the target variable significantly depends
on which of the two indicated channel outputs we observe (blue or green in Figure 5, incomparable
informativity based on Definition 2), the measure 3" concludes full redundancy between them
I(V; T) = IR ({Vy, V2 }; T) = I(V, T) = 0.2. We think this behavior is undesired and, as discussed
in the literature, caused by an underlying lack of distinguishing the same information. To resolve this
issue, we will present a representation of f-information in Section 3.1, which allows the use of all
(TPR,FPR)-pairs for each state of the target variable to represent a distinct notion of uncertainty.
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—_

0.8

lx 1=-x-y vy
0.6 K(x,y) = Y l—x—y o | wherex <.

0.4

02 I(Vy;T) = IR ({Vy, V, };T) = 1(V,, T) = 0.2

False-Positive Rate (FPR)

I | I | I
0 02 04 06 08 1

True-Positive Rate (TPR)

Figure 5. Example of the unexpected behavior of I?": the dashed isoline indicates the pairs (x,y)
for which channel x(x,yy) = T — V; results in a pointwise information Vt € T : I(V;,T =) = 0.2
for a uniform binary target variable. Even though observing the output of both indicated example
channels (blue/green) provides significantly different abilities for predicting the target variable state,
the measure I2" indicates full redundancy.

2.3. Information Measures

This section discusses two generalizations of mutual information at discrete random variables
based on f-divergences and Rényi divergences [24,25]. While mutual information has interpretational
significance in channel coding and data compression, other f-divergences have their significance in
parameter estimations, high-dimensional statistics, and hypothesis testing ([7], p. 88), while Rényi-
divergences can be found among others in privacy analysis [8]. Finally, we introduce Bhattacharyya
information for demonstrating that it is possible to chain decomposition transformations in Section 3.3.
All definitions in this section only consider the case of discrete random variables (which is what we
need for the context of this work).

Definition 15 (f-divergence [24]). Let f : (0,00) — R be a function that satisfies the following three
properties.

o fis convex,

* f(1)=0,
* f(z) is finite for all z > 0.

By convention we understand that f(0) = lim, o+ f(z) and 0f (§) = 0. For any such function f and two
discrete probability distributions P and Q over the event space X, the f-divergence for discrete random variables
is defined as shown in Equation 15.

D10 = T 0ws (G ) =Ee|f (500 )| (15

XeX

Notation 6. Throughout this work, we reserve the name f for functions that satisfy the required properties for
an f-divergence of Definition 15.

An f-divergence quantifies a notion of dissimilarity between two probability distributions P
and Q. Key properties of f-divergences are their non-negativity, their invariance under bijective
transformations, and them satisfying a data-processing inequality ([7], p. 89). A list of commonly
used f-divergences is shown in Table 1. Notably, the continuation for a = 1 of both the Hellinger- and
«-divergence result in the KL-divergence [26].
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Table 1. Commonly used functions for f-divergences.

Dxr  Kullback-Leiber (KL) divergence f(z) =zlogz

Dry  Total Variation (TV) fz)=1z—-1]

D,. x>-divergence f(z) = (z—1)?

Dy Squared Hellinger distance f(z) = (1—+/z)?

Dic  Le Cam distance flz) = 2123_22

Dys Jensen-Shannon divergence f(z) =zlog Zi—zl + log %
Dy,  Hellinger divergence witha € (0,1) U (1,00)  f(z) Zaﬂjll

Dy—y a-divergence witha € (0,1) U (1, 0) flz) == ul(;f(lz)*l)

The generator function of an f-divergence is not unique since D¢(;) = D¢(;),(;—1) for a real
constant ¢ € R ([7], p. 90f). As a result, the considered a-divergence is a linear scaling of the Hellinger
divergence (Dy, = a - Dy—;) as shown in Equation 16.

2" —1 2 —1—a(z—1) a

a_l—i-c(z—l):w 2@ 1) forc=—a_1

(16)

Definition 16 (f-information [7]). An f-information is defined based on an f-divergence from the joint
distribution of two discrete random variables and the product of their marginals as shown in Equation 17.

I4(S;T) = Dy (P(S,T) | Ps ® PT)
_ Ps,7)(s,t)
=k e 'f(Ps(s) 'PT(f)> (7)

(s,)eSXT
_ Pjr(s | 1)
= L Pr(n)| ZPs(s) f(PS(S)N

teT

Definition 17 (f-entropy). A notion of f-entropy for a discrete random variable is obtained from the self-
information of a variable Hy(T) := I¢(T; T).

Notation 7. Using the KL-divergence results in the definition of mutual information and Shannon entropy.
Therefore, we use the notation Iy for mutual information (KL-information) and Hyy (KL-entropy ) for the
Shannon entropy.

The remaining part of this section will define Rényi- and Bhattacharyya-information to highlight
that they can be represented as an invertible transformation of Hellinger-information. This will be
used in Section 3.3 to transform the decomposition of Hellinger-information to a decomposition of
Rényi- and Bhattacharyya-information.

Remark 6. We could similarly choose to represent Renyi divergence as a transformation of the a-divergence. A
liner scaling of the considered f-divergence will however not affect our later results (see Section 3.3).
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Definition 18 (Rényi divergence [25]). Let P and Q be two discrete probability distributions over the event
space X, then Rényi divergence R, is defined as shown in Equation 18 for a € (0,1) U (1, c0), and extended to
a € {0,1,00} by continuation.

et =t (55)])

(56) -1 -
a—1

1
:a_llog 1+ (a—-1)Eqg

1

= —log(1+(a—1)Dy,(P || Q)

Notably, the continuation of Rényi divergence for a = 1 also equals the KL-divergence ([7], p.
116). Renyi divergence can be expressed as an invertible transformation of the Hellinger divergence
(Dn,, see Equation 18) [26].

Definition 19 (Rényi-information [7]). Rényi-information is defined equivalent to f-information as shown in
Equation 19 and corresponds to an invertible transformation of Hellinger-information (Ir, ).

I, ($;T) = Ra(Pis;1) | Ps @ Pr)

= ! -log(1+ (2 — 1)1, (S;T))

(19)

Finally, we consider the Bhattacharyya distance (Definition 20), which is equivalent to a linear
scaling from a special case of Rényi divergence (Equation 20) [26]. It is applied, among others, in signal
processing [27] and coding theory [28]. The corresponding information measure (Equation 21) is like
its distance the scaling of a special case of Rényi-information.

Definition 20 (Bhattacharyya distance [29]). Let P and Q be two discrete probability distributions over the
event space X, then the Bhattacharyya distance is defined as shown in Equation 20.

B(P [l Q)= —10g< D \/P(X)Q(X)>

xeX

= —log< Z Q(x) g((i))>

xeX

P(X) )05 1 (20)

— —log|1-05 Ko <Q((’;)5_1

= —log(l —05- DH0,5(P | Q))
=05-Ro5(P || Q)

Definition 21 (Bhattacharyya-information). Bhattacharyya-information is defined equivalent to f-information
as shown in Equation 21.

I5(S;T) == B(P(S,T) | Ps ® PT) =05 Iz, (S; T) (21)

Example 2. Consider the channel T =5 S with T = {t,t2} and S = {s1,5,}. While it will be discussed in
more detail in Section 3.1, Equation 22 already indicates that f-information can be interpreted as the expected
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value of quantifying the boundary of the Neyman-Pearson region for an indicator variable of each target state
t € T. Each state of a source variable s € S corresponds to one side/edge of this boundary as discussed in
Section 2.1 and visualized in Figure 2. Therefore, the sum over s € S corresponds to the sum of quantifying each
edge of the zonogon by some function, which is only parameterized by the distribution of the indicator variable for
t. This function satisfies a triangle inequality (Corollary A1) and the total boundary is non-negative (Theorem 2
discussed later). Therefore, we can vaguely think of pointwise f-information as quantifying the length of the
boundary of the Neyman-Pearson region or zonogon perimeter to give an oversimplified intuition.

quantifies each zonogon edge

If(S;T) =Y Pr(t) | }_ Ps(s) f(W) (22)

teT seS

pointwise information of an indicator variable T = ¢

Below is a step-wise computation of x>-information (f(z) = (z —1)?) on a small example from this interpretation
for the setting of Equation 23.

_ _p(S=s1|T=t) p(S=s2|T=t)| |08 02
K_PST_L?(S:SHT:Q) p(S=s | T=t)| |035 065 (232)

Pr=[p(T=t) p(T=t)|=[04 o6 (23b)

Since |T'| = 2, we compute the pointwise information for two indicator variables as shown in Figure 6. Since
each state s € S corresponds to one edge of the zonogon, we compute them individually. Notice that the
quantification of each vector vs; can be expressed as a function that is only parameterized by the distribution of
the indicator variable. The total zonogon perimeter is quantified to the sum of each of its edges, which equals
pointwise information. In this particular case, we obtain 0.292653 for the total boundary on the indicator of t;
and 0.130068 for the total boundary on the indicator of to. The expected information corresponds to the expected
value of these pointwise quantifications and provides the final result (Equation 24).

L>(S;T) = p(T = t1) - 0.292653 + p(T = t,) - 0.130068 = 0.195102 (24)
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0.8
0.6

0.4

— |

N
S
S/ 7,

False-Positive Rate (FPR)

— Y2
0 02 04 06 08 1
True-Positive Rate (TPR)
0.35 0.65}
0.80 0.20

0

k=(T=t) =>S=[0s Ts]= [
indicator distribution #;: [0.6 0.4}
Ps(s;) = [0.6 0.4] -T5, =053

quantification ,: 0.53 - (33 — )2 =0.061132
Ps(sp) = [0.6 0.4] -Ts, =047

quantification @s,: 0.47 - (% - )2 = 0.068936

total pointwise x2-information of to:
0.061132 +- 0.068936 = 0.130068

(b) Pointwise information of indicator T = t,

Figure 6. This example visualizes the computation of y*-information by indicating its results on the
representation of zonogons of an indicator variable. (a) For the pointwise information of t;, both vectors
of the zonogon perimeter are quantified to the sum 0.292653. (b) For the pointwise information of t;,
both vectors of the zonogon perimeter are quantified to the sum of 0.130068. The final x?-information
is their expected value I,» (S;T) =0.4-0.292653 4 0.6 - 0.130068 = 0.195102.

3. Decomposition Methodology

To construct a partial information decomposition in the framework of Williams and Beer [1], we
only have to define a cumulative redundancy measure (In) or cumulative loss measure (I). However,
doing this requires a meaningful definition of when information is the same. Therefore, Section 3.1
presents an interpretation of f-information that enables a representation of distinct information.
Specifically, we demonstrate that pointwise f-information for a target state t € T corresponds to
the Neyman-Pearson region of its indicator variable, which is quantified by its boundary (zonogon
perimeter). This allows for the interpretation that each distinct (TPR,FPR)-pair for predicting a state of
the target variable provides a distinct notion of uncertainty. This interpretation of f-information is used
in Section 3.2 to construct a partial information decomposition under the Blackwell order for each state
t € T individually. These individual decompositions are then combined into the final result. Therefore,
we decompose specific information based on the Blackwell order rather than using its minimum,
like Williams and Beer [1]. We use the resulting decomposition of any f-information in Section 3.3
to transform a Hellinger-information decomposition into a Rényi-information decomposition while
maintaining its non-negativity and an inclusion-exclusion relation. In Sections 3.2 and 3.3, we first
demonstrate the decomposition on the synergy lattice and then its corresponding dual decomposition
on the redundancy lattice. To achieve the desired axioms and properties, we combine different aspects
of the existing literature:

e Like Bertschinger ef al. [9] and Kolchinsky [16] we base the decomposition on the Blackwell order
and use this to obtain the operational interpretation of the decomposition.
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¢ Like Williams and Beer [1] and related to Lizier et al. [18], Finn and Lizier [13], and Ince [14], we

perform a decomposition from a pointwise perspective but only for the target variable.

¢ In a similar manner to how Finn and Lizier [13] used probability mass exclusion to differentiate
distinct information, we use Neyman-Pearson regions for each state of a target variable to
differentiate distinct information.

* We propose applying the concepts about lattice re-graduations discussed by Knuth [19] to PIDs
to transform the decomposition of one information measure to another while maintaining its
consistency.

We extend Axiom 3 of Williams and Beer [1] as shown below, to allow binding any information
measure to the decomposition.

Axiom 4 (Self-redundancy). For a single source, redundancy In . and information loss 1+« correspond to
information measure I as shown below:

I ({Si};T) = L(S;T) and I, ({Si};T) = L(V;T) — L.(S;; T) (25)

3.1. Representing f-Information

We begin with an interpretation of f-information, for which we define a pointwise (indicator)
variable 77(T, t) that represents one state of the target variable (Equation 26a) and construct its pointwise
information channel (Definition 22). Then, we define a function ¢ based on the generator function of
an f-divergence. This function acts like a pseudo-distance for measuring half the length the zonogon
perimeter of each pointwise information channel (see Figure 2). These zonogon perimeter lengths are
pointwise f-information.

Definition 22 ([Target] pointwise binary input channel). We define a target pointwise binary input
channel x(S, T, t) from one state of the target variable t € T to an information source S with event space
S ={s1,...,5m} as shown in Equation 26D.

(T, t) = {l yr=t (26a)

0 otherwise

p(S=s|T=t) ... p(S=su|T=t)

p(S=s1|T#t) ... p(S=sm|T#t) (26b)

x(S,T,t) = n(T,t) > S = [

Definition 23 ([Target] pointwise f-information).

* We define a function r ¢ as shown in Equation 27a to quantify a vector, where 0 < p,x,y < 1.
* We define a target pointwise f-information function ir, as shown in Equation 27b, to quantify half the

zonogon perimeter for the corresponding pointwise channel Z(x(S, T, t)).

re(p, [y]) = (px+ (1= p)y) ~f(M) (27a)
if(p.x) = ) rs(p,0) (27b)

Theorem 1 (Properties of rf). Fora constant 0 < p < 1: (1) the function r(p,7) is convex in 7, (2) scales
linearly in U, (3) satisfies a triangle inequality in U, (4) quantifies any vector of slope one to zero, and (5)
quantifies the zero vector to zero.
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Proof.
1. The convexity of r¢(p, ¥) in ¥ is shown separately in Lemma A1 of Appendix A.
2. That r¢(p, £0) = €r¢(p,¥) scales linearly in ¥ can directly be seen from Equation 27a.
3. The triangle inequality of r¢(p, ¥) in ¥ is shown separately in Corollary Al of Appendix A.
4. A vector of slope one is quantified to zero r¢(p, [6]) = £-f(1) = 0, since f(1) = Oisa

requirement on the generator function of an f-divergence (Definition 15).

5. The zero vector is quantified to zero r¢(p, [J]) = 0- f(§) = 0 by the convention of generator
functions for an f-divergence (Definition 15).

O

The function r¢ provides the following properties to the pointwise information measure iy.

Theorem 2 (Properties of if). The pointwise information measure iy (1) maintains the ordering relation of the
Blackwell order for binary input channels and (2) is non-negative.

Proof.

1. That the function ry maintains the ordering relation of the Blackwell order on binary input
channels is shown separately in Lemma A2 of Appendix A (Equation 28a).

2. The bottom element Lgw = [1] consists of a single vector of slope one, which is quantified
to zero by Theorem 1 (Equation 28b). The combination with Equation 28a ensures the non-
negativity.

k1 Exp = if(p, 1) <if(p,x2), (28a)
ir(p, Lew) =0. (28b)

O

An f-information corresponds to the expected value of the target pointwise f-information function
defined above (Equation 29). As a result, we can interpret f-information as quantifying (half) the
expected zonogon perimeter length for the pointwise channels Z(x(S, T, )), where the function 7 acts
as a pseudo-distance.

(S T) = ¥ Pr(t) - ig (Pr(t),x(S,T,1))

teT

=Y rPr(t)y-| Y re(Pr(t),) (29)
teT dex(S,T,t)

_teZTPT(t) L;SPS(S) f< Ps(s) )]

3.2. Decomposing f-Information

With the representation of Section 3.1 in mind, we can define a non-negative partial information
decomposition for a set of visible variables V. = {V,..., V,;} about a target variable T for any f-
information. The decomposition is performed from a pointwise perspective, which means that we
decompose the pointwise measure if on the synergy lattice (A(V), <) for each t € 7. The pointwise
synergy lattices are then combined using a weighted sum to obtain the decomposition of I.

We map each atom of the synergy lattice to the join of pointwise channels for its contained sources.
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Definition 24 (From atoms to channels). We define the channel corresponding to an atom o € A(V) as
shown in Eqation 30.

1 ifo = Tg =
xu(e, T, t) :—{ BW ifa s.=9 (30)

Usea ®(S, T, t)) otherwise

Lemma 1. For any set of sources a, p € P(P1(V)) and target variable T with state t € T, the function x|,
maintains the ordering of the synergy lattice under the Blackwell order as shown in Equation 31.

a<XB=xu(B T,t) CxyaT,t) (31)

Lemma 1 is shown separately in Section B.1 of Appendix B. The mapping from Definition 24
provides a lattice that can be quantified using pointwise f-information to construct a cumulative loss
measure for its decomposition using the Mobius inverse.

Definition 25 ([Target] pointwise cumulative and partial loss measures). We define the target pointwise
cumulative and partial loss functions as shown in Equation 32a and 32b.

in (e, T, t) ==1ip(Pr(t),x(V,T,t)) —if(Pr(t),xu(a, T,t)) (32a)
Aiy (o, T t) =iy p(a, T, t) — Y Nig (B, T, t) (32b)
Bela

The combined cumulative and partial measures are the expected value of their correspond-
ing pointwise measures. This corresponds to combining the pointwise decomposition lattices by a
weighted sum.

Definition 26 (Combined cumulative and partial loss measures). The cumulative loss measure I, f is
defined by Equation 33 and the decomposition result Al r by Equation 34.

Ip(a;T) =) Pr(t)-iys(a,T,t) (33)
teT

Al p(a;T) ==Y Pr(t) - Aiyg(a, T, t)
teT

= lup(@T)— Y AL (B T)
Bela

(34)

Theorem 3. The presented definitions for the pointwise and expected loss measures (i, g and 1, ¢) provide a
non-negative PID on the synergy lattice with inclusion-exclusion relation that satisfies the Axioms 1, 2 and 4
for any f-information measure.

Proof.

* Axiom 1: The measure i, s (Equation 32a) is invariant to permuting the order of sources in «,
since the join operator of the zonogon order (| Js¢,) is. Therefore, also I, r satisfies Axiom 1.

* Axiom 2: The monotonicity of both i, r and I,  on the synergy lattice is shown separately as
Corollary A2 in Appendix B.

* Axiom 4: For a single source, i s equals the pointwise information loss by definition (see
Equation 25, 27b and 32a). Therefore, I, 7 satisfies Axiom 4.
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* Non-negativity: The non-negativity of Ai, r and Al s is shown separately as Lemma A7 in
Appendix B.
O

The function if(Pr(t),xu(a, T,t)) quantifies the convex hull/blackwell join of the Neyman-
Pearson regions of its sources and represents a notion of pointwise union information about the
target state f € 7. It is used in Equation 32a to define a pointwise loss measure for the synergy
lattice. However, we can equally define pointwise redundant (intersection) information through an
inclusion-exclusion relation of this union measure. The resulting pointwise and combined cumulative
measures (in s and I ¢) are shown in Equation 35. The partial contributions (Air ¢ and Al ¢) are
obtained from the Mobius inverse, which results in the corresponding dual decomposition on the
redundancy lattice [23]. This conversion between representations (redundancy lattice <+ synergy
lattice) can be applied to any cumulative decomposition measure in the framework of Williams and
Beer [1] that satisfies non-negativity.

Definition 27 (Dual decomposition on the redundancy lattice). We define the pointwise and cumulative
redundancy measure as shown in Equation 35.

ing(a,T,t) =Y (=17 (Pr(t),xu(B, T, 1)) (35a)
BEP1(w)
ImfﬁcT ZPT lmfﬁéTt) (35b)
teT
=L(V;T) = Y (=D)L 68 T) (35¢)
ﬁGPl(R)

Corollary 1. The dual decomposition as defined by Equation 35 provides a non-negative PID which satisfies an
inclusion-exclusion relation and the axioms of Williams and Beer [1] on the redundancy lattice.

Proof. The Axioms 1 and 4 are transformed from Theorem 3 by Equation 35c. The non-negativity is
obtained from Theorem 3 since the partial contributions are identical between dual decompositions [23].
The non-negativity ensures monotonicity (Axiom 2) since the cumulative measure I f is the sum of
(non-negative) partial contributions in its down-set due to the Mobius inverse. [

Remark 7. The definitions of Equation 33 and 35 satisfy the desired property of Bertschinger et al. [9], who
argued that any sensible measure for unique and redundant information should only depend on the marginal
distribution of sources.

Remark 8. As discussed before [20], it is possible to further split redundancy into two components for extracting
the pointwise meet under the Blackwell order (zonogon intersection, first component). The second component of
redundancy as defined above contains decision regions that are part of the convex hull but not the individual
channel zonogons (discussed as shared information in [20]). By combining Equation 35 and Lemma A6, we
obtain that both components of this split for redundancy are non-negative.

From a pointwise perspective (| 7| = 2), there always exists a dependency between the sources for
which the synergy of this state becomes zero. This dependence corresponds, by definition, to the join
of their channels. This is helpful for the operational interpretation in the following paragraph since,
individually, each pointwise synergy becomes fully volatile to the dependence between the sources.
There may not exist a dependency between the sources for which the expected synergy becomes zero
for | 7| > 2. However, each decision region that is quantified as synergetic becomes inaccessible at
some dependence between the sources.
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Operational interpretation: The decomposition obtains the operational interpretation that if
a variable provides pointwise unique information, then there exists a unique decision region for
some t € T that this variable provides access to. Moreover, if a set of variables provides synergetic
information, then a decision region for some t € 7 may become inaccessible if the dependence between
the variables changes. Due to the equivalence of the zonogon and Blackwell order for binary input
variables, these interpretations can also be transferred to a set of actions a € (2 and a pointwise reward
function u(a, 7t(T, t)), which only depends on one state of the target variable 77(T, t) (see Section 2.1):
If a variable provides unique information, then it provides an advantage for some set of actions and
pointwise reward function, while synergy indicates that the advantage for some pointwise reward
function is based on the dependence between variables.

The implication of the interpretation does not hold in the other direction, which we will also
highlight in the example of I, Tv in Section 4.1. Finally, the definition of the Blackwell order through
the chaining of channels (Equation 2) highlights its suitability for tracing the flows of information in
Markov chains (see Section 4.2).

3.3. Decomposing Rényi-Information

Since Rényi-information is an invertible transformation of Hellinger-information and a-information,
we argue that their decompositions should be consistent. We propose to view the decomposition
of Rényi-information as a transformation from an f-information and demonstrate the approach by
transferring the Hellinger-information decomposition to a Rényi-information decomposition. Then,
we demonstrate that the result is invariant to a linear scaling of the considered f-information, such
that the transformation from a-information provides identical results. The obtained Rényi-information
decomposition is non-negative and satisfies the three axioms proposed by Williams and Beer [1]
(see below). However, its inclusion-exclusion relation is based on a transformed addition opera-
tor. For transforming the decomposition, we consider Rényi-information to be a re-graduation of

Hellinger-information, as shown in Equation 36.
1

va(z) = p— log(1+ (a—1)z) (36a)

Ir,(S;T) = v,(Ig, (S; T)) (36b)

To maintain consistency when transforming the measure, we also have to transform its operators ([19],
p. 6 ff.):

Definition 28 (Addition of Rényi-information). We define the addition of Rényi-information ®, with its
corresponding inverse function ©, by Equation 37.

log(e(“*l)x 4+ ela=1)y _ 1)

X @ay = va(0; " (x) + 0, ' () = — (37a)
) ) log(e(afl)x _ e(afl)y + 1)
¥ Sy = oa(o7 (x) — 05 ) = - 7b)

To transform a decomposition of the synergy lattice, we define the cumulative loss measures
as shown in Equation 38 and use the transformed operators when computing the Moébius inverse
(Equation 39a) to maintain consistency in the results (Equation 39b).
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Definition 29. The cumulative and partial Rényi-information loss measures are defined as transformations of
the cumulative and partial Hellinger-information loss measures, as shown in Equations 38 and 39.

Iy, (&;T) = va(Iyp, (a; T)) (38)

Alug,(;T) ==Iyr,(:T) ©a Y, Alug,(B;T) where: + = @, (39a)
Bela

=va(Alyp, (a; T)) (39b)

Remark 9. We show in Lemma A8 of Appendix C that re-scaling the original f-information does not af-
fect the resulting decomposition or transformed operators. Therefore, transforming a Hellinger-information
decomposition or a a-information decomposition to a Rényi-information decomposition provides identical results.

The operational interpretation presented in Section 3.2 is similarly applicable to partial Rényi-
information (Al g, , Equation 39b), since the function v, satisfies v,(0) = 0and x < 0 = 0 < v,(x).

Theorem 4. The presented definitions for the cumulative loss measure I g, provide a non-negative PID on the
synergy lattice with inclusion-exclusion relation under the transformed addition (Definition 28) that satisfies the
Axioms 1, 2 and 4 for any Rényi-information measure.

Proof.

e Axiom 1: I g, («; T) is invariant to permuting the order of sources, since Iy, (S; T) satisfies
Axiom 1 (see Section 3.2).

e Axiom 2: IR, (a; T) satisfies monotonicity, since I 11, (S; T) satisfies Axiom 2 (see Section 3.2)
and the transformation function v, is monotonically increasing for a € (0,1) U (1, c0).

* Axiom 4: Since I, satisfies Axiom 4 (see Section 3.2, Equation 36 and 38), I, r, satisfies the
self-redundancy axiom by definition, however, at a transformed operator: I R, ({S;};T) =
e, ({V}:T) €4 I, ({S:1:T)-

* Non-negativity: The decomposition of I g, is non negative, since Al i, is non-negative (see
Section 3.2), the Mobius inverse is computed with transformed operators (Equation 39b) and the
function v, satisfies x <0 =0 < v,(x).

O

Remark 10. To obtain an equivalent decomposition of Rényi-information on the redundancy lattice, we can
correspondingly transform the dual decomposition from the redundancy lattice of Hellinger-Information as
shown in Equation 40. The resulting decomposition will satisfy the non-negativity, axioms of Williams and Beer
[1] and an inclusion-exclusion relation under the transformed operators (Definition 28) for the same reasons
described above from Corollary 1.

Ing,(&;T) = va(Inm,(a;T)) (40a)
AlnR, (0 T) = v,(Aln g, (a; T)) (40b)

Remark 11. The relation between the redundancy and synergy lattice can be used for the definition of a bi-
valution [19] in calculations as discussed in [20]. This is also possible for Rényi-information at transformed
operators.
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When taking the limit of Rényi-information for 2 — 1, we obtain mutual information (Ix1 ). Since
mutual information is also an f-information, we expect its operators in the Mobius inverse to be
addition. This is indeed the case (Equation 41), and the measures will be consistent.

limx®,y=x+y

a—1 (41)

limxC,y=x—y

a—1
Finally, the decomposition of Bhattacharyya-information can be obtained by re-scaling the decomposi-
tion of Rényi-information at a = 0.5, which causes another transform of the addition operator for the
inclusion-exclusion relation.

4. Evaluation

A comparison of the proposed decomposition with other methods of the literature can be found
in [20] for mutual information. Therefore, this section first compares different f-information measures
at typical decomposition examples and discusses the special case of total variation (TV)-information to
explain its distinct behavior. Since we can see larger differences between measures in more complex
scenarios, we compare the measures by analyzing the information flows in a Markov chain. We
provide the used implementation for both dual decompositions of f-information and the examples
used in this work at [30].

4.1. Partial Information Decomposition

4.1.1. Comparison of Different f-Information Measures

We use the examples discussed by Finn and Lizier [13] to compare different f-information
decompositions and add a generic example from [20]. All used probability distributions and their
abbreviations can be found in Appendix D. We normalize the decomposition results to the f-Entropy
of the target variable for the visualization in Figure 7.
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R ZIZIA Az IR 24
R ZIZIAaZ IR 24
Rz Iz a2 IR Z4
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Figure 7. Comparison of different f-information measures normalized to the f-Entropy of the target
variable. All distributions are shown in Appendix D and correspond to the examples of [13,20]. The
example name abbreviations are listed below Table Al. The measures behave mostly similarly since
the decompositions follow an identical structure. However, it can be seen that total variation attributes
more information to being redundant than other measures and appears to behave differently in the
generic example since it does not attribute any partial information to the first variable or their synergy.
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Since all results are based on the same framework, they behave similarly at examples that analyze
a specific aspect of the decomposition function (XOR, Unq, PwUngq, RdnErr, Tbc, AND). However, it
can be observed that the decomposition of total variation (TV) appears to differ from others: (1) In
all examples, total variation attributes more information to being redundant than other measures. (2)
In the generic example, total variation is the only measure that does not attribute any information to
being unique to variable one or synergetic. We discuss the case of total variation in Section 4.1.2 to
explain its distinct behavior.

We visualize the zonogons for the generic example in Figure A2, which shall highlight that the
implication of the operational interpretation does not hold in the other direction: the existence of
partial information implies an advantage for the expected reward towards some state of the target
variable, but an advantage for the expected reward towards some state of the target variable does not
imply partial information in the example of total variation.

4.1.2. The special case of total variation

The behavior of total variation appears different compared to other f-information measures
(Figure 7). This is due to total variation measuring the perimeter of a zonogon such that the result
corresponds to a linear scaling of the maximal (Euclidean) height h* that the zonogon reaches above
the diagonal as visualized in Figure 8.

]. T T T
0.8
L px
0.6 2y
04

0.2

False-Positive Rate (FPR)

0

1 | ! | ! | !
0 02 04 06 08 1
True-Positive Rate (TPR)

Figure 8. Visualization of the maximal (Euclidean) height #* at point P* that a zonogon (blue) reaches
above the diagonal.

Remark 12. From a cost perspective, the height h* can be interpreted as performance evaluation of the optimal

decision strategy (symmetric point to P* in the lower zonogon half) for a prediction T with minimal expected cost

Cost(T=t,T#t)—Cost(T=t,T= 1-P . o
CZ;:ET ¢:T§;7 CSZET #;T #2 = PT(Tt()t) (see Equation 8 of [31]) for each target state individually.

at the cost ratio

Lemma 2.

a) The pointwise total variation (ity) is a linear scaling of the maximal (Euclidean) height h* that the
corresponding zonogon reaches above the diagonal, as visualized in Figure 8 (Equation 42a).

b) For a non-empty set of pointwise channels A, pointwise total variation ity quantifies the join element to
the maximum of its individual channels (Equation 42b).

c) The loss measure i Ty quantifies the meet for a set of sources on the synergy lattice to their minimum
(Equation 42c).
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. 1-p h*
irv(px) = —— ) lox—vyl =1 —-p)— (42a)
p 2 z;{ X Y p \ﬁ
irv(p, || %) = max itv(p, «) (42b)
KEA e
iuTv( /\ a,T,t) = %ilrg iyrv(a, T,t) (42¢)

aEA

Proof. The proof of the first two statements (Equation 42b and 42b) is provided separately in Ap-
pendix E, which imply the third (Equation 42c) by Definition 25. O

Quantifying the meet element on the synergy lattice to the minimum has the following con-
sequences for total variation: (1) It attributes a minimum amount of synergy, and therefore more
information to redundancy than other measures. (2) For each state of the target, at most one variable
can provide unique information. In the case of |7| = 2, the pointwise channels are symmetric (see
Equation 6), such that the same variable provides the maximal zonogon height both times. This is the
case in the generic example of Figure 7, and the reason why at most one variable can provide unique
information in this setting. However, beyond binary targets (| 7| > 2), both variables may provide
unique information at the same time since different sources can provide the maximal zonogon height
for different target states (see later example in Figure 9).

Remark 13. Using the pointwise minimum on the synergy lattice results in a similar structure to the proposed
measure of Williams and Beer [1]. However, TV-information is based on a different pointwise measure ity,
which displays the same behavior (Equation 42b), unlike pointwise KL-information.

4.2. Information Flow Analysis

The differences between f-information measures in Section 4.1 appear more visible in complex scenarios.
Therefore, this section compares different measures in the information flow analysis of a Markov chain.

Consider a Markov chain M; — My — - - - — M5, where M; = (X;, Y;) is the joint distribution of
two variables. Assume that we are interested in state three and thus define T = M3 as the target variable.
Using the approach described in Section 3, we can compute an information decomposition for each state
M; of the Markov chain with respect to the target. Now, we are additionally interested in how the partial
information decomposition from stage M; propagates into the next M; 1, as visualized in Figure 9.

Definition 30 (Partial information flow). The partial information flow of an atom o € A(M;) into the atom
B € A(M;;1) quantifies the redundancy between the partial contributions of their respective decomposition lattices.

Notation 8. We use the notation I, ¢ with o € {U, N} to refer to either the loss measure I, ¢ or redundancy
measure In, . The same applies to the functions |, o r and Jx_o, ¢ of Equation 43.

Let o € A(M;) and B € A(M;,1), then we compute information flows equivalently on the
redundancy or synergy lattice as shown in Equation 43. When using a redundancy measure o = N,
then the strict down-set of « refers to the strict down-set on its redundancy lattice (A(M;), <) and
when using a loss measure o = U, then the strict down-set refers to the strict down-set on its synergy
lattice (A(M;), =). We obtain the intersection of cumulative measures by quantifying their meet,
which is on both lattice equivalent to their union of sources (J,_,o, £, Equation 43a). To obtain how
much of the partial contribution of a can be found in the cumulative measure of § (Ja . f), we remove
the contributions of its down-set (L« on lattice for A(M;), see Equation 43b). To finally obtain the flow
from the partial contribution of a to the partial contribution of B (Jo—;» f), we similarly remove the
contributions of the down-set of 8 (] 8 on lattice for .A(M;_), see Equation 43c). The approach can be
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extended for tracing information flows over multiple steps, however, we will only trace one step in
this example.
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Figure 9. Analysis of the Markov chain information flow (Equation A27). Visualized results for the
information measures: KL, TV, and )(2. The remaining results (HZ—, LC-, and JS-information) can be

found in Figure A3.
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]O*}O,f(‘xl ﬁ/ T) = Io,f(lx U ,B/' T) (433)

]A—>o,f(0‘/ ,Bl T) = ]o—>o,f(“r ﬁr T) - Z ]A—>o,f(')’/ ,B/ T) (43b)
yela

Jasaf(@,B,T) = Jasor(a,BT)— Z Ja-sa,f(e,r, T) (43¢)
relp

Remark 14. The resulting partial information flows are equivalent (dual) between the redundancy and loss
measure except for the bottom element since their functionality differs: The flow from or to the bottom element on
the redundancy lattice is always zero. In contrast, the flow from or to the bottom element on the synergy lattice
quantifies the information gained or lost in the step.

Remark 15. The information flow analysis of Rényi- and Bhattacharyya-information can be obtained as a transforma-
tion of the information flow from Hellinger-information. Alternatively, the information flow can be computed directly
using Equation 43 under the corresponding definition of addition and subtraction for the used information measure.

We randomly generate an initial distribution and each row of a transition matrix under the
constraint that at least one value shall be above 0.8 to avoid an information decay that is too rapid
through the chain. The specific parameters of the example are shown in Appendix F. The used event
spaces are X = {0,1,2} and Y = {0,1} such that |[M;| = 6. We construct a Markov chain of five
steps with the target T = M3 and trace each partial information for one step using Equation 43. We
visualized the results for KL-, TV-, and y?-information in Figure 9, and the results for H2-, LC- and
JS-information in Figure A3 of Appendix F.

All results display the expected behavior that the information that M; provides about M3 increases
for 1 < i < 3 and decreases for 3 < i < 5. The information flow results of KL-, H2-, LC-, and JS-
information are conceptually similar. Their main differences appear in the rate at which the information
decays and, therefore, how much of the total information we can trace. In contrast, the results of TV- and
x?-information display different behavior, as shown in Figure 9: TV-information indicates significantly
more redundancy, and x2-information displays significantly more synergy than the other measures.
Additionally, the decomposition of TV-information contains fever information flows. For example, it is
the only analysis that does not show any information flow from M; into the unique contribution of Y3
or from M, into the synergy of (X3, Y3). This demonstrates that the same decomposition method can
obtain different behaviors from different f-divergences.

5. Discussion

Using the Blackwell-order to construct pointwise lattices and to decompose pointwise information
is motivated from the following three aspects:

¢ All information measures in Section 2.3 are the expected value of the pointwise information
(quantification of the Neyman-Pearson region boundary) for an indicator variable of each target
state. Therefore, we argue for acknowledging the “pointwise nature” [13] of these information
measures and to decompose them accordingly. A similar argument was made previously by Finn
and Lizier [13] for the case of mutual information and motivated their proposed pointwise partial
information decomposition.

¢ The Blackwell order does not form a lattice beyond indicator variables since it does not provide
a unique meet or join element for | 7| > 2 [17]. However, from a pointwise perspective, the
informativity (Definition 2) provides a unique representation of union information. This enables
separating the definition of redundant, unique and synergetic information from a specific infor-
mation measure, which then only serves for its quantification. We interpret these observations as
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indication that the Blackwell order should be used to decompose pointwise information based
on indicator variables rather than decomposing the expected information based on the full target
distribution.

* We can consider where the alternative approach would lead, if we decomposed the expected
information from the full target distribution using the Blackwell order: the decomposition
would become identical to the method of Bertschinger et al. [9] and Griffith and Koch [10].
For bivariate examples (|]V| = 2), this decomposition [9,10] is non-negative and satisfies an
additional property (identity, proposed by Harder et al. [5]). However, the identity property
is inconsistent [32] with the Axioms of Williams and Beer [1] and non-negativity for |V| >
2. This causes negative partial information when extending the approach to |V| > 2. The
identity property also contradicts the conclusion of Finn and Lizier [13] from studying Kelly
Gambling that “information should be regarded as redundant information, regardless of the
independence of the information sources” ([13], p. 26). It also contradicts our interpretation of
distinct information through distinct decision regions when predicting an indicator variable for
some target state. We do not argue that this interpretation should be applicable to the concept
of information in general, but acknowledge that this behavior seems present in the information
measures studied in this work and construct their decomposition accordingly.

Our critique for the decomposition measure of Williams and Beer [1] focuses on the implication
that a less informative variable (Definition 2) about t € 7 provides less pointwise information
(I(S; T = t), Definition 14a): x(Sq, T,t) C «(Sy, T, t) = I(S1; T =t) < I(Sy; T = t). This implication
does not hold in the other direction. Therefore, equal pointwise information does not imply equal
informativity and thus does not mean being redundant.

We chose to define a notion of pointwise union information based on the join of the Blackwell
order since it leads to a meaningful operational interpretation: the convex hull of the pointwise
Neyman-Pearson regions is always a subset of their joint distribution. Moreover, it is possible to
construct joint distributions for which each individual decision region outside the convex hull becomes
inaccessible, even if there may not exist one unique joint distribution at which all synergetic regions
are lost simultaneously. This volatility due to the dependence between variables appears suitable for a
notion of synergy. Similarly, the resulting unique information appears suitable since it ensures that
a variable with unique information must provide access to some additional decision region. Finally,
the obtained unique and redundant information is sensible [9] since it only depends on the marginal
distributions with the target.

We perform the decomposition on a pointwise lattice using the Blackwell join since it is possible
to represent f-information as the expected value of quantifying the Neyman-Pearson region boundary
(zonogon perimeter) for indicator variables (pointwise channels). Since the pointwise measures satisfy
a triangle inequality, we mentioned the oversimplified intuition of pointwise f-information as length
of the zongon perimeter. Correspondingly, if we identified an information measure that behaved
more like the area of the zonogon (which could also maintain their ordering), then we would need to
decompose it on a pointwise lattice using the Blackwell meet to achieve non-negativity. We assume
that most information measures behave more similar to quantifying the boundary length rather
than its area, since the boundary segments can directly be obtained from the conditional probability
distribution and do not require an actual construction from the likelihood-ratio test.

In the literature, PIDs have been defined based on different ordering relations [16], the Blackwell
order being only one of them. We think that this diversity is desirable since each approach provides
a different operational interpretation of redundancy and synergy. For this reason, we wonder if
obtaining a non-negative decomposition with inclusion-exclusion relation for other ordering relations
was possible when transferring them to a pointwise perspective or from mutual information to other
information measures.

Studying the relations between different information measures for the same decomposition
method may provide further insights into their properties, as demonstrated by the example of total
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variation in Section 4.2. The ability to decompose different information measures is also a necessity to
apply the method in a variety of areas, since each information measure can then provide the operational
meaning within its respective domains. To ensure consistency between related information measures,
we allowed the re-definition of information addition, as demonstrated in the example of Rényi-
information in Section 3.3, which also opens new possibilities for satisfying the inclusion-exclusion
relation.

There is currently no universally accepted definition of conditional Rényi information. Assuming
that Iz, (T; S; | S;) should capture the information that S; provides about T when already knowing the
information from S;, then one could propose that this quantity should correspond to the according
partial information contributions (unique/synergetic) and thus the definition of Equation 44.

With this in mind, it is also possible to define, model, decompose and trace Transfer Entropy [33],
used in the analysis of complex systems, for each presented information measure with the methodology
of Section 4.2.

IR,,(T; Sl' | S]) = IRH(T; Si/ S]) @IRQ(T; S]) (44)

Finally, studying the corresponding definitions for continuous random variables and identifying
suitable information measures for specific applications would be interesting directions for future work.

6. Conclusions

In this work, we demonstrated a non-negative PID in the framework of Williams and Beer [1] for
any f-information with practical operational interpretation. We demonstrated that the decomposition
of f-information can be used to obtain a non-negative decomposition of Rényi-information, for which
we re-defined the addition to demonstrate that its results satisfy an inclusion-exclusion relation.
Finally, we demonstrated how the proposed decomposition method can be used for tracing the
flow of information through Markov chains and how the decomposition obtains different properties
depending on the chosen information measure.

Funding: This research was funded by Swedish Civil Contingencies Agency (MSB) through the project RIOT
grant number MSB 2018-12526.

Appendix A Quantifying Zonogon Perimeters

Lemma A1. If the function f is convex, then the function r¢(p, U) as defined in Equation 27a is convex in its
second argument (%) for a constant p € [0,1] and ¥ € [0,1]>.

Proof. We use the following definitions for abbreviating the notation. Let 0 < ¢t < 1and 7; = [chi } :

a :=x1p+y1(l—p)

ay = x2p +y2(1 — p)

b = L S

Y+ (1 - Hay
(1 — t)ﬂz

by : tay + (1—t)ay
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The case of a; = 0 is handled by the convention that 0 - f (8) = 0. Therefore, we can assume that a; # 0
and use 0 < by < 1with by =1 — by to apply the definition of convexity on the function f:

tx + (1 —t)xy
tay + (1 —t)ay

o [ ] = a0 )
= (ta + (1 — t)az) -f<b12 +b2;‘§>
< (tay + (1 - t)ap) - <b1f<z2> + w(l‘;)) (by convexity of f)
=t-re(p [0]) + =1 -re(p, [3])
O

Corollary Al. For a constant p € [0,1] and @, T2, (¥1 + T2) € [0,1]?, the function r¢(p,T) as defined in
Equation 27a satisfies a triangle inequality on its second argument: r¢(p, 01 + 02) < r(p,¥1) +r7(p,02).

Proof.
r5(p, €01+ (1 — 0)Ty) < lry(p, 1) + (1 = O)r¢(p, T2) (be Lemma A1)
rs(p,0.5(51 +752)) < 05(rf(p,51) +14(p, 52)) (let £ = 0.5)
re(p, 01+ 02) < r¢(p,¥1) +15(p, 02) (by r¢(p, £0) = lr(p, 7))

O

Lemma A2. Fora constant p € (0,1], the function iy maintains the ordering relation from the Blackwell order
on binary input channels: k1 C 1 = if(p,x1) < if(p, x2).

Proof. Let x; be represented by a 2 x n matrix and x by a 2 x m matrix. By the definition of the
Blackwell order (k1 C «, Equation 2), there exists a stochastic matrix A such that x; = x - A. We use
the notation x|, 7] to refer to the i column of matrix x, and indicate the element at row i € {1..m}
and column j € {1..n} of A by A[i, j]. Since A is a valid (row) stochastic matrix of dimension m X n, its
rows sum to one Vi € {1.m}. Y0, Afi, j] = 1.

n

if(p,x1) = ]; re(pxal:j]) (by Equation 27b)
= :21 r(p, li xa[:, 1AL, j]) (by Equation 2)
< 33 rstp sl A0 ) (by Corollary A1)

2pi
- ]é YAl Cyry(p,t9) = try(p,0)
=L rp ) ey 33200 = 1
=if(p,x2) (by IJEquation 27b)
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Lemma A3. Consider two non-empty sets of binary input channels with equal cardinality (|A| = |B|) and a
constant p € [0, 1]. If the Minkowski sum for the zonogons of channels in A is a subset of the Minkowski sum
for the zonogons of channels in B, then the sum of pointwise information for the channels in A is less than the
sum of pointwise information for the channels in B as shown in Equation Al.

E Z(x) C Z Z(k) = Z if(p,;c) < Z if(p,x) (A1)

KEA kEB KEA xk€B

Proof. Let n = |A| = |B|. We use the notation A[i] with 1 < i < # to indicate the channel x; within

the set A.

3 2(ali) € ) (8l
Z([A[l] A[n]D C Z([B[l] B[n]D (by Equation 4)
Z(i [A[l] : A[n]}) C Z(rlz {B[l] B[n]}) (scale to sum (1,1))
is (p,i- A1) A[n]D <if (p,; Bl ... B[n]D (by Eq. 5, Lem. A2)
lf%if (P, iA[l]) < iilif (Pz 711]3[10 (by Equation 27b)
% éif(p,A[z]) < % :1 ir(p,Bli]) (by rf(p, (3) = trs(p, 7))

Yo ir(px) < ) ig(px)

KEA xkEB

O

Appendix B The Non-Negativity of Partial f-Information

The proof of non-negativity can be divided into three parts. First, we show that the loss measure
maintains the ordering relation of the synergy lattice and how the quantification of a meet element
i,f(a A B, T, t) can be computed. Second, we demonstrate the construction of a bijective mapping
between all subsets of even and odd cardinality that maintains a required subset relation for any
selection function. Finally, we combine these two results to demonstrate that an inclusion-exclusion
relation using the convex hull of zonogons is greater than their intersection and obtain the non-
negativity of the decomposition by transitivity.

Appendix B.1 Properties of the Loss Measure on the Synergy Lattice

We require some of the following properties to hold for any set of sources « € P(P1(V)).
Therefore, we define an equivalence relation from the ordering of the synergy lattice (=) as shown in
Equation A2.

Notation Al (Equivalence under synergy-ordering). We use the notation a = B for the equivalence of two
sets of sources o, p € P(P1(V)) on the synergy lattice.

(a=p)<= (x 2P and =) (A2)
Lemma A4. Any set of sources o € P(Py(V)) is equivalent (=) to some atom of the synergy lattice y € A(V).

Va € P(P1(V)). 3y € A(V). v X«
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The union for two sets of sources is equivalent to the meet of their corresponding atoms on the synergy lattice.
Letw, p € P(P1(V)) and v,6 € A(V):

y=Eaand§ == (YNJ) = (aUP)

Proof. The used filter in the definition of an atom (A(V) C P(P;(V)), Equation 8) only removes sets
of cardinality 2 < |a| and for any removed set of sources, we can construct an equivalent set which
contains one less source by removing the subset S, C Sy, as shown in Equation A3a. Therefore, all sets
of sources « € P(P1(V)) are equivalent to some atom y € A(V) within the lattice (Equation A3b).

S. CSy,=a(a\S,) where: S;,S;, € « (A3a)
Va € P(P1(V)), 3y € A(V).a 2y (A3b)

The union of two sets of sources « € P(P;(V)) is inferior to each individual set « and B:

(aUP) <« (by Equation 10)
(«UB) =B (by Equation 10)

All sets of sources ¢ € P(P;(V)) that are inferior of both « and B (¢ < « and ¢ < ) are also inferior to
their union.
e<aand eXp=¢e=(aUP) (by Equation 10)

Therefore, the union of « and B is equivalent to the meet of their corresponding atoms on the synergy
lattice. O

Proof of Lemma 1 from Section 3.2:
For any set of sources a, p € P(P1(V)) and target variable T with state t € T, the function x, (Equation 30)
maintains the ordering from the synergy lattice under the Blackwell order.

a<XB=xu(B T,t) CxylaT,t) (A4)

Proof. We consider two cases for §:

1. If B = @, then the implication holds for any « since the bottom element x,(®, T, t) = Lpw is

inferior (C) to any other channel.
2. If B # @, then « is also a non-empty set since a« < B < Tg, = @.

x =B
VS, € B,3S, € «a. S, CS, (by Equation 10)
VS, € B,3S, € a. x(Sp, T,t) C x(S,, T, t) (by Equation 2)
|| x(Sp, T,t) T | | x(Sa, T, 1)
S,EB Spcn

ku(B, T, t) Cxy(a, T, t)
Since the implication holds for both cases, the ordering is maintained. [

Corollary A2. The defined cumulative loss measures (i g of Equation 32a and 1, 5 of Equation 33) maintain
the ordering relation of the synergy lattice for any set of sources a, p € P(P1(V)) and target variable T with
state t € T:

a=<p= iU,f(oc, T, t) < iu,f(ﬁ, T,t)

a2 p=Iys(;T) <I,p(BT)
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Proof. The pointwise monotonicity of the cumulative loss measure (x X f = iU,f(zx, T,t) <
iU,f(rB, T,t)) is obtained from Lemma 1 and A2 with Equation 32a. Sine all cumulative pointwise
losses i r are smaller for a than B, so will be their weighted sum (x < B = I, ¢(a; T) < I (B T),
see Equation 33). O

Corollary A3. The cumulative pointwise loss of the meet from two atoms is equivalent to the cumulative
pointwise loss of their union for any target variable T with state t € T :

iuf(a N, T, t) =iy f(aUP,T,1).
Proof. The result follows from Lemma A4 and Corollary A2. O

Appendix B.2 Mapping subsets of even and odd cardinality

Let P(A) represent the power-set of a non-empty set A # @ and separate the subsets of even (L,)
and odd (£,) cardinality as shown below. Additionally, let £ represent all subsets with cardinality
less or equal to one and £, all subsets of cardinality equal to one:

Loi={BeP@A):|B|<1)
L1={BeP(A) : |B|=1}
e :={B€P(A) : |B|even} (A5)
Lo:={BeP(A) : |B|odd}
P(A) = Le UL, and @ = Lo N Lo

The number of subsets with even cardinality is equal to the number of subsets with odd cardinality as
shown in Equation A6.

0 iy

[Lel = ) ('2) =247 =) (zl'ﬁ'l) = |£o] (A6)

i=0 i=0

Consider a function g, : £, — L<1, which takes an even subset E € £, and returns a subset of
cardinality |g.(E)| = min(|E|,1) according to Equation A7.

%(E) =0 fE=0

(A7)
g.(E) ={e} st.ecE otherwise

VE € S, :{

Lemma A5. For any function g € Ge, there exists a function G : (L, Ge) — L, which satisfies the following
two properties:
a) For any subset with even cardinality, the function g.(-) returns a subset of function G(+):
Vge € Go,E€ L, : g(E) C G(E, ge)- (A8)

b) The function G(-) which satisfies Equation A8 has an inverse on its first argument G : (Lo, Ge) — Le.

Vge € Go, E€ L,,3G7 1 : G Y(G(E, g),g) = E. (A9)

Proof. We construct a function G for an arbitrary g, and demonstrate that it satisfies both properties
(Equation A8 and A9) by induction on the cardinality of A. We indicate the cardinality of A with
n = |A| as subscript Ay, Len, Lo, and Gy:
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1. At the base case A1 = {a}, the sets of subsets are £,1 = {@} and L, = {{a}}. We define the
function G1(®, g¢) := {a} for any g, to satisfy both required properties:

a) The constraints of Equation A7 ensures that g.(@) = @. Since the empty set is the only
element in S, 1, the subset relation (requirement of Equation A8) is satisfied g.(?) = @ C
12} = G1(D, ge)-

b) The function Gy : (L£.1,G.) — L, is a bijection from £, to £, and therefore has an
inverse on its first argument G, L (Lo1,Ge) — Loy (requirement of Equation A9).

2. Assume there exists a function G, which satisfies both required properties (Equation A8 and A9)
at sets of cardinality 1 < n = |A,]|.

3. For the induction step, we show the definition of a function G, ; that satisfies both required
properties. For sets A, 11 = A, U {q}, the subsets of even and odd cardinality can be expanded
as shown in Equation A10.

Lepi1 = Len U{OU{g} : O € Lou},

(A10)
Lont1=Lon U{EU{q} : E€ L0}

We define G,,41 for E € L., and O € £, at any g, as shown in Equation Al1 using the function
Gy and its inverse G, ! from the induction hypothesis. The function G, 1 is defined for any
subset in £, ;41 as it can be seen from Equation A10.

EU {q} if ge(Gu(E, ge) U{q}) # {q}
Gn(E, ge) if g(Gu(E, ge) U{q}) = {q}

_Jo ifg.(OU{q}) # {4}
CrafOuta)s) = {Gn1<o,ge> Ula} ifg(0U{q}) = {a}

Gni1 (E/ ge) = {
(A11)

Figure A1 provides an intuition for the definition of G, 1: the outcome of g.(O U {g}) determines,
if the function G,,4; maintains or breaks the mapping of Gj.

P(An+1)

! EU {q} = Grjl(orgE) u {q}
PRRE ! ,//’.h:

e T 50U {g)) = {g}: >
Gn Gu\l G : ;Gu\l
y__:'//‘///,’llf',:r,,\,;\:\\ ifg.(OU{q}) #{q}: ---»
0=Gu(Eg.) . 0U{g}=Gu(Eg) U{g}
P(Ay) {BU{q} : BEP(A,)}

Figure Al. Intuition for the definition of Equation A11l. We can divide the set P(A,1) into P(A,)
and {BU{gq} : B € P(A,)}. The definition of function G, 1 mirrors G, if g.(O U {gq}) = {q} (blue)
and otherwise breaks its mapping (orange).

The function F as defined in Equation A11 satisfies both requirements (Equation A8 and A9) for
any g

a) To demonstrate that the function satisfies the subset relation of Equation A8, we analyze the
four cases for the return value of G,1 as defined in Equation A1l individually:

- g.(E) € EU {g} holds, since the function g, always returns a subset of its input
(Equation A7).
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- g.(E) C Gy4(E, g.) holds by the induction hypothesis.

- if g.(OU{q}) # {q} then g¢.(OU {g}) C O: Since the input to function g, is not the
empty set, the function g.(O U {g}) returns a singleton subset of its input (Equation A7).
If the element in the singleton subset is unequal to g, then it is a subset of O.

- if ¢.(OU{q}) = {q} then g.(OU {q}) C {9} UG, (O, g) holds trivially.

b) To demonstrate that the function G, has an inverse (Equation A9), we show that the
function G, is a bijection from L, 11 to £, ;1. Since the function G, is defined
for all elements in £, ,;1 and both sets have the same cardinality (|L, 11| = [Lon+1l,
Equation A6), it is sufficient to show that the function G,,; is distinct for all inputs.

The return value of G, ;1 has four cases, two of which return a set containing g (case 1 and 4
in Equation A11), while the two others do not (case 2 and 3 in Equation A11). Therefore, we
have to show that both of these cases cannot coincide for any input:

— Case 2 and 3 in Equation A11: If the return value of both cases was equal, then O =
Gn(E, g¢) and therefore g.(OU{q}) = g¢(Gn(E, g¢) U{q}). This leads to a contradiction,
since the condition of case 3 ensures ¢.(O U {q}) # {g}, while the condition of case 2

ensures ¢.(Gy (E, %) U iq}) = {Iq} Hence, the return values of case 2 and 3 are distinct.
— Case 1 and 4 in Equation A1l:"If the return value of both cases was equal, then

E = G,;'(0,g.) and therefore ¢.(O U {q}) = g.(Gu(E, g) U {g}). This leads to a
contradiction, since the condition of case 4 ensures g.(O U {q}) = {q}, while the condi-
tion of case 1 ensures g.(G,(E, g.) U {q}) # {q}. Hence, the return values of case 1 and
4 are distinct.

Since the function G,,;1 is a bijection, there exists an inverse Gn_+11'

O

Appendix B.3 The Non-Negativity of the Decomposition

Lemma A6. Consider a non-empty set of of binary input channel A # @ and 0 < p < 1. Quantifying an
inclusion-exclusion principle on the pointwise information of their Blackwell join is larger than the pointwise
information of their Blackwell meet as shown in Equation A12.

if (p, [ K) < ) (—1)'3‘_11']« (p, L] K) (A12)

KEA @#BCA xkEB

Proof. Consider a function g, : £, — L1, where g,(0) C O such that the function returns a sin-
gleton subset for a set of odd cardinality. Equation A13 can be obtained from the constraints on g,
(Equation A7) and Lemma A5.

2(D) C (G(®)) HE=0
Vge e, E € L,,3g0 0, G Al3
8¢ € GeE € 80 € G {ge(E) = 20(G(E)) otherwise (A13)

Equation Al4a holds since we can replace g.(@) with ¢,(G(@)), meaning there exists a k € A
for creating a (Minkowski) sum over the same set of channel zonogons on both sides of the quality.

d0i:10.20944/preprints202403.0285.v2
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Equation A14b holds since Lemma A5 ensured that the existing function G is a bijection. Equation Al4c
holds since the intersection is a subset of each individual zonogon.

Vge € Ge, 380 € Go,k € A, G : Z(k)+ Y, Z(g(E)) = Y. Z(.(G(E))) (Al4a)
EcL,\@ EcL,

Vge € Go, 30 € Go,k € A Z(K)+ Y, Z(g(E)) = ) Z(g(0)) (A14b)
E€L,\D oeL,

Vge €Ge, 380 € Go: [ Z(k)+ ). Z(8(E)) C ). Z(g(0)) (Al4c)
KEA EcL,\® 0ecL,

Equation Al4c is parameterized by g, and subsets are closed under set union. Therefore, we can
combine all choices for g, and g, using the set-theoretic union as shown below. For the notation, let
m = 2/AI=1 and we indicate subsets of A with even cardinality as E; € £,, where 1 <i < m. We use
the last index for the empty set E,;; = @. The subsets of A with odd cardinality are correspondingly
noted as O; € L,. For clarity, we note binary input channels from an even subset as A € E and binary
input channels from an odd subset as v € O.

U (ﬂ z(;c)+mzlzui)>g U (iz(v]d)

/\1€E1 KEA i=1 1/1601 j:l
A €Ey 12€0,
/\m—l.éEm—l Vmeom
= - Minkowski sum di
ﬂ Z(K) + Z U Z(A ) g U Z(V) (trib]fllte(;vgflelrsslgtnunliso_n)
KEA i=1 A€E; ]:1 1/60]'
ml - if X C Y then
Conv ﬂ Z(K) + Z U Z(/\) C Conv Z U Z(V) ( Conv(X)7Q ConV(Y))
KEA i=1 A€E; ]:1 VEOj

m—1 m
Nzw+ o c( Uz |cy c( U z<v>) (Comue g disributes )
1=

KEA A€E; j=1 VEOj

Z<HK>+mZIZ(UA CiZ(Uv) (by Equation 7)

if<p, |_| ;c) +’"x if (p, L[| A] < i i (p, | 1/) (by Lemma A3)

KEA O#BCA
|B| even

i (P, |_| K) + ) if <p, L] K> < ) if (p, | K> (replace notation)

i (p, M x) < Y (-1Et (P/ || K)

KEA

O

Lemma A7. The decomposition of f-information is non-negative on the pointwise and combined synergy lattice
for any target variable T with state t € T

Va € A(V).0 < Aiyg(a, T, t),
Va € A(V).0 < Alyf(a; T).
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Proof. We show the non-negativity of pointwise partial information (Aiy («, T, t)) in two cases . We
write o~ to represent the cover set of a on the synergy lattice and use p = Pr(t) as abbreviation:

1. Leta = Lg = {V}. The bottom element of the synergy lattice is quantified to zero (by Equation 32a,
iy, f(Ls., T, t) = 0) and therefore also its partial contribution will be zero (Aiy ¢(Lsy, T, t) = 0), which
implies Equation A15.

o=1lg =0< Al.U’f(D(, T,t) (A15)

2. Leta € A(V)\ {LsL}, then its cover set is non-empty (¢~ # @). Additionally, we know that no
atom in the cover set is the empty set (VB € a~. B # @), since the empty atom is the top element
(TsL = Q).

Since it will be required later, note that the inclusion-exclusion principle of a constant is the
constant itself as shown in Equation A16 since without the empty set there exists one more subset
of odd cardinality than with even cardinality (see Equation A6).

if(pe(V,T,0) = Y (=) ig(p,x(V,T,1)) (Al6)
D#BCa~

We can re-write the Mobious inverse as shown in Equation A17.

Aiys(a, T, t) =iy f(a,T,t) - Y Aiys(B,T,t) (by Equation 32b)
pela
(Al17a)
- iU,f(lxl T, t) - Z <_1)‘B‘_1 ’ iU,f /\ ﬁl T,t (by [2311 p- 15)
D#BCa~ BEB
(A17b)
=iyf(a, T,t)— Y, (DB | BTt (by Corollary A3)
O#BCa~ BeB
(A17¢)
—if(pru(e, T,0)+ Y (DB i (p (U B, T.1)) (by Eq. 32a, A16)
O#BCa— B<B
(A17d)
—if(pru(e, T,0)+ Y (DB i(p, || x(S,T.t) (byVBea p+#Q)
O#BCa~ S€(Uper B)
(Al7e)
—if(pro(a T,0)+ Y, (DB iy, | L #(S,T,1)) (A17f)
D#BCa— BEB SEP
=—if(pxu(a,T,t)) + )Y (1)1 ip(p, [ %) (A17g)
@#BC{xu (BT t) : pea—} 39 ]

Consider the non-empty set of channels D = {x,(B,T,t) : p € a~}, then we obtain Equa-
tion A18b from Lemma A6.

lf P, I_l ] < Z (_1)|B‘_1if (pr I_I K) (A18a)
ke{ku(B,T1) : pea—} O#BC{xu(B/Tt) : pea} kEB

if (p, ['] Ku(,B,T,t)) < Y (—1)|B_1if<p, | | K> (A18D)
O#BC{ku(B,T1) : pea}

Bea— B/Tt): kEB
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We can construct an upper bound on i¢(p,xi(a, T, t)) based on the cover set a~ as shown in

Equation A19.
VBeca . BXu (A19a)
VBea . wu(a, T, t) Exy(B,T,t) (by Lemma 1) (A19b)
k(e T,6) £ [ ] xu(B,T,t) (A19¢c)
Bea—
ir(pxu(a, T,t) <ie| p, [ ] ®0(BT,t) (by Lemma A2) (A19d)
Bea~

By transitivity of Equation A18b and A19d, we obtain Equation A20.

ir(pru(a, T, b)) < 2 (—1)|B‘*1if (p, |_| K> (A20)

@#B{xu(B,Tt) : Bea—} xEB

By Equation A17 and A20, we obtain the non-negativity of pointwise partial information as
shown in Equation A21.

a€ AV)\{Lls}.  0<Aiys(aT,t) (A21)

From Equation A15 and A21, we obtain that pointwise partial information is non-negative for all atoms
of the lattice:
Va € A(V).0 < Aiyf(a, T) (A22)

If all pointwise partial components are non-negative, then their expected value will also be non-
negative (see Equation 34):
Va € A(V).0 <Al ¢(a;T) (A23)

O

Appendix C Scaling f-Information Does Not Affect Its Transformation

Lemma A8. The linear scaling of an f-information does not affect the transformation result and operator:
Consider scaling an f-information measure I,,(S; T) = k - I5,(S; T) with k € (0, c0), then their decomposition
transformation to another measure I, (S; T) will be equivalent.

Proof. Based on the definitions of Section 3.2, the loss measures scale linear with the scaling of their
f-divergence. Therefore, we obtain two cumulative loss measures, where I, ,, and I, are a linear
scaling of each other (Equation A24a). They can be transformed into another measure I, , as shown in
Equation A24b.

Iua,(a;T) =k-Iya (0;T) (A24a)
Iyp(a; T) = v1(Iue, (& T)) = v2(Iug, (a; T)) (A24b)
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Equation A24b already demonstrates that their transformation results will be equivalent and that
v1(z) = va(k-z) and k- vy 1(z) = v5!(z). Therefore, their operators will also be equivalent as shown

below: x @ yi= o (U,;l(x) +o; 1(y))
x @1 yi=o1 (o7 (1) 207 (y))
= 03 (koy ! (x)  koy ' (1))
=0 (vgl(x) +0y (y))
=x Dy
0

Appendix D Decomposition Example Distributions

The probability distributions used in Figure 7 can be found in Table A1. For providing an intuition
of the decomposition result for I, Tv at the generic example, we visualized its corresponding zonogons
in Figure A2. It can be seen that the maximal zonogon height is obtained from V; (blue) which equals
the maximal zonogon height of their joint distribution (V;, V2) (red). Therefore, I, tv does not attribute
partial information uniquely to V; or their synergy by Lemma 2.

Table Al. The used distributions from [13] and the generic example from [20]. The example names
are abbreviations for: XOR-gate (XOR), Unique (Unq), Pointwise Unique (PwUnq), Redundant-Error
(RdnErr), Two-Bit-copy (Tbc) and the AND-gate (AND) [13].

Probability
Vi Vo, T | XOR Unq PwUnq RdnErr Tbc AND Generic
0 0 0] 1/4 1/4 0 3/8 1/4 1/4 0.0625
0 0 1 - - - - - - 0.3000
0 1 0 - 1/4 1/4 1/8 - 1/4 0.1875
0 1 1| 1/4 - - - 1/4 - 0.1500
0o 2 1 - - 1/4 - - - -
1 0 o0 - - 1/4 - - 1/4 0.0375
1 0 1] 1/4 1/4 - 1/8 - - 0.0500
1 0o 2 - - - - 1/4 - -
1 1 0| 1/4 - - - - - 0.2125
1 1 1 - 1/4 - 3/8 - 1/4 -
1 1 3 - - - - 1/4 - -
2 0 1 - - 1/4 - - - -

0.8 a

0.6 - i 1 Z(x((V1,V2),T,0))

3 Z(x(V4,T,0))

04 | | B z2(n10)

0.2 H =

False-Positive Rate (FPR)

0 I | I | I

0 02 04 06 08 1
True-Positive Rate (TPR)

Figure A2. Visualization of the zongons from the generic example of [20] at state t = 0. The target

variable T has two states. Therefore, the zonogons of its second state are symmetric (second column of

Equation 6) and have identical heights.
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Appendix E The Relation of Total Variation to the Zonogon Height

Proof of Lemma 2 a) from Section 4.1.2:
The pointwise total variation (ity) is a linear scaling of the maximal (Euclidean) height h™* that the corresponding
zonogon Z () reaches above the diagonal as visualized in Figure 8 forany 0 < p < 1.

) 1-p h*
i Uy — U
() = 5P Dl —ul = 1-p) 75

Proof. The point of maximal height P* that a zonogon Z(x) reaches above the diagonal is visualized
in Figure 8 and can be obtained as shown in Equation A25, where A7 represents the slope of vector .

P* = Y 7 (A25)
ve{vex : AT>1}

The maximal height (Euclidean distance) above the diagonal is calculated as shown in Equation A26,

where P* = (P}, Py).

= |G|, = /re = P2+ (B — Pe2 = va(E; - BY) (A26)

The pointwise total variation ity can be expressed as invertible transformation of the maximal euclidean
zonogon height above the diagonal as shown in Equation E, where 7 = (3, 7).

. 1 Ox _ -»
itv(p,x) = Z Z‘M - 1‘(va +(1—=p)vy)
-~ 7” 17 3|
( (By — Tx) + ) (Tx — Ty)
ve{vex : AT>1} ve{vex : AT<1}
(( Py —P})+ ((1—1);) - (1—P;))) (by Equation A25)
=(1-p) y* - PY)
=(1- )7 (by Equation A26)
m

Proof of Lemma 2 b) from Section 4.1.2:
For a non-empty set of pointwise channel A and 0 < p < 1, pointwise total variation ity quantifies the join
element to the maximum of its individual channels:

irv(p, K|E|A ) = max ity (p, x)
Proof. The join element Z(| |, k) corresponds to the convex hull of all individual zonogons (see
Equation 7). The maximal height that the convex hull reaches above the diagonal is equal to the
maximum of the maximal height that each individual zonogon reaches. Since pointwise total variation
is a liner scaling of the (Euclidean) zonogon height above the diagonal (Lemma 2 a) shown above), the
join element is valuated to the maximum of its individual channels. O
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Appendix F Information Flow Example Parameters and Visualization

The parameters for the Markov chain used in Section 4.2 are shown in Equation A27, where
M, = (X, Ya), & = {0,1,2}, ; = {0,1}, Py, is the initial distribution and Py, o, 18 the transition
matrix. The visualized results for the information flow of KL-, TV-, and y?-information can be found
in Figure 9, and the visualized results of H2-, LC-, and JS-information in Figure A3.

States (X, Y1):  (0,0) (0,1) (1,0) (L,1) (2,0) (2,1)

(A27a)
P, = [0.01 081 000 002 009 007]
[0.05 0.01 004 082 002 0.06]
005 0.82 0.00 001 006 0.06
0.04 001 082 005 004 004
P = A27b
M1 |My 003 0.84 0.02 0.06 004 0.01 ( )

0.04 003 003 0.02 0.06 0.82
10.07 0.04 0.01 003 0.81 0.04]

iM3)/Hyp (Ms)

Lip (-

-;M3)/Hic(Ms)

Iie(

;M3)/ Hjs(M3)

hs( -

LY Y2 Y3 ! Yy Y5 !

[ Redundant B Unique X;, [E& Unique Y, B Synergetic

Figure A3. Analysis of the Markov chain information flow (Equation A27). Visualized results for the
information measures: H2, LC, and JS. The remaining results (KL, TV, and )(2) can be found in Figure 9.
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