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Abstract: In this paper, we propose a method to find all efficient solutions of an interval multiple
objective linear programming (IMOLP) problem with interval coefficients in the objective functions,
the constraint matrix and the right-hand side vector. The set of all efficient solutions of an IMOLP
problem can completely supply information to the decision makers in finding their most preferred
solutions but, up to now, not all efficient solutions of an IMOLP problem can be found by known
methods. A numerical example is given to illustrate the working of the proposed methods.
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1. Introduction

Multiple objective linear programming (MOLP) models play an important role in solving and
investigating real-life practical problems. There is a practical fact that the exact values of the
coefficients of an MOLP model are very difficult to determine but intervals containing them can be
easily determined. Thus, practical problems can be described more correctly and more easily by using
interval multiple objective linear programming (IMOLP) models than using MOLP models. For
brevity of presentation, we shall use the following notation: For two matrices A and B of the same

size, A<B ifandonlyif a; <b;, where q; and b; are elements of A and B, respectively.
An interval multiple objective linear programming (IMOLP) problem, denoted by P(14,1C,ib)

, can be stated as follows:
“maximize” Cx, (1)
Ax < b,(2)
CelC, Ae€ld, beib,(3)

where IA:{A|4£A£Z} is an mxn interval matrix, IC:{C|QSCS5} is a kxn interval

matrix, ib= {b|l_) <b SZ} isan m interval vector, 4, A, C, C, b and b are determined. For every
Aeld, CelIC and beib amultiple objective linear programming (MOLP) problem, denoted by
P(A4,C,b), is obtained from problem (1)-(3). Let L(4,b) and L(I4,ib) be the feasible set of
P(A,C,b) and problem (1)-(3), respectively. A point x e L(A4,b) is called efficient for P(A,C,b) if
thereisno ye L(4,b) suchthat Cx<Cy and Cx#Cy . A feasible point of problem (1)-(3) is called
efficient for it if thereare 4el4, CeIC and beib such thatitisefficient for P(A4,C,b).The set of
all efficient solutions of a problem P(A4,C,b) (of a problem P(I4,IC,ib)) is called an efficient set of
it. Let E(A4,C,b) and E(IA,IC,ib) be the efficient sets of P(4,C,b) and P(I4,IC,ib) ,

respectively. It is easily seen that

Ax<b,
@)
AelA,beib

L(14,ib)=U{L(A,b)|A € I4,beib}, (5)

L(I4,ib) = {x e R"™

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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E(IA,IC,ib) = U{E(A,C,b)|A€ I4,C € IC,b € ib} . (6)

The notion of efficient solutions of IMOLP problem (1)-(3) can be found in, for example, Tu [34],
Allahdadi and Batamiz [1]. Another name of an efficient solution of IMOLP problem (1)-(3) is possibly
efficient used in, for example, Bitran [6], Inuiguchi and Kume [17], Oliveira and Antunes [24]. There
are many known methods for finding the efficient set of an MOLP problem, see, for example, Yu and
Zeleny [40], Isermann [19], Ecker et al. [10], Dauer and Liu [9], Armand and Malivert [3], Armand [2],
Sayin [32], Dauer and Gallagher [8], Benson [5], Tu ([34-38]), Yan et al. [39], Foroughi and Jafari [12],
Pourkarimi et al. [25], Krichen et al. [21], Tohidi and Hassasi [33], Rudloff et at. [31]. It can be easily
seen that all the known methods for finding the efficient set of an MOLP problem, in general, must
recompute the efficient set when the data of the MOLP problem is changed. Therefore, they cannot
find the efficient set of an IMOLP problem in a general case. Solving an IMOLP problem is much
more difficult than solving an MOLP problem. Methods to solve and investigate an IMOLP problem
are increasingly developed. Chanas and Kuchta [7], Ishibuchi and Tanaka [20] study interval
coefficients only in objective functions, Tu [34] investigates interval coefficients only in the right-hand
side vector. Some efficient solutions can be found by methods given by Urli and Nadeau [41] based
on an interactive method, by Inuiguchi and Kume [18] based on a goal programming method, by
Rivaz and Yaghoobi [27] based on a weighted sum of maximum regrets, Hajiagha et al. [14], Rivaza
and Saeidib [26] based on fuzzy programming methods, etc. Efficient extreme points of an IMOLP
problem are dealt with in Inuiguchi and Kume [17]. If the coefficients of an IMOLP problem are
satisfied probability distributions, then stochastic programming methods can be used to study this
problem, see, for example, Batamiz and Allahdadi [4]. Theoretically, an IMOLP problem can be stated
based on fuzzy numbers and can be solved by fuzzy programming methods. However, huge
difficulties in this way lie in constructing adequate membership functions and finding all efficient
solutions of an IMOLP problem.

In this paper, we propose a method to determine all efficient solutions of an IMOLP problem.
This method is developed based on the methods of Tu [34,35] and can be easily implemented.

The paper is organized as follows: A method for determining the efficient set of an IMOLP
problem is presented in Section 2. An example is given in Section 3 to illustrate the performance of
the proposed methods.

2. A Method for Determining the Efficient Set of an IMOLP Problem
2.1. A General Case

Corresponding to IMOLP problem (1)-(3), we consider the following set:

yTA—zTC = eTC,y >0,z2> 0,}
,(7)

7 T m+k
L(I4,IC)=<p=(y, R
( ) {p (y Z) © Aeld, CelC

where e=(l,..,1)" € R". For every Ael4 and CelIC, the following convex polyhedron, denoted
by L(4,C), is directly obtained from (7):

Z(A,c):{p:(y,z)T Rk

yTA—zTC:eTC,yZO,ZZO}

Thus, it is clear that
L(14,1C) = U{L(4,C)|4€ 14,C e IC} . (8)
A formula presented in the following property to describe the solution set of an interval linear

equation is given by Oettli-Prager [23]:

Property 2.1. X = {x||ACx—bc| <Alx|+ 5} ,


https://doi.org/10.20944/preprints202403.1314.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 May 2024 d0i:10.20944/preprints202403.1314.v2

where X:{xeR”|Ax=b,AelA,beib} , 4o =(d+4)/2 ) b =(b+5)/2 ) A=(d-4)/2 )

— T
0= (b _l—))/z, = (|x1|,..., xnl) , 14 and ib are defined in problem (1)-(3).

This property is proven by Rohn ([29], Theorem 2.1, p.43) in a special case when »=m but his
proof can be easily modified to prove Property 2.1. In the case when x>0, we get the following

property:
Ax<b,
—Ax<-b .

Proof. Since x>0, [Ax—b|<Alx|+8 < |(Ax—b)—(b - Ax)|< (Ax—-b)+(b - Ax) @{

Property 2.2.If x>0, then X = {x eR"

2

S o
>

B

x
>

<F
é_x =b, } The proof is complete. O

Therefore, based on Property 2.1 we have X = {x eR" b ,
—Ax<-—

The solution set of an interval linear inequality with non-negative variables is given in the

following property:
éx-i-lmyﬁl;,
Property 2.3. IS(Id,ib)=xeR"|-Ax—1,y<-b,}/
x20,y20
where
Ax<b,x >0 . . .
IS(I14,ib)={x e R" TEOEEL and 1,, is the unit matrix in R™ .
AelA,beib
Ax+1,y=>b,
. n|Ax<b,x =0, " Y .
IS(IA,tb)z xeR =sxeR"|AelAbeib,
AelA,beib 50.v>0 T
Proof. xX=U,ry= = Jier” Dz=b,z:(x,y) >0,
DelID,beib
, where D=(4,1,), D=(4.,1,), D=(4,1,) and ID={D|D<D<D} isan mx(m+n) interval
Ax+1,y<b,
matrix. Based on Property 2.2, we have ]S(IA,ib): xeR"|-Ax—1,y<-b, . The proof is complete.
x>20,y20

O
Noting that the variables in (7) are non-negative, based on Property 2.2 the following property
can be easily obtained:

Property 2.4. L(I4,IC)=L,

where
yTé—zTESeTE,
L= p =(y,z)T e Rk —yTZ+zT§§—eTQ
20,220

This property is also presented in Li et al. ([22], Theorem 2.5), Rohn [30].

Remark 2.1. Since L is a convex polyhedron described by a system of linear inequalities with non-
negative variables, L has an extreme point if and only if it is not empty.
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In order to find extreme points of L based on the simplex method, L is stated in the following
form:

yTﬁ+Inyl—zTE:eT5,
= T —
7= p:(y,yl,yz,z) e Rmrntk _yTA+]ny2+ZTg:_eTQ’ )

yZO,yIZO,yZZO,ZZO
Let

Ty (I4,1C) = {p‘p = (y,yl,yz,z)T is an extreme point off}

T (14,1C) = {1, (p)|p e Ty (14,1C)},

where I, (p)={ie{l,..m}|p; >0} and p; is the i-th component of p;

T, (14,IC) is a set consisting of all minimal elements of 7;(14,IC) by inclusion.

Let 7,(4,C) be a set established based on L(4,C) by a way similar to that used to establish
T, (I4,IC) based on L.

It can be easily seen that the set 7, (/4,/C) canbe found by the method given in Tu [35] without

determining all extreme points of L.
A relation between T, (/4,IC) and T,(4,C) is considered in the following property:

Property 2.5. For every I e7,(4,C) thereis JeT,(I4,IC) suchthat J <.

Proof. There is an extreme point of p° of L(4,C) such that I, ( P° ) =1.Noting that p® e L(I4,IC)

, from (8) and Property 2.4 it follows that p° e L . Based on a proof similar to that of Property 2.4 in
[34], it can be easily seen that there is an extreme point p' of L such that 1, ( P’ ) cl, ( po). From

the definition of 7 (14,1C) it follows that there is J e 75 (14,/C) suchthat J <1, ( P ) Therefore,
Jcl. O

Let
S(I)={xeL(I4,ib)|ax=b,,i eI}

7

S(1,4.p)={xe L(Ab)|ax=b,icl|

where (g;,b;) is the i-th row of a matrix (4,b) defined in (4).
A formula to compute the efficient set of IMOLP problem (1)-(3) is shown in the following
property:

Property26. E= U S(I).

1Ty (14,IC)
Proof. For every element x" € E there are Aeld, CelIC and beib such that x° e E (A, C,b).
Based on Property 2.4 in [34], thereis J €T, (4,C) suchthat J ¢ ID(xO, A,b) , where

1

ID(xO,A,b) = {i IS {l,...,m}‘al»xo = b»}

Therefore, x°eS(J,4,b). From Property 2.5 it follows that there is /€7, (I4,IC) such that

IcJ.Thus, x"eS(J,4,b)cS(1,4,b) <S(I).Therefore, Ec U S(I).
15 (14.1C)

d0i:10.20944/preprints202403.1314.v2
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Conversely, for every element Le U S (I ) there is /€T, (I4,IC) such that X e S(1)-
1€, (I4,IC)

Based on Property 2.4 and (8), from 7 eT,(I4,IC) it follows that there are 4e14, CeIC and an
emmmepmntpozbﬁJﬂTeZ@Lc)mmh&mtLipﬂ=l.hmcbmwhm.ﬂeS(LAbﬂ,whae
p° = 4x° . From x° eS(I,A,bO) it follows that [ ng(xO,A,bo) . Noting that 7, (po):[ and
p’= (yo,z0 )T , it can be easily seen that )° e F([D(xO,A,bO),xo),
where
yTA = (e+z°)T C,
F(ID(x",4,6°),5°) =1 y € R |y, =0 foralli & {I,..,m}\ ID(+", 4,5°),

y;20 for allie[D(xO,A,bO)

Thus, based on the complementary theorem of linear programming, x°is an optimal solution

of the linear programming problem max {(e+ 2° )T Cx‘x € L(A,b0 )} Therefore, x° e E(A,C,bo) Ctis

clear that 5° € ib. Therefore, x° e E . The proof is complete. O
Since the solution set of an interval linear equation, in general, is not convex, see, for example,
Hensen [15], Fiedler et al. [11], Rohn [28,30]. Therefore, the sets (/) defined in Property 2.6 can be

not convex polyhedrons. This can cause difficulties in finding most preferred solutions from the
efficient set of IMOLP problem (1)-(3).

Now we consider an IMOLP problem of which the efficient set can be computed by a union of a
finite number of convex polyhedrons.

2.2. A Special Case
We consider the following IMOLP problem:

“maximize” Cx, (9)
A'x < b, x>0, (10)
CcelC, A' e1d', b eib', (11)

where 14! = {Al ‘41 <A< Zl} is an my xn interval matrix, IC:{QS Cc< 5} is a kxn interval

matrix, ib' = {l_)l <p! Sl_yl} is an m, interval vector. Problem (9)-(11) is a special case of IMOLP

problem (1)-(3) because its variables are restricted in sign. IMOLP problem (9)-(11) can be easily
solved by the above presented method for solving problem (1)-(3). To do this, we restate problem (9)-

1 1
(11) in the form of problem (1)-(3) by defining A:{A JER(MZM)X” , 4={A— JeR(szrn)Xn

-1, -1,
~1 1 1 71
1= (A J c R(m2+n)><n b= (b j c R(m2+n)><1 b= (b_ J c R(m2+n)><l b= [b J c R(m2+n)><1 and
=1, Onx1 Ot Onxi

m=m, +n, where I, is the unit matrix in R" and O,,; is the n column vector with components
being 0. Thus, the efficient set of problem (9)-(11), denoted by E, , can be computed by the formula

given in Property 2.6. Now we represent this formula with using the data of problem (9)-(11).

Property2.7. E,= U S,({),
€T, (14,IC)

where
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~a@'x<-byieln{l.,m,},
x; =0, if (i+my)el andie{l,..,n},
ax+y, SEl,ie{l,...,mz},
S, (I)={xeR" [N, +¥i <0,ie{my+1,...my+nfNI,
—El-lx—yiS—Q%,ie{l,...,mz}\l,

X, —yl.:O,ie{m2+1,....,m2+n}\l,

—my

x>0,y>0,yeR" 2™

7

(21’121) Al’gl

(Eil ’é}) and (g} ’Eil ) are the i-th row of the matrix and( ) , respectively.

Proof.Let A(7),IA(1),b(I) and ib(I) be the matrices obtained from the matrices 4, /4, b and ib

by dropping rows whose indices are notin 7, respectively. Based on Properties 2.2 and 2.3, it can be

ax=>b;,iel

easily seen that S(I)={xeL(IA,ib)|al-x=bi,iel} = xeR"|Ax < b,x >0, =
AelA,beib
—ax<-b.,el
A()x=b(1),x0, GEE e
. ax<b,iel,
xeR" A(1) e 14(1).b(I) ib(1). =<xeR" 4x+1my£13, ((c_zi,l;i) and (c_zi,[zl.) are the i-th rows
Ax<b -
S —Ax—1,y <-b,
AelA,beib x20,20
-a;x<-b;iel,
f th tri A,b d (4,b tivel R" Ayt I,y <h,
= €
o e matrices (_, ) an ( ,_) , Trespectively) X axoy, S—l_)i,ie{l,...,m}\l,
x20,y>0
—cTile —Ql!,i e]r\{l,...,mz}, —ch-lx < —121,1' e[m{l,...,mz},
x,=0,if (i+m,)el andie{l,..,n}, x;=0,if (i+my)el andie{l,..,n},
c_zix+yi Sl;il,i € {1,...,m2}, g§x+yl- SEl,i € {1,...,m2},
xeR"| ~Xiiw, TVi < O,ie{m2 +1,...,m, +n}, = {xeR" | Xim, +V <0,ie {m2 +1,...,m, +n}m1, .
~a'x-y; <-blie{l,m\I, ~a@'x—y; <-bie{l,m\1,
Xy, =i SO0 € {my+1,smy + 0\, Xy, =V =00 € {my + 1, ,my + 0\,
x>0,y>0,yeR" ™" x>0,y>0,yeR"2™"

Based on Property 2.6, the proof is complete. O

Remark 2.2. IMOLP problem (9)-(11) is a popular one used in investigating practical problems
because the condition of the variables is natural. Since its efficient set can be computed by the union
of convex polyhedrons, finding most preferred solutions based on IMOLP problem (9)-(11) has many
advantages.

Remark 2.3. Interval linear programming (ILP) problems are extensively investigated by many
researchers, for example, Garajova and Hladik [13], Hladik [16]. Since ILP problems are a special case
of IMOLP problems, the above presented results also validate for ILP problems.

3. Examples

We consider problem (9)-(11) when
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Cz[[o.s,l.g] [—0.5,0.5]} IAlz([l'S’z'S] [0.5,1]J y ibl_{[@lo]]

[03,08]  [11.2] [05.2]  [3.6] ~[14,16]

This example is recalled from Oliveira and Antunes [24]. It is clear that
L5y, +.5y, = y3 +y11 -1.8z, .82z, = 2.6,
Sy 43y, =, +y£ -.5z,-12z, =1.7,
2.5y, =2y, + 3+ yf +.52, +.32, =8,
p :(y’yl’yz’Z)T eR" “N =6y Y+ Yy =55 42, =5,

ol
I

T
Y=y ) 205 =(1.04) =0,

y2 =(y12,y§)r 20,z=(zl,zz)T >0

Using Lips-1.9.4 software in MATLAB, based on the method given in Tu [35], we can easily
obtain T, (/4,IC)= {{1} ,{2}} after solving 4 linear programming problems. Based on Property 2.7, we
have E, =5, ({1})US+ ({2}), where
=2.5% — x5 £ -6,
1.5x +.5x, + y; <10,

Sx; +3x, +y, <16,

S, ({1})={xe R*|-2x, —6x, — y, <14,

-x+y; =0,

X, +y, =0,

% 20,5 2 0,(31,02, 3,04 ) 2 0

-2x, +6x, <14,
1.5x +.5x, + y; <10,
S5x+3x, +y, <16,
S, ({2}) ={xeR*|-2.5x —x, -y, <6,
=X +y3 =0,

—X +y, =0,

x 20,x, 20,()’13372’)’3,)’4)20

4. Conclusions

We propose a method to find all efficient solutions of an IMOLP problem with interval
coefficients in objective functions, the constraint matrix and the right-hand side vector. The set of all
efficient solutions of an IMOLP problem can completely supply information to the decision makers
in finding their most preferred solutions but, up to now, only some solutions of an IMOLP problem
can be found by known methods. The proposed methods are simple, is easy to implement and
illustrated by a numerical example.
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