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Abstract: The penetrability and directivity of ultrasound in different media is of interest in engineering and

medical applications (imaging, nondestructive testing, sonochemistry, among others). The nonlinearity of a liquid

can be used in the parametric antenna framework to generate low-frequency components with particular features

from several ultrasonic signals at the source. Bubbly liquids are dispersive liquids in which a small amount of

tiny gas bubbles leads to the increase of the nonlinear parameter of the media over certain frequency ranges.

Parametric antenna applied to this huge nonlinear media gives rise to low-frequency components with relatively

small intensity at the source. The evolution of a low-frequency component (difference-frequency component

obtained from two primary signals) during its propagation in a bubbly liquid is somehow unknown. It is thus

interesting to analyse its characteristics to establish whether this component can benefit from the quality of its

own frequency and from the primary frequencies in terms of directivity and penetrability into the medium. It

must be noted that no such study in bubbly liquids exists in the litterature, but only for homogeneous media.

To this end, several numerical models developed previously are used here to analyse the difference-frequency

component obtained from a parametric antenna emitting from two ultrasonic signals at the source in one and

two-dimensional domains. These models allow us to observe the behavior of this frequency component. An angle

that measures the directivity of a beam is also defined. Our results show a point hardly found in the literature:

the high directivity and the huge penetrability of the secondary beam associated to the difference-frequency

component into the bubbly liquid, compared to the same frequency signal excited directly from the source in the

bubbly liquid and to the parametric acoustic array in homogeneous fluids.

Keywords: bubbly liquids; nonlinear acoustics; parametric acoustic array; difference frequency component;

ultrasound; penetrability; directivity

1. Introduction

The application of the nonlinear acoustics theory, its effects and benefits, in medicine and engineer-
ing have been the subject of numerous research papers throughout the last century [1–5]. Nonlinear
acoustic signals are characterised by the generation of new frequency components during their prop-
agation, like harmonics and subharmonics [4,5]. Each one of them has its particular characterisics,
such as amplitude, attenuation, or sound speed, all depending on the kind of medium in which the
wave propagates. These features are even more complicated to track when the medium is dispersive.
Nonlinear acoustics still require studies to better understand its physical basis and applicability to
help solve real-world problems [1,3]. The following examples illustrate the usefulness of this branch
of acoustics to a wide range of applications. In the context of underwater acoustics, Prieur et al [6]
describe the benefits obtained from using the second harmonic component when applied to imaging
in sonar technology, through the enhancement in the detection of some targets. In medicine, the
introduction of contrast agents (gas microbubbles) into the bloodstream enhances the quality of diag-
nosis images through ultrasonography, for which the high nonlinearity of the liquid caused by the
bubbles can also be taken into account through the generation of new frequency components [7,8].
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In sonochemistry the application of a macrosonic field induces the nonlinear generation of inertial
bubbles (cavitation) that cause the enhancement of chemical reaction and liberation of radicals in the
fluid [1,2]. High-Intensity Focussed Ultrasound is a noninvasive technique designed to remove solid
tumors from the body through the nonlinear effects due to the large amplitudes of the acoustic field,
which originate absorption of acoustic energy and generation of cavitating bubbles localized on the
focus area, and cause a local rise of temperature [9].

One of the most promising effect of nonlinear acoustics is the nonlinear frequency mixing. This
effect can produce low (even in the audible range) and high ultrasonic signals from two (or more)
primary waves [10]. It has been thoroughly studied by means of theoretical and experimental works in
liquids and gas (water and air) for around 50 years, but poorly aborded in the literature when it comes
to bubbly liquids, gas bubbles in a liquid (air bubbles in water) [11,12]. This is the main point of the
work presented here.

The existing literature about the behavior of the difference-frequency component (DFC) created
from a parametric ultrasonic source in terms of penetrability and directivity is mainly dedicated
to homogeneous fluids. Gan et al [11] present a review on parametric acoustic array (known as
PAA [10]) in an outstanding work published in 2012. The main advantage drawn by the PAA is
the sharp and narrow directivity due to the small size of sidelobes of the resulting field, which is a
consequence of nonlinearity and attenuation that affect the different frequency components of the wave
differently. Applications of the PAA cited therein include active noise control [13], private sound field
[14], detection of concealed objects [15], acoustic performance of materials [16], underwater acoustics
(parametric sonar) [17]. Since 2012, unlike their interest in many applications, within the frameworks of
audio technology in particular [18], few works have been published. As an example, the use of the PAA
combined to a sonic crystal is described in 2013 in Ref. [19] to produce an unidirectional propagating
beam. In 2020 Zhou et al. present another review paper on the PAA [12]. They clearly mention the
urgent need of improving the conversion efficiency of the PAA, which tipically is nearly 1 %. They
present an updated overview of the topic, with a particular section on broadband parametric arrays,
for which the nonlinear self-demodulation effect applies to the broadband primary signals. A special
interest is drawn on some applications, like sub-bottom profiler and buried targets [20,21], underwater
communications and long-range ocean research [22,23]. In 2022, the PAA is used to improve the results
obtained in elastographic imaging [24].

The characteristics that make the PAA such a useful technique in many real and potential appli-
cations are the very high directivity and huge penetration of the difference-frequency signal beam
produced within the beam at the primary frequencies [11]. In an homogeneous fluid, because of the
highest attenuation of the higher frequency signals, the DFC tends to travel more distance, creating
this way the so-called primary beam, than the other components of the wave (primary frequencies,
sum frequency), which decay much faster. Along the primary beam, which is where the DFC is
created, a series (or column) of virtual sources are created, leading to the developement of a narrow
secondary beam. In Ref. [10] the locations at which the DFC intensity drops by one-half, i.e., has lost
3dB, in the confined beam measures the directivity and penetrability of the secondary beam at DFC.
The penetrating beam of the DFC can be narrowed by increasing the DFC or decreasing the primary
frequencies. Moreover, it does not directly depend on the aperture of the primary-frequencies source.

It must be noted that no such studies have been carried out for bubbly liquids. The published
papers about parametric antenna in bubbly liquids refer to the generation and propagation of both the
sum and difference generated signals, but no one describes with the sufficient degree of precision their
directive properties [25,26].

This work aims to get rid of this current lack. After describing the mathematical model used
and solved here in Section 2, the presentation of illustrative results from numerical simulations in one
dimension (1D) and two dimensions (2D) in Section 3 shows that the addition of gas bubbles into the
liquid allows the ultrasonic beam to be more penetrating and directive, allowing the very thin beam to
reach large distances. Section 4 gives the concluding remarks of this work.
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2. Materials and Methods

This section presents the mathematical model used to reach the goal described in Section 1. Since
in Section 3 models in 1D and 2D will be used to track in time the evolution of the variables of the
problem, when the ultrasonic waves propagate through the medium and mutually interact with the
bubbles nonlinearly, we describe here the two models in Sections 2.1 and 2.2, respectively.

We consider a liquid in which a population of tiny spherical gas bubbles are added. We assume
an homogeneous distribution of bubbles of the same size. This mixture is excited by a continuous
acoustic pressure source driven by one or two frequencies.

The nonlinear mutual interaction of gas bubbles and acoustic field in the liquid (open domain) is
modeled by the coupled differential system [2,4,5,25] formed by the wave equation written in terms
of acoustic pressure p, Eqs. (3,8) and a Rayleigh-Plesset equation written in terms of bubble volume
variation v, Eqs. (4,9), respectively in 1D and 2D domains.

These models assume that the bubbles in the liquid are monodisperse, oscillate at their first
radial mode, and are the only source of attenuation, nonlinearity, and dispersion. Their collapse is not
modeled. The surface tension is neglected. The initial bubble radius, R0g, must be small compared to
the wavelength of the acoustic field. Buoyancy, Bjerknes, viscous drag, and added-mass forces are not
considered in this work. [5,27].

In the following, c0l and ρ0l are the sound speed and the density at the equilibrium state of the
liquid, wheras Ng is the bubble density in the liquid. δ = 4νl/ω0gR2

0g is the viscous damping coefficient

of the bubbly fluid, in which νl is the cinematic viscosity of the liquid, ω0g = 2π f0g =
√

3γg p0g/ρ0l R2
0g

is the bubble resonance frequency, in which γg is the specific heats ratio of the gas, p0g = ρ0gc2
0g/γg

is its atmospheric pressure, ρ0g and c0g are its density and sound speed at the equilibrium state. The
other parameters are η = 4πR0g/ρ0l , a = (γg + 1)ω2

0g/2v0g, and b = 1/6v0g, where v0g = 4πR3
0g/3 is

the initial bubble volume.
We consider a continuous acoustics pressure source of amplitude ps. When a single-frequency

source at the frequency f is used, the following expression of this source is

s(t) = ps sin(2π f t), t ∈ [0, Tl ], (1)

where t is the time, and Tl is the last instant of the study. When a dual-frequency source at the
frequencies f1 and f2 is used, the source is

s(t) = ps(sin(2π f1t) + sin(2π f2t)), t ∈ [0, Tl ]. (2)

2.1. One-Dimensional Model

In this section we consider the problem described above in a one-dimensional domain of length
L. The following partial differential equations system is considered [2,4,5,26], in which the acoustic
pressure is p(x, t) and the bubble volume variation is v(x, t) = V(x, t) − v0g, where x is the one-
dimensional space coordinate and V(x, t) is the instantaneous bubble volume located at position x.
Subscripts t and x stand for partial derivatives with respect to t and x:

pxx − ptt/c2
0l = −ρ0l Ngvtt, (x, t) ∈ (0, L)× (0, Tl), (3)

vtt + δω0gvt + ω2
0gv + ηp = av2 + b

(
2vvtt + v2

t

)
, (x, t) ∈ [0, L]× (0, Tl). (4)

We assume that the dependent variables, p and v, are at rest at the onset of the study by imposing
the following initial conditions:

p(x, 0) = 0, v(x, 0) = 0, pt(x, 0) = 0, vt(x, 0) = 0, x ∈ [0, L]. (5)
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The time-dependent pressure source is placed at x = 0:

p(0, t) = s(t), t ∈ [0, Tl ], (6)

and we consider an open-field boundary condition at the other end of the cavity, x = L:

px(L, t) = −pt(L, t)/c0l , t ∈ [0, Tl ]. (7)

2.2. Two-Dimensional Model

In this section we consider our problem in a two-dimensional domain of dimensions Lx × Ly.
The following partial differential equations system is considered [2,4,5,28], in which the acoustic
pressure is p(x, y, t) and the bubble volume variation is v(x, y, t) = V(x, y, t)− v0g, where (x, y) are
the two-dimensional space coordinates and V(x, y, t) is the instantaneous bubble volume located at
position (x, y). Subscripts t, x, and y stand for partial derivatives with respect to t, x, and y:

pxx + pyy − ptt/c2
0l = −ρ0l Ngvtt, (x, y, t) ∈ (0, Lx)× (0, Ly)× (0, Tl), (8)

vtt + δω0gvt + ω2
0gv + ηp = av2 + b

(
2vvtt + v2

t

)
, (x, y, t) ∈ [0, Lx]× [0, Ly]× (0, Tl). (9)

We assume that the dependent variables, p and v, are at rest at the onset of the study by imposing
the following initial conditions:

p(x, y, 0) = 0, v(x, y, 0) = 0, pt(x, y, 0) = 0, vt(x, y, 0) = 0, (x, y) ∈ [0, Lx]× [0, Ly]. (10)

We impose the following source conditions at y = 0:

p(x, 0, t) = s(t), (x, t) ∈ [0, Ls]× (0, Tl),
p(x, 0, t) = α(x)s(t), (x, t) ∈ (Ls, Ld]× (0, Tl),

py(x, 0, t) = −pt/c0l(x, 0, t), (x, t) ∈ (Ld, Lx)× (0, Tl)

(11)

where Ls is the length of the source and Ld is the length where the source decreases continuously
with the variable x as the function α(x) = ((Ls + Ld − x)/Ld)

8.
We impose a symmetry condition at x = 0 to enhance the usefulness of the algorithm:

py(0, y, t) = 0, (y, t) ∈ (0, Ly)× (0, Tl). (12)

Finally, we consider an open-field boundary condition at the other ends of the cavity, x = Lx and
y = Ly:

px(Lx, y, t) = −pt(Lx, y, t)/c0l , (y, t) ∈ (0, Ly)× (0, Tl), (13)

py(x, Ly, t) = −pt(x, t)/c0l , (x, t) ∈ (0, Lx)× (0, Tl). (14)

It must be noted here that, since the nonlinearity of the model is only due to the bubble, we cannot
carry out similar nonlinear simulations for the PAA in the sole liquid, with Ng = 0. By the way, these
simulations, in case the respective nonlinear terms were included into the wave equation, like in the
Westerveld equation for example [5], would require much higher acoustic pressure amplitudes than
the ones used here in Section 3.
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These mathematical models, Eqs (3)-(7) in 1D and Eqs (8)-(14) in 2D, are solved to track the
variables in time by the appropriate numerical models developed in [26,28], based on the finite-volume
method in the space dimensions and on the finite-difference method in the time domain.

3. Results

The objective of this section is to study the penetrability of the DFC beam into a bubbly liquid,
into a 1D open domain (Section 3.1) and into a 2D open domain (Section 3.2).

To this purpose, we study the behavior of an ultrasonic signal at one frequency by comparing
two cases, when this signal is generated nonlinearly through the mixing of two primary frequencies,
i.e. the PAA, and when this signal is directly generated from the single-frequency source, i.e., the DM
(standing for Direct Method). We focus our analysis on testing the penetrability and directivity of the
DFC in bubbly liquids. To simplify the numerous notations, the DFC is denoted by fd, with index d in
the equations of this paper. We thus follow the following procedure, in both configurations, 1D and
2D. First, we generate the difference frequency fd = 200 kHz from the primary signals at f1 = 700 kHz
and f2 = 900 kHz (Eq. 2) with enough amplitude to produce the PAA. We then apply a Fast Fourier
Transform (FFT) to obtain the acoustic spectrum, drawing our attention on f1, f2, and fd. Once the
DFC is obtained, we carry out a polynomial fitting of its amplitude on the axis of the beam from the
highest point of the curve and beyond as a function of the distance from the source. Then, we use the
amplitude obtained from this fitting at the position of the source to carry out a DM simulation with
a single-frequency source (Eq. 1) at f = fd = 200 kHz. We finally compare both results, the signal
generated by the PAA and by the DM.

The data used in the model are:

• Liquid (water): c0l = 1500 m/s, ρ0l = 1000 kg/m3, and νl = 1.43 × 10−6 m2/s;
• Gas (air): c0g = 340 m/s, ρ0g = 1.29 kg/m3, and γg = 1.4;
• Bubbles: R0g = 1.2023 µm, f0g = 2.8 MHz, and Ng = 4.4957 × 1012 /m3.

In the following, Tl = 42 Td, where the period at fd is Td = 1/ fd, with fd = 200 kHz. The FFT is
applied to the last period of the simulation, which is repeated 100 times, in the vicinity of the source up
to 5λd × 20λd in the 1D case and 5λd × 10λd in the 2D case, in which the wavelength at fd is λd = cd/ fd,
where cd is the sound speed at fd. The dimensions of the domain are large enough to ensure that
the waves do not reach the boundaries of the domain L = Lx = Ly = 150λd. In the simulations the
discretization we use is defined by 100 space finite volumes per λd and 400 time points per Td.

3.1. Study in a One-Dimensional Bubbly Liquid

In this section we study the evolution of the secondary beam at DFC in the 1D configuration by
applying the procedure described above.

Figure 1 shows the results obtained from the PAA in terms of acoustic pressure amplitude of the
components DFC = fd, f1, and f2 in the 1D domain. Figure 2 displays the comparison of the PAA and
the DM in the 1D domain.

It can be seen in Figure 1 that the amplitudes of both the primary components, f1 and f2, drop
rapidly when propagating from the source, and they reach values close to zero at a distance around
0.1 m from the source. However, the amplitude of the DFC generated from the nonlinear mixing of
f1 and f2 increases with propagation to reach its maximal value (2730.81 Pa) at around 0.026 m and
decreases slowly (low negative slope) beyond this point through the space domain. It reaches around
(2032.31 Pa) at 0.12 m. This means that the conversion of the acoustical energy from the primary waves
to the DFC is high (11.96% at 0.12 m), which is much higher here than the typical conversion efficiency
of the PAA of nearly around 1% mentioned in the Introduction (Section 1, [12]). The penetrability of
the secondary beam at DFC is high. Figure 2 demonstrates that the decreasing behavior of the 200 kHz
component generated by the PAA is similar vs. x to the one generated by the DM. They both follow
p = p1 × x2 + p2 × x + p3, where p1 = 4309.7, p2 = −8555.5, and p3 = 2995 (Pa), with a smooth
decrease due to the low attenuation at this frequency in the bubbly liquid.
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Figure 1. 1D configuration. Pressure amplitude distribution. DFC = fd = 200 kHz component (light
blue solid line) obtained from the PAA through a dual-frequency source with f1 = 700 kHz (green
solid line), f2 = 900 kHz (red solid line), p0 = 17000 Pa. Tl = 42 Td.

Figure 2. 1D configuration. Pressure amplitude distribution. DFC = fd = 200 kHz component
obtained from the PAA through a dual-frequency source with f1 = 700 kHz, f2 = 900 kHz, p0 =

17000 Pa (light blue solid line); quadratic approximation of fd = 200 kHz (black dashed line); f =

200 kHz component obtained through the single-frequency source with p0 = 2995 Pa (dark blue solid
line). Tl = 42 Td.
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3.2. Study in a Two-Dimensional Bubbly Liquid

In this section we study the evolution of the secondary beam at DFC in the 2D configuration by
applying the procedure described above.

Figures 3 and 4 compare the amplitude of the components obtained from the PAA (DFC = fd) and
the DM ( f ), respectively along the symmetry axis and on the 2D domain. Figure 5 displays the contour
line that defines the loss of 3dB from the source in the space domain, for both of these components,
obtained from the PAA and the DM. The space domain in Diagram (b) for the DM is enlarged to make
it possible to observe the contour line.

Figure 3 demonstrates that the amplitude of the DFC component at 200 kHz generated through
the PAA from the nonlinear mixing of f1 and f2 increases with propagation along the symmetry axis
to reach its maximal value (91.42 Pa) at around 0.0047 m and decreases slowly, through the space
domain, due to the low attenuation at this frequency in the bubbly liquid. This behavior follows
p = p1 × y2 + p2 × y + p3, with p1 = 21744, p2 = −2408.4, and p3 = 108.18 (Pa). It reaches around
40 Pa at 0.047 m. The penetrability of the secondary beam at DFC is very high. The conversion of the
acoustical energy from the primary waves to the DFC is quite low (0.23% at 0.047 m). On the other
hand, the behavior of the 200 kHz component when using the DM is completly different. It drops
immediately and abruptly from the source and then decrease slowly with very low amplitude values
that tend to be insignificant. That is, its capability to penetrate into the medium is very poor. Through
the PAA process the generation of the focused secondary beam induces a lower loss of acoustic energy
along the symmetry axis, and thus allows the 200 kHz component to penetrate easily into the bubbly
medium. If the fd component were not that directive, one would expect that its behavior were the same
as via the DM, like in the 1D case (Section 3.1, Figure 2), for which a focusing mechanism cannot exist.
The acoustic pressure distributions shown in Figure 4 for the PAA with DFC = fd = 200 kHz (a) and
for the DM at f = 200 kHz (b) in the same geometrical conditions reproduce the main differences when
compared to Figure (3) in air in Ref. [11]. The fundamental characteristics of the PAA are drawn in the
bubbly liquid here: higher directivity and penetrability, but it is seen that these effects are enhanced
here in the bubbly liquid, obtaining a beam at DFC that reaches the space domain further along the
symmetry axis. The amplitude of the DFC is around 75 Pa (between 70 and 80 Pa) in the secondary
beam over an important portion of the symmetry axis, with a maximum value set at 91.42 Pa, which
are respectively 0.44% and 0.54% of the amplitude p0 at the source. In relation to the DM (Figures 3
and 4), the ratio increase considerably, since at x = 0.03 m = 5λd on the symmetry axis its value is
1080%. In Figure 5 it can be seen through the observation of the contour line that the wave remains
intense (before its amplitude drops by one-half, i.e., loses 3dB) within a much larger domain from
the source along the symmetry axis in the bubbly liquid when using the PAA than with the DM. By
defining ry as the maximum y-value reached by the −3 dB-contour, it is clear that the higher ry is, the
better is the penetrability. This domain is 110 times with the PAA (ry = 0.038 m from the source) than
the one with the DM (ry = 0.00035 m from the source). This result shows that the penetrability of the
wave is much sharper when using the PAA in the bubbly liquid. Moreover, the difference observed
between the PAA and the DM is much higher here in the bubbly liquid (factor 110) than in the results
shown in Figure 3 of Ref. [11], for which a factor around 10 was obtained in an homogeneous fluid.
This reveals the capability of bubbly liquids to potenciate the PAA effects, which was the goal of this
work. From Figure 5 we now define an angle that measures the directivity of a beam, in degrees (º):

Γd = (380/(2π)) arctan(rx/ry), (15)

where rx is the maximum x-value reached by the −3 dB-contour. The lower this angle is, the
better is the directivity. This means that the smaller rx is and the higher ry is, the better it is for the
prosecution of directivity. The PAA gives Γd=17.96◦, whereas the DM gives Γd=37.82◦, which shows
the very good behavior of the PAA in terms of directivity in a bubbly liquid. The results obtained in
this section suggest that bubbly liquids are ideal media to enhance the effects of the PAA.
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Figure 3. 2D configuration. Pressure amplitude distribution along the symmetry axis. DFC = fd =

200 kHz component obtained from the PAA through a dual-frequency source with f1 = 700 kHz,
f2 = 900 kHz, p0 = 17000 Pa (light blue solid line); quadratic approximation of fd = 200 kHz (black
dashed line); f = 200 kHz component obtained through the single-frequency source with p0 = 103.3 Pa
(dark blue solid line). Tl = 42 Td.

Figure 4. 2D configuration. Pressure amplitude distribution. (a) DFC = fd = 200 kHz component
obtained from the PAA through a dual-frequency source with f1 = 700 kHz, f2 = 900 kHz, p0 =

17000 Pa; (b) f = 200 kHz component obtained through the single-frequency source with p0 = 103.3 Pa.
Tl = 42 Td.
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Figure 5. 2D configuration. Contour line indicating the loss of 3dB from the source in the space domain.
(a) DFC = fd = 200 kHz component obtained from the PAA through a dual-frequency source with
f1 = 700 kHz, f2 = 900 kHz, p0 = 17000 Pa; (b) f = 200 kHz component obtained through the
single-frequency source with p0 = 103.3 Pa. The space domain in Diagram (b) is enlarged to observe
the contour line. Tl = 42 Td.

Further works are now needed to optimize the penetrability of the secondary beam by taking
advantage of the dispersive character of the bubbly liquid, as a function of its principal parameters, by
varying the values of the bubble size and void fraction, and fitting the primary frequencies according
to the dispersive curves of the medium. These will be done further in the next future. The benefits
obtained from bubbly liquids on the PAA should most likely be present when pulses are used as
primary signals. This will be the topic of further studies. The phenomena described in this paper may
be moreover controlled through the use of acoustic metamaterials [19]. These devices could even use
the bubbles, like the acoustic switches and diodes described in [29–31]. This also may be the subject
for further studies.

4. Conclusions

A numerical study on the penetrability and directivity of the difference-frequency component
generated through the parametric acoustic array from two ultrasonic signals in bubbly liquids has
been carried out. These dispersive media can be extremely nonlinear, so that nonlinear effects can
be produced with relatively small amplitudes at the source. Several numerical models developed
previously have been used here to analyse the penetrability and directivity of the difference-frequency
component obtained from the parametric acoustic array in one and two-dimensional domains. Also,
an angle that measures the directivity of a beam has been defined. Our results have shown that
the directivity and the penetrability into the bubbly liquid of the secondary beam associated to the
difference-frequency component are very high, compared to the same frequency signal excited directly
from the source in the bubbly liquid and to the parametric acoustic array in homogeneous fluids,
which is a point that had hardly been found in the literature.
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