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Abstract: We present contrast information, a novel application of some specific cases of relative entropy measures,
designed to be useful for cognitive modelling of sequential perception of continuous signals. We explain the
relevance of entropy in cognitive modelling of music and language. Then, as a first step to demonstrating
the utility of constrast information for that purpose, we show empirically that its discrete case correlates well
with existing successful cognitive models in the literature. We explain some interesting properties of constrast

information. Finally we propose future work towards a cognitive architecture that uses it.

1. Introduction

Information dynamics studies how the information provided by a process changes from one moment
to the next. It is concerned with the information provided by specific observations at specific moments in
time. Whereas information theory [1] is concerned primarily with the expected behaviour of collections
of random variables, information dynamics focuses on specific instantiations of stochastic processes.
Both the sequentiality and the specificity of an instantiation of a stochastic process are central to the
study of information dynamics. This focus on specific sequences distinguishes information dynamics
from information theory more generally.

An instantiation of a stochastic process is a sequence of observations. Designating a point in the
sequence as the current moment in time, the sequence can be partitioned into three temporal regimes:
the past (previous observations), present (current observation), and future (subsequent observations).
Information dynamics measures how these three regimes inform one another. For instance, how
much information does the present observation provide about the future given what was seen in the
past? This extends beyond stochastic processes that have a natural temporal aspect. For example, the
process of estimating model parameters from data can be considered as a stochastic process when
that estimation proceeds in a sequence of steps as more data observed. Even when the data are
independently and identically distributed, when the data is consumed in sequence in the process of
estimation, the result is a stochastic process of the estimated parameter.

Previous work on information dynamics [2-5] focused exclusively on discrete-time processes with
a finite number of discrete states (DTDS process). In order to quantify the information dynamics of a
DTDS process, information content and Shannon entropy [6] were used to measure the unexpectedness
and uncertainty of a given observation in the context of previous observations. However, when
working with stochastic processes of continuous state, neither information content nor Shannon
entropy (nor differential entropy) are suited to the task. All three of these measures lack the property of
coordinate invariance, also called parameterization invariance. Their value is dependent on the coordinate
system used to describe the process. However, relative entropy (KL divergence) is coordinate invariant.
In this paper, we specify a form of relative entropy called contrast information that is not only coordinate
invariant, but like other common information measures, is also non-negative. Contrast information
is closely related to information content and Shannon entropy in the discrete case, but can also be
applied to stochastic processes over continuous state spaces.

A discrete-time process can often be considered as a uniformly sampled version of a continuous-
time process. However, more generally, observations of a continuous-time process are not required
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to be uniformly sampled in time. The observations may be spread heterogeneously over an interval,
or may be observed continuously, and therefore cannot be treated as simply a discrete-time process.
Previous work in information dynamics focused on DTDS processes, always measuring the information
provided by the current observation in the context of the immediate past. Something similar is still
possible with continuous-time processes, but we must be careful when defining what is meant by the
past context, since those observations may be heterogeneously distributed in time or continuously
observed.

Contrast information is defined with respect to the three temporal regimes: the past, present, and
future. Permuting these temporal regimes in contrast information results in six temporal variants that
have different semantics. Predictive contrast information is the amount of information the present
provides about the future given the past. Connective contrast information is the amount of information
the past provides about the future given the present. Reflective contrast information is the amount of
information the future provides about the present given the past. These three forward variants are
mirrored by three backward variants.

In the current article, we define contrast information, and show that it has promise as a continuous
successor of the former discrete measures already successfully used in cognitive modelling. The
structure of this article is as follows. We begin with our theoretical framework for cognitive modelling,
the Information Dynamics of Thinking, summarising previous research and explaining why it needs
to be extended into continuous state spaces. Next, we lay out the detail of contrast information,
and demonstrate how it can be applied to discrete-time and continuous-time Markov and Gaussian
processes. We then perform an empirical comparison between the discrete form of contrast information
and show that it correlates well with the measures used in earlier work, and thus would produce the
same results if used in those models. Finally, we summarise the results and propose future directions
for research.

2. Theoretical Framework

2.1. Motivation: Cognitive Modelling

The motivation of the current work arises from a thread of research on computational cognitive
modelling of sequential perception, mostly of music. Cognitive modelling as a research field lies
at the intersection of psychology and artificial intelligence. Computational cognitive models use
computational methods to simulate hypothetical models of human or animal cognitive behaviour,
so that the hypothesis can be tested, by comparing the outputs of the simulation with empirical
studies of the relevant organism. These comparisons can be made behaviourally, by observing human
or animal response, or more objectively by measuring physiological responses, as, for example, in
electroencephalography. The benefit of this approach is that it renders very precise and operational
hypotheses testable, where they are often difficult or even impossible to test otherwise, often for ethical
reasons.

The overarching aim of the work reported here is to underpin a new cognitive model, in which we
attempt to generalise a well-established discrete-symbolic statistical model of learning and cognitive
prediction to a continuous simulation, which we believe will have greater explanatory power. The
ultimate aim is to simulate the working of the mind/brain' at a level of abstraction rather higher
than the neural substrate (wetware), but also much more granular than what is readily achievable
by observation alone. The purpose of the current section is to explain enough of this background to
render the motivation of the subsequent research report clear, and to provide further references for the
interested reader.

1 We use this joint term because it is not yet clear to us where the boundary between the mind and the brain lies, if indeed

there is one.
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2.2. Predictive Cognition

Over the past decade, there has been a flurry of interest in the idea of predictive cognition, which
proposes that one key function of cognition is to predict events in the immediate environment of the
organism in order to facilitate efficitent and effective actions in that environment. Friston [7] proposes
the idea of free energy, equating roughly to entropy, which an organism attempts to minimise by means
of prediction from an internal model of the world and correction when the predictions of the model
are found to be incorrect. Schmidhuber [8] proposes a model of creativity based on the compression
of perceptual data and prediction from the compressed model. Clark [9] convincingly presents the
philosophical case for this kind of model.

2.3. The Information Dynamics of Music and Language

Music is an excellent means by which to study the human mind [§3] [10], in particular because
it may be considered as a(n almost) closed system [11], requiring very little reference outside itself,
and, at the same time, demonstrating cognitive effects rather clearly. It is also worthy of study in its
own right, because it is hugely important to humans in general, and is (therefore) also an important
economic driver in the modern world.

In the computational study of music, the idea of predictive cognition arose rather earlier than in
the work cited above, since music perception and appreciation depend heavily on expectation and the
fulfilment or denial thereof [12]. Here, information theory appears in two capacities. First, as in the
work of Friston [7], it serves to measure how well a learned model fits the data, overall, from which it
was learned. Second, in a more granular application, it serves to measure the local information content
and entropy [6] for each tone in a musical sequence. The groundwork for this approach was laid by
Conklin [13] (see also Conklin and Witten [14]), by providing a straightforward (though not simple)
learning mechanism that could cope with the extreme multidimensionality of musical signals. Pearce
[2,15] demonstrated that Conklin’s theoretical model is in fact a cognitive model, by implementing it in
what has come to be known as IDyOM, short for “Information Dynamics of Music”, and showing that
the predictions of the model correlate well (r = .91) with human responses, over multiple studies and
musical genres. At the time of writing, IDyOM remains the best model of melodic pitch perception in
the music cognition literature.

IDyOM models human cognition using discrete symbols for pitch and musical time. Each musical
tone is represented as a tuple of musical features, each of which contributes to a variable-order
Markov model, as specified by Conklin and Witten [14] and Pearce [2]. Using the Prediction by
Partial Match (PPM) algorithms [16,17] a distribution is obtained for each feature at each point in a
melody. These distributions are then combined in an empirically validated model [18] to produce one
distribution over musical pitch (again represented discretely). This distribution is shown to correlate
well with empirical data from earlier and new studies of musical expectation [19,20]. Furthermore, the
information-theoretic outputs of the system, in terms of information content of observed symbols and
entropy of the distributions from which they are drawn [6] have been shown to correlate with human
perception at what might be called a meta-level with respect to pitch prediction: information content
correlates with unexpectedness of what is perceived[20], and entropy correlates with uncertainty
experienced during perception [21].

In a prequel to Schmidhuber’s model [8], Pearce [2] and Pearce and Wiggins [22] showed how
prediction from statistical models can simulate the creation of novel music. This work underlines the
need for simulations that can learn the representations that they use, a property that symbolic systems
usually lack, and on which the current success of deep learning depends.

2.4. Sequence Segmentation and Boundary Entropy

The information-theoretic outputs of IDyOM can also be used to analyse structure in music, using
the detection of boundary entropy [23,24]. The idea here is that, if a sequence of data exhibits sequential
regularity of the kind naturally captured by a grammar, then both information content entropy will
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trend downwards on average from the start of a structural unit towards its end, because the available
context within the structural unit is supplying progressively more information. After the end, there will
be an increase in entropy because the statistical correlation across the boundaries between structural
units is weaker than that within them, and so less contextual information is available. This principle
has been shown to allow structural boundaries to be identified in melodies of various kinds [23], by
means of a simple process of peak picking in the information-theoretic signal: a large peak in the
current context tends to coincide with the first symbol in a new structural unit. Sequence processing,
as a human capacity, is of course more general than music and IDyOM has also been used to determine
the segmentation of English language, on one level [25], and hierarchically [26]. The idea of boundary
entropy finds support in results (in both music and other sequences) suggesting that the chunks so
formed are stored as separate units, thus making them available for subsequent predictions [27,28].
Based on this, Wiggins and Sanjekdar [29] applied the same idea to text, successfully identifying
morpheme and word boundaries, while also proposing an entropy-based simulation of memory
consolidation that guides model correction by identifying high information content in the stored
model.

In related research, Abdallah and Plumbley [4] considered a broader range of information-
theoretic simulations, successfully applying them to a range of artificial musical data. Pearce and
Wiggins [3] and Agres et al. [5] present summaries of the work applied to music.

In summary, there is substantial evidence that human experience of information quantities, as
simulated by Shannon measures [30], play a direct part in the working of the non-conscious and the
conscious mind /brain. In other words, it seems that humans are both consciously and non-consciously
sensitive not just to the content of perceptual signals, but also to their information-theoretic properties.

2.5. The Information Dynamics of Thinking

The discrete symbolic simulations described above constitute good evidence that information
dynamics offers a route to understanding some important aspects of human cognition. Wiggins
[10] proposes to generalise these ideas beyond musical stimuli (while still maintaining music as a
paramount way in to human cognition), and, crucially, to a continuous world model. This proposal
views the mind /brain as a collection of interacting oscillatory systems, a view which is increasingly
gaining traction in cognitive science (e.g., [31,32]). In this proposal, perceptual signals are represented
as waves, and therefore sound is a particularly good starting point: recent research shows that
perceived sound and its significant correlates are reproduced as electrical waves in the mind /brain,
notwithstanding the fact that it has been deconstructed by the ear prior to its arrival in the auditory
cortex [33-35].

The Information Dynamics of Thinking (IDyOT) cognitive architecture [24] proposes a cyclic
process of learning and segmentation to build a model of continuous percepts that is analogous to
the discrete models of IDyOM. A process of categorisation based on structural similarity of segments
allows the same process to be applied repeatedly, building layers of progressively more abstract
and less granular representations, as in the work of Wiggins and Sanjekdar [29]. (This process is
similar to the process of deep learning of representations, the methodological benefit being that the
IDyOT model is driven, bottom up, by scientific theory. In contrast, information loss in the training of
deep networks generally renders their operation inscrutable and therefore generally not amenable to
scientific enquiry as cognitive models. This issue has spawned the new research subfield of explainable
artificial intelligence.)

Homer et al. [36] show how the lowest layer of an IDyOT model of Western Tonal Music might
be based in a Hilbert Space of Resonances, directly representing cognitive representations of musical
sound. However, this work does not encompass the need for segmentation, because it focuses on static
representations of static percepts. The current article presents a novel method to underpin segmentation
in a time-variant version of this and other representational spaces of the same mathematical kind. In
the following sections, we introduce a set of information-theoretic measures that admit the analysis


https://doi.org/10.20944/preprints202404.1509.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 April 2024 d0i:10.20944/preprints202404.1509.v1

50f 26

of information dynamics in continuous representations, in a way analogous to information content
and entropy in the discrete case outlined above. Given such measures, the way is open to determining
boundary entropy and an implementation of segmentation in IDyOT. To ensure that the measures
remain consistent across the divide between discrete and continuous representation, we demonstrate a
good correlation between the former measures and our new measures applied in the discrete case.

3. Information Dynamics in Continuous Systems

3.1. Motivation and Structure of the Article

The overarching contribution of the current paper is to propose and validate a set of novel
information measures that extend the theory of Information Dynamics beyond discrete representations
to continuous ones.

First, we introduce and motivate the new measures in detail, discussing useful mathematical
properties in relation to the discrete models outlined above. We discuss the behaviour of the models
in context of standardised distributions. Then, using our new implementation of discrete models,
IDyOMS, we show a good correlation between the earlier discrete information measures and the new
continuous ones applied in the case of discrete data, as applied to music data. Therefore, we are
confident that a model of segmentation based on the new continuous model will perform similarly
to the existing successful discrete model. Finally, we summarise the contribution of the paper and
describe opportunities for future work.

3.2. Coordinate Invariance

The principle of coordinate invariance [37], also called parameterization invariance or general
covariance, states that Nature does not possess a coordinate system; all coordinate systems are imposed
by us to aid in our analysis of Nature. As such, the fundamental quantities of Nature must be invariant
to the coordinate system used to describe those quantities, since they exist outside our means to
describe them.

For instance, suppose we are measuring the outside temperature each morning. Generally,
temperatures do not generally vary wildly from day to day, so observing today’s temperature gives
you some information about what tomorrow’s temperature may be. The temperature itself does not
change depending on whether you measure in Fahrenheit or Celsius, so the amount of information
provided by those observations must be the same whether you described those temperatures in
Fahrenheit or Celsius. Those are just two different coordinate systems describing the same sequence of
observations. In the same way that the temperature itself remains the same regardless of whether you
describe it in Fahrenheit or Celsius, the information provided by those temperatures should remain
the same as well. It cannot depend on the coordinate system used to describe the process. Therefore,
a measure of information should be coordinate invariant because the information provided by an
observation is independent of the coordinate system used to describe that observation.

Note that describing a quantity in a different coordinate system is different from describing a
quantity at a different level of granularity. To continue with the example, we could describe the
temperature as hot, pleasant, brisk, cold, or freezing, instead of referring to Fahrenheit or Celsius. The
information provided by these categories of temperatures is different from the information provided
by the reading in Fahrenheit or Celsius. They are a whole different level of granularity, not a different
coordinate system, and so are not subject to coordinate invariance.

Though there is a larger class of coordinate transformations that can be applied in the discrete
case, since we are concerned with the information dynamics of continuous state spaces, we will focus
on differentiable coordinate transformations.

Definition 1 (Coordinate Transformation). A coordinate transformation, is a differentiable, invertible
function ¢ : X — Y. Thatis, forallx € X andy € Y,y = ¢(x) and x = ¢~ (y) = ¢(y), and ¢, € C};
i.e., they are both differentiable.
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Definition 2 (Coordinate Invariance). A function f is coordinate invariant iff, forall x € X andy € ), and
for all coordinate transformations ¢ and = @1,

In short, coordinate invariance just means we get the same result regardless of the coordinate
system being used. For us, this is particularly relevant for probability distributions. For discrete
random variables, a coordinate transformation amounts to relabeling the elements in X with the
corresponding elements in .

px(x) = py(¢(x)) ©)

As such, any measure of information involving discrete random variables is automatically invariant to
coordinate transformations. In particular, information content and Shannon entropy are coordinate
invariant when working in a discrete state space.

However, when working with continuous random variables, the picture looks slightly different. In
addition to relabeling the elements of X’ with the corresponding elements of }, we must also scale the
probability density according to the absolute value of the derivative of the coordinate transformation,
evaluated at x.

d

px(x) = pr(9(x)]¢'(x)| where [¢/(x)] = | (x) @

In higher dimensions with a vector of continuous random variables, we scale according to the determi-
nant of the Jacobian.

px(x) = py(@(x))|Jpx| where |Jpx|= det(?)%(x)) (3)

A point of clarification. We are concerned with the information provided by a specific observation.
In the discrete case, an observation corresponds to an event that we can assign a nonzero probability;
however, in the continuous case, the probability of a specific observation is always zero. Nonetheless,
we still want to associate some amount of information with that specific continuous-valued observation,
not a quantized version of that observation.

3.3. A Continuous Alternative for Information Content

We want a measure of information that works with both discrete and continuous state spaces, but
is also coordinate invariant. Since all measures of information are coordinate invariant in the discrete
case, we must check if they are coordinate invariant in the continuous case. Previous work relied
on information content and Shannon entropy to measure the information dynamics of a sequence.
However, information content is not coordinate invariant.

Theorem 1. When X is continuous, information content £(x) is not coordinate invariant.
Proof. Given a coordinate transformation y = ¢(x) for all x € X with X continuous,

l(x) = —log px(x)
—log(py(e(x))]¢'(x)])
—log py (y) — log|¢' (x)]
= {(y) —log|e' (x)]|

Suppose ¢(x) = ax for some constant a € R.

6(x) = £(y) — logla| # £(y) when |a| #1 @
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Since generally, ¢(x) # £(y), information content is not coordinate invariant. [

Shannon entropy is only defined for discrete state spaces, so it unsuited for continuous state
spaces unless the space is first quantized into a discrete state space Quantization ([1] [Ch. 10]) is a
different problem than the one addressed in this paper. The continuous analogue of Shannon entropy
is differential entropy ([1] [Ch. 8]), however, like information content, differential entropy is not
coordinate invariant.

Theorem 2. When X is continuous, differential entropy is not coordinate invariant.

Proof. Given a coordinate transformation y = ¢(x) for all x € X with X continuous, the differential
entropy H(X)

H(X) = = [ p(x)log p(x)dx

= E[-log px(X)]

E[—log py(9(X))|¢'(X)|]

= E[—log py(Y)] — E[log|¢'(X)|]
H(Y) —]E[log|(p’(X)H

Suppose ¢(x) = ax for some constant a € R.

H(X) = H(Y) — E[log|a]]
= H(Y) —log|a]
#H(Y) when |a|#1

Since generally, H(X) # H(Y), differential entropy is not coordinate invariant. [

Therefore, since information content, Shannon entropy, and differential entropy cannot be used in
the continuous case, we must look to other measures of information.

Though closely related to Shannon entropy and differential entropy, mutual information is a
measure of information that is coordinate invariant, a property it inherits from relative entropy (KL
divergence) [38]. However, mutual information measures the expected information between random
variables, To get the amount of information provided by a specific observation, we instead use specific
information [39]. Like relative entropy and mutual information, specific information is also coordinate
invariant.

Definition 3 (Specific Information). Specific information I1(Y; x) is the amount of information gained about
some unobserved variable Y from observing a specific outcome x.

p(Y[X)
p(Y)

Theorem 3. When Y is continuous, specific information is coordinate invariant.

I(Y;x)=E {log ’ X = x} (5)
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Proof. Given a coordinate transformation z = ¢(y) for all y € Y with Y continuous, the specific
information I(Y; x)

w0
I[(Y;x) ]E_log (V) X |
_ g lioe PP M |5 _
~ o2 e | X =]
ol PZX) [ ]
B Lo R
=1(Z;x)

Therefore, specific information is coordinate invariant. [

There are other definitions of specific information. One such alternative definition, response-
specific information [40], like information content, has the desirable property of additivity in discrete
case; however, it is not coordinate invariant in the continuous case, so we focus on definition of specific
information shown here.

4. Contrast Information

4.1. Contrast Information

In the previous section, we examined whether a few common measures of information are
coordinate invariant when dealing with continuous random variables, finding that relative entropy,
mutual information, and specific information fit the bill. We will now define contrast information in
terms of specific information.

Definition 4 (Contrast Information). Given a stochastic process S and index set T, with convex disjoint
subsets Ty, Tg, Tc C T giving the target A = {S(t) : t € Ty}, source B = {S(t) : t € Ty}, and context
C = {S(t) : t € T¢}, the contrast information I [A : b | c| is the conditional specific information about a target
A from observing a specific source B = b in a specific context C = c.

p(A[B,C)

I[A:b|c]—]E[log P (AC)

’B—b,C—c} (6)

Depending on whether A is a discrete or continuous state space, the expectation in contrast
information takes the form of a sum or integral, respectively.

I[A:b|c] =) p(albc)log plalb.c) (A discrete) 7)
aeA plale
I[A:b]|c] = /A p(alb,c)log %du (A continuous) (8)

Though contrast information is a particular form of specific information, we will use a slightly
different notation to visually distinguish from specific information and mutual information. The
square brackets and colon make it clear that we are referring to contrast information in particular, as
opposed to the more general specific information. The target A is in the first position to the left of
the colon, which is the random variable over which the expectation is taken. The source S is in the
second position to the right of the colon, which is a specific outcome S = s given in the conditional
expectation. The context C is in the third position to the right of the vertical bar, a specific context
C = c also given in the conditional expectation.

Contrast information is a particular form specific information, which is itself a particular form of
relative entropy. Since relative entropy, and therefore contrast information, can be thought of as the
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expected amount of information provided [41] by each sample that aids in discriminating in favor of
the distribution p(A|b, c¢) from p(A|c) when p(A|b, c) is the case. If p(A|b, c) is very similar to p(A|c),
determining that p(A|b, c) is the case instead of p(A|c) is difficult. You would need to draw many
samples to be confident that p(A|b, c) is the case instead of p(A|c). Since they look so similar, there is
little with which to discriminate between them and therefore a small relative entropy from p(A|b,c)
to p(Alc). If the distributions look very different, then fewer samples will be necessary in order to
discriminate that p(A|b, ¢) is the case instead of p(A|c).

Since these two distributions differ only in the given source B = b, contrast information measures
the degree to which that source affects the target given the context. If it is difficult to discriminate
p(A|b,c) from p(A|c), it means that the source did not affect the distribution of the target, at least
relative to the context. Contrast information measures this effect by looking solely at the change in
the distribution of the target. Even when we have definitely observed a specific source B = b, if the
contrast information is small or zero, it would be difficult to say we observed anything happening
at all looking only at the distribution of the target. When contrast information increases, observing
a specific source is distinguished from the context, since its presence causes p(A|b, c) to look very
different from p(A|c).

Target, source, and context. All three regimes are essential components of contrast information.
Given the same context, different sources may provide varying amounts of contrast information
about the target. Similarly, different contexts given the same source may provide different contrast
information about the target. In Section 5, we will examine temporal variants of contrast, where the
temporal ordering of the target, source, and context regimes determines the semantics of each variant
of contrast information.

To provide some intuition about contrast information by way of analogy, suppose you are sitting at
a red light at a car intersection. After a little while the light turns green; you hit the gas to pass through
the intersection. Prior to the light turning green, each moment observing the red light was much
like the previous moment. One moment at the red light followed by another is a rather monotonous
situation. But when the light turns green, things change dramatically as you hit the gas to move
forward. Sitting at the red light and observing the red source in a red context corresponds to a small or
even zero value of contrast information, since distinguishing between different moments at the red
light is difficult. Once the red light turns green, contrast information increases, because observing the
present source in a red context causes a dramatic shift in your behaviour, changing from a stopped car
to driving the car forward.

We can formalize the intuition behind this analogy if we (unrealistically) model the stop light as a
two-state Markov chain, where at any moment in time the probability of remaining the same color is
much higher than the probability of changing colors.

Example 1. Suppose we have a two-state Markov chain S with a RED state and GREEN state. The probability of
remaining the same color is 0.95 and the probability to change colors is 0.05.

P(S,4+1 =RED| S, = RED) = P(S,+1 = GREEN | S, = GREEN) = 0.95

P(S,+1 = RED| S, = GREEN) = P(S,+1 = GREEN | S, = RED) = 0.05

When the light remains red, the contrast information is nearly zero.
I[A:B=RED|C = RED| = 0.02
When the light turns from red to green, the contrast information jumps to almost three bits.

I[A:B = GREEN| C = RED| = 2.95
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4.2. Expected Contrast Information

With respect to the target, contrast information is a function of a specific source and specific
context. As such, when the source or context are unknown and represented as random variables,
then contrast information is also a random variable. To represent contrast information as a function
of a random variable, we write I [A : b = B | ¢| for an unknown source and I [A : b | ¢ = C] for an
unknown context. The expected value of the contrast information can then be evaluated over either
the source, the context, or both the source and context.

When we take the expectation over an unknown context with a fixed source, we arrive at the
expected context contrast information.

E{log%‘B:b} =E[I[[A:b]|c=C]
:E[E{log% C,sz”
=I[A:b|C]

Definition 5 (Expected Context Contrast Information). Expected context contrast information is the
expected value of the contrast information over the context, leaving the source fixed.

uA¢|q:E@%§iﬁ§wB:4

When we take the expectation over an unknown source with a fixed context, we arrive at the
expected source contrast information, which is equal to the mutual information I(A; B|c) between the
source and target given a specific context.

Blr[4: b= 5 |d] =E[5[1og 20 ) [ € o 5]

p(AIC)
gl PABC)
‘Ebgmmo %‘%
=I[A:B]|]

Definition 6 (Expected Source Contrast Information). Expected source contrast information is the expected
value of the contrast information over the source, leaving the context fixed.

I[A:Bc]:E{log%‘C:c}

When we take the expectation over both an unknown source and context we arrive at the expected
contrast information, which is the same as the conditional mutual information between the target and
source given the context.

E[I[A:b=B|c=C]] E{E[logp(mm‘c,BH

p(AIC)
_ p(AlB,C)
‘E% pmc>}
=I[A:B|C]

I(A; B|C)
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Definition 7 (Expected Contrast Information). Expected contrast information is the expected value of the
contrast information over both the source and context.

I[A:B|C] —E[log%}

Note the difference in notation between the contrast information of a random variable, like
I[A:b=B|c]Jand I [A: b | c = C] and the shorthand for expected contrast information over those
random variables, such as [ [A : B | ¢] and I [A : b | C]. When working with contrast information, if
the letter is capitalized, the expectation is taken over that variable. If it is lowercase, then it appears as
a given in the conditional expectation.

4.3. Relationship with Information Content

In the previous sections we saw that contrast information is intimately related to specific informa-
tion and mutual information. In this section, we will see that in the discrete case, contrast information
and information content are also closely related.

The property of non-negativity is widely used in information-theoretic inequalities in order to
prove bounds on certain quantities. Like information content and other measures of information,
contrast information is also non-negative.

Theorem 4. Contrast information is non-negative.
I[A:b|c]>0 )
Proof. Contrast information is a specific form of relative entropy.
I[{A:b[c] = Dlp(Albc) : p(Ale)] = 0

Since relative entropy is always non-negative, so is contrast information. [

In the discrete case, contrast information is not only non-negative, but it has an upper bound of
information content, meaning that contrast information is always wedged between zero and the value
of information content.

Theorem 5. In the discrete case, the contrast information I [A : b | c| is a lower bound on information content
£(b|c).
I[A:b|c] < £(b|c) (10)
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Proof. Given a stochastic process X(t) € X with X discrete, split into target A € A, source B € B,
and context C € C,

el pABC) |
I[A.b|c]—E[log<A|C)’B—b,C_c} a
= b,c)l p(alb,c) b
= L plbellos T 12
— b,c)l __plajbe) 13
agélp(a| ° % Twen (@ blo) (13)
b, o)l p(alb,c) ”
ugp(éﬂ c) ng( |C)+Eb’eB,b’7éhP(ﬂ,b"C) (14)
p(alb,c)
<a§4p alb,c log (@, b]0) (15)
= — ) plalb,c)log p(blc) (16)
acA
= —logp(b|c) (17)
= ¢(ble) )

Therefore, I[A: b | c] < {(b|c). O

If we think of contrast information as estimating information content, then the mean absolute
error (MAE) between information content ¢(b|c) and contrast information I [A : b | c] is equal to the
conditional entropy H(B|A, C), which is the same as the difference between the entropy H(B|C) and
mutual information I(A; B|C).

Theorem 6. In the discrete case, the mean absolute error (MAE) between information content {(b|c) and
contrast information I [A : b | c] is equal to the conditional entropy H(B|A, C).

Proof.
MAE =E[[t(b=Blc=C)—I[A:b=B|c=C]| (19)
:E[E(b:B|c:C)—I[A:b:B|c:C]] (20)
=) ZP(b/@( logp(blc) — ) log ))> 1)
beBceC aeA
z—ZZpbclogplﬂ Z;ZZ:pabclog(| J (22)
beB ceC a€AbEB ceC plalc)
= H(B|C) — I(A; B|C) (23)
= H(B|A,C) (24)

Therefore, the mean absolute error between the information content and contrast information is equal
to the entropy H(B|A,C). O

This implies that the MAE represents the complexity in the source that is not explainable using
the target and context. When the source is a function of the target and context, the MAE goes to zero.
When the source is independent of the target and context, then the MAE attains its maximum value of
H(B).

Corollary 1. The mean absolute error (MAE) between information content £(b|c) and contrast information
I[A : b | c] and is a monotonically decreasing function of the length of A and the length of C with a maximum
possible value of H(B).
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Proof. The target A and context C can be vectors of random variables. Since conditioning can only
maintain or decrease entropy, conditioning on longer vectors of A or C can only maintain or decrease
the entropy H(B|A, C). Therefore, and the MAE is a monotonically decreasing function of the length
of A or C with a maximum possible value of H(B), which is attained when B is independent of A and
C. O

5. Temporal Variants of Contrast Information

In order to analyze how information changes in time, it is useful to partition the stochastic process
S into three temporal regimes represented as random variables: past X, present Y, and future Z. A
discrete version of this partition was proposed by [4], which is generalized here to include stochastic
processes in continuous time.

These three regimes can be considered as a window centered at the present. Information dynamics
are then measured by considering successive moments in time as the present, with the past and present
relative to each moment. The present is always considered as a single moment in time; however, the
past and future can be interpreted in a few ways, relative to the present. The most general is to consider
the abstract or infinite past and future, where the past X stands for the entirety of the stochastic process
occurring before the present Y, and the future Z stands for the entirety of the process occurring after

the present.
X Y z

=
ey Sn—3/ Sn—Z/ Si’l*l/ Sn ’ Sn+1/ Sn+2/ Sn+3/ e

We can also consider the near past X/ and near future Z¥, which are bounded intervals occurring
before and after the present Y with the length of those intervals indicated by the superscript j and k.

X/ Y zk

N
ey Snfj/ (R rSnle Sn—lr Sn ’ Sn+1/ Sn+2/ R S}’H—k/ R

Further, we can consider point past X; and point future Z;, which are specific moments in time
occurring at time j before and time k after the present, respectively.

Xj Y Z

N
ceerSuiree s Sn=2,50-1, Sn s Sut1,Sus2se e Suihse -

Different variants of contrast information can be derived by assigning the past, present, and future
to the context, source, and target of contrast information. In this way, we can permute the temporal
regimes corresponding to the source, target, and context to arrive at different variants of contrast
information that provide insight into the structure and dynamics of the sequence in a variety of ways.
We explore these temporal variants in the following sections.

The benefit of having flexible notions of past and future is that, sometimes it may not be possible
to evaluate the entire past or future, whereas evaluating the bounded past and future may be more
straightforward. In other cases, measuring the information dynamics using the entire past and future
may provide less insight than using the point past and future. The flexibility of defining the past and
future allows contrast information analysis to conform to the problem at hand or the data available.
The different ways in which to express the past and future are summarized in Table 1.
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Table 1. Sequence notation schemes for sequences of random variables.

Regime Continuous Notation Discrete Notation
Past {S(1): T < t} X {, 8—2,Su-1} X
Near Past  {S(7):t—u<t<t} X {Sn,]-,...,Sn_l} X/
Point Past S(t—u) Xy Sn—j X;
Present S(t) Y Sn Y
Point Future S(t+0) Zy Stk Zy
Near Future {S(7):t <t <t+v} zv {Sn+1,--,Snax} zk
Future {S(t): T >t} z {Sn+1,Sn+2,.- .} zZ

We now examine the three forward variants of contrast information: predictive, connective, and
reflective contrast information.

5.1. Predictive Contrast Information

Predictive information [4] measures the degree to which the future changes after incorporating
knowledge of the present.

Definition 8 (Predictive Contrast Information). Predictive contrast information measures the information
gained about the future target A = Z from observing the specific present source B = y in the specific past
context C = x.

1[Z:y|x] = E[log p(Z|X,Y)

| X=x,Y= 25
mam‘ . 4 )

Since it is equivalent to the relative entropy from p(Z|x,y) to p(Z|x), it measures the degree to
which you can distinguish p(Z|x,y) from p(Z|x) when p(Z|x,y) is the case. So we have just observed
the specific present y, which has some effect on the future, represented by p(Z|x,y). The present state
of the world is represented as p(Z|x,y) and the previous state of the world is represented as p(Z|x).
Predictive information is then the number of extra bits needed to describe the current state of the
world in terms of the previous state of the world. As such, When this quantity is low, incorporating the
present does not change the distribution much over what it looked like using only the past. The future
has not changed due to observing the present. When this quantity is high, incorporating the present
dramatically changes the distribution of the future over what it was before observing the present. The
present provides a lot of information about the future.

5.2. Connective Contrast Information

Connective contrast information indicates the degree to which the past informs the future more
than what the present already does. Similar to memory gap [42], it measures the degree to which
knowledge of the present separates the past and the future. As such, it can also be considered as
measuring how non-Markovian the process is at the present moment in time. For instance, for Markov
processes, all information in the past about the future is contained in the present, so connective
information will always be zero for Markov processes, though for higher-order Markov processes, this
may not be the case.

Definition 9 (Connective Contrast Information). Connective contrast information measures the information
gained about the future target (A = Z) from observing a specific past source (B = x) in the specific present
context (C =y).

[[Z:x]|y]= ]E[log pZIX,Y)

| ==Y =] .
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It measures the degree to which you can distinguish p(Z|x,y) from p(Z|y) when p(Z|x,y) is the
case. It measures the degree to which the present aids or hinders the past in informing the future. If
most information about the future is contained in the present, then this quantity will be low. When
this quantity is high, the present serves as a conduit of information from the past to the future.

5.3. Reflective Contrast Information

Reflective contrast information measures how knowledge of the future impacts the present in
the context of the past. It can be thought of as measuring hindsight, since the specific future source
occurs after the target present. Intuitively, sometimes the significance of an event is only appreciated
after the fact, where the outcomes of subsequent events make clear the importance of some previous
event. Though not a perfect analogy, suppose that today corresponds to the future and yesterday
corresponds to the present. If knowing what you know today would change what you did yesterday,
then there would be high reflective contrast information. If you wouldn’t change a thing, then there is
low reflective contrast information.

Definition 10 (Reflective Contrast Information). Reflective contrast information measures the information
gained about the present target (A = Y) from observing a specific future source (B = z) in the specific past
context (C = x).

IY:z|x]= E|:10g p(Y|X,2)

M\X:"'Z:Z} 27)

This quantity is low when knowledge of the future does not change the present in the context
of the past. The lower the reflective contrast information, the more that information flows in a single
direction from the past to the future. When this is high, knowledge of the future provides a lot of
information about the present more than what the past already provided.

5.4. Backward Temporal Variants

The three previous variants of contrast information are considered as variants of forward contrast
information because the temporal regime associated with the context occurs before the temporal
regime associated with the target. When the context occurs after the target, then we have the backward
variants of contrast information. The backward variants can be thought of as reversing the arrow of
time and measuring the forward contrast information of this reverse version. Each of the backward
variants are paired with their forward variants by interchanging the appropriate regimes. We include
these measures merely for completeness.

Definition 11 (Backward Contrast Information). The variants of backward contrast information are analo-
gous to their forward counterparts, except that the regime in the context occurs after the regime in the target.

Backward Predictive Contrast Information

[ pX]Y,Z) ]
I[X:y|z]=Ellogmr 22l ly =y, Z =2
Backward Connective Contrast Information
[ pX]Y,Z) ]
I[X:z =E|log—+ "2 |Y=y,Z=12z
[ | Y] o8 = vy y |
Backward Reflective Contrast Information
p(Y|X, Z) ‘ ]
IMY 1 x Z:E[IOX:X,Z:Z
[ | Z] )
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5.5. Terminology

Since contrast information is just one form of specific information, you might wonder why
we insist on calling it contrast information at all. Why introduce new terminology when contrast
information is exactly specific information? The reason for this is twofold.

First, the random variables and specific outcomes found in contrast information always corre-
spond to three temporal regimes, not just any three random variables. The sequentiality of these
variables is at the very core of the semantics of contrast information. If we are instead referring only
to specific information, there is no assumption of sequentiality, and so the variables present in the
expression do not carry temporal semantics in the same way. By referring to contrast information
instead, we are indicating that the quantities involved are parts of a process. Since sequentiality is so
important in information dynamics, it makes sense to use terminology and notation that integrates
sequentiality as well.

The second reason is more heuristic. Since in the context of contrast information we always
indicate the past, present, and future with specific variables names X, Y, Z, we gain a lot of notational
utility by distinguishing contrast information from specific information. Whenever you see a see
Z in regard to contrast information, you immediately know that it refers to the future. Whereas
more generally with specific information, a random variable named Z does not necessarily carry that
meaning, and it would have to be specified explicitly with each usage to avoid confusion.

6. Constrast Information of Some Stochastic Processes

6.1. Contrast Information of a Discrete-Time Markov Process

A discrete-time Markov Chain (DTMC) is a discrete-time stochastic process over a finite set of
discrete states possessing the Markov property. In our case, the future is independent of the past given
the present.

P(Sp41|Sn, Sn—1,.-.,51,50) = P(Sp+1/|Sx)

When the DTMC is stationary, the transition probabilities between states remained fixed over time,
and the process can be represented as a transition matrix P, The entry Pj indexed by row j and column
k represents the conditional probability Py = P(S,41 = j|Sx = k) that, given you are in state k, you
will transition to state j in the next time step, with each column summing to 1, i.e. (1|P = (1| where
(1] is a row vector of ones.” When § is ergodic, aperiodic, and irreducible, we can also represent the
stationary distribution P(S,) as the vector |7r) = P|rt) so that the k' entry of |7) is the stationary
probability 71, = P(S, = k). The reverse transition matrix R has entries Rjy = P(S; = j|Sy11 = k)
representing the probability that, given you are in state k, you just transitioned from state j. The entries
of the reverse transition matrix can be determined from the forward transition matrix P and stationary
distribution |7r), as Rjx = %Pk]-, or in matrix form, R = D,P" D! where D, = diag(|m)).

By selecting the appropriate temporal regimes for X, Y, and Z, we can use the transition matrices
P and R to calculate all the variants of contrast information. Consider the regimes j steps into the past
and k steps into the future.

X;=S.j, Y=Su,  Zr=S. (28)

Here, we represent the transitions using a right stochastic matrix, though it is also common to see a left stochastic matrix
representing the transition matrix. We use the right stochastic matrix representation so that we can use Dirac notation with
the standard semantics, where a column vector corresponds to a state, as opposed to row vector with the left stochastic
matrix.
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We can express the (j, k)-step contrast information as follows, where P" is the transition matrix P
multiplied n times, and |x) is a one-hot vector representation of the state x.

. (z|Ply)

HZg:y | x] = Z;<Z|Pk\]/> 108W (29)

I[Xj:z |yl =0 (30)
. 1 v &Py (vl P lx) (z[P|y)

R yezy (z| PIHK|x) ° (z| PIHK|x) ey

. x RI

Xy =0 = X (IRl log 1 Tl ®)
o1 v xRy (y[RM|z) (x|R/|y)

T ] = yezy (x|RFHH|z) o (x|RIF¥|z) e

The forward predictive and reflective contrast information are illustrated in Figure 1 for a musical
melody.

Figure 1. An example of the contrast information associated with a discrete-time, discrete-state
stochastic process. In Figure a), a MIDI representation of a folk melody is represented as a discrete-time
process through a uniform sampling in time of the data. The discrete state space of the process is
inhabited by the MIDI pitch numbers. Note that, though the visualization represents the pitches as
an ordered set, we treat the pitches as an unordered set of discrete states. By treating all melodies in
the corpus as instances of the same stationary first-order DTMC, the maximum likelihood estimate of
the transition matrix of the DTMC was found. In Figures b) and c), the forward predictive contrast
information profile and forward reflective contrast information profile are shown for the melody in
Figure a), calculated using the estimated DTMC. Each bar is centered on the present Y, where the past
X is the immediately previous pitch, and the future Z is the immediately next pitch. The connective
contrast information is omitted here since it is always zero for Markov processes.

6.2. Contrast Information of a Continuous-Time Markov Process

A continuous-time Markov chain (CTMC) [43] is the continuous-time version of a DTMC, where
future is independent of the past given the present. When the CTMC is stationary, the transition matrix
P after some (scalar) time ¢ can be expressed as the matrix exponential of a rate matrix Q.

P(t) = '@ (35)

Like the transition matrix P for the DTMC, the rate matrix Q determines the behaviour of a station-
ary CTMC, with Q;x > 0,Vj # kand Y; Qi = 0. The stationary distribution |r) of the CTMC
obeys Q|r) = |0) and allows us to determine the reverse rate matrix Q' = D,Q'D;! where
D7 = diag(()|77))-
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By selecting temporal regimes X, Y, and Z as points, we can use the rate matrices Q and Q' to
calculate all the variants of contrast information. Consider the regimes with time u into the past and
time v into the future.

X =S(t—u), Y = S(¢), Z=S(t+v) (36)

We can express the 1, v contrast information as follows, where ¢!Q is the matrix exponential, and
|x) is a one-hot vector representation of the state x.

: _ 0 (z]e™y)
[[Zy:y | xu] zezz<2|e |y>log(z|e(”+”)Q|x> (37)
I[Xy:20|y] =0 (38)
: _ v (2lely){yle ) (z[e™|y)
I[Y.zv|xu]_y62y ) lo 2] (39)
. _ uQ’ <x|euQ/|y>
[y | zo] = X (xle? ) log i (40)
I[Zy:xy|y] =0 (41)
uQ’ vQ’ uQ’
IV 2] = Y G0 ) (e w)

S @Iy B (x]e I

The forward predictive and reflective contrast information are illustrated in Figure 2 for a musical
melody.

a) % — —_— — —

i,

vvvvvv

Figure 2. An example of the contrast information associated with a continuous-time, discrete-state
stochastic process. In Figure a), a MIDI representation of a folk melody is represented as a continuous-
time process, where the onset of a state is indicated by a triangle, and duration of a state is indicated
by the horizontal line. The discrete state space of the process is inhabited by the MIDI pitch numbers.
Note that, though the visualization represents the pitches as an ordered set, we treat the pitches as
an unordered set of discrete states. By treating all melodies in the corpus as instances of the same
stationary CTMC, the maximum likelihood estimate of the rate matrix of the CTMC was found. In
Figure b), the forward predictive contrast information profile is shown. The present Y is located at the
most recent pitch onset, and the past X is located at the pitch onset immediate before Y. Each point on
the profile curve is centered on the future Z, which varies in time from the most recent pitch onset (Y)
to the next pitch onset, at which point the past and present shift forward to the next pitch onsets. In
Figure c), the forward reflective contrast information profile is shown. The past X is located at the most
recent pitch onset. The future Z is located at the next pitch onset. Each point in the profile curve is
centered on the present Y, which varies in time from the most recent pitch X to next pitch Z, at which
point the past and future shift forward to the next pitch onsets. The connective contrast information is
omitted here since it is always zero for Markov processes.
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6.3. Discrete-Time Gaussian Process

A Gaussian process is a stochastic process [44] where all finite-dimensional marginals are multi-
variate Gaussian distributions. A multivariate Gaussian S is defined according to its mean vector y
and covariance matrix %,

S~N(uX) (43)

and has probability density p(s) when |Z| > 0, i.e., ¥ is symmetric positive definite.

pls) = exp (50— iz s = ) /(2= (a4)

The general formula for contrast information of Gaussian processes can be derived from the KL
divergence between two (multivariate) Gaussians [45], over the target A with length n.

I[A:b|c]=D[p(AIB=0bC=c):p(A|C=0)] (45)

=D [N(VA|B,CIZA\B,C) : N(VAlCrZAlc)] (46)

1
=3 <VA\C —HABC

_ _ Za8,cl
ZAﬂc\HA\c —Hac) + tr[ZA‘lczA\B,C] —In |Zf|x|c| —n (47)

where S is partioned into target A, source B, and context C, with associated mean vector # and block
covariance matrix X.

A Ha Yaa Zap Zac
S=|B]|, w= |ug|, Y= |Xpa Zpp ZpC (48)
C Hc Yca XcB Xcc

The conditional distribution of the target A given the source B and context C is also a multivariate
Gaussian, with the following mean vector and covariance matrix.

AlB,C ~ N(pagc, Zapc) (49)

Sps Tpc|  [B
it s 5 BB %BC ;] 50
Hac = HA [ AB AC} YXCcB XcC C—uc 0)

Yca

1
YBB XBC
ZaBc =2aA— [ZAB ZAc] [ZCB Zic

ZBA] (51)

Similarly, the conditional distribution of the target A given only the context C is also multivariate
Gaussian, with corresponding mean vector and covariance matrix.

A|C ~ N(paic, Zac) (52)
Hajc = #a +ZacZct(C - pe) (53)
Ygc=2aa— Y acZotEea (54)

For stationary discrete-time Gaussian processes (DTGP), the covariance matrix can be expressed
in terms of a discrete-time autocovariance function (1), i.e., each entry in the covariance matrix
Zje = v([j — k)

Defining the temporal regimes as extended j units of time into the past and k units of time into the
future, the temporal regimes can be plugged in to the context, source, and target, to yield the different
desired variants of contrast information.
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X' ={Su_j,....Su1},  Y=Su  Z'={Sui1,....Suix} (55)

The forward predictive, reflective, and connective contrast information are illustrated in Figure 3
for a musical melody.

| T | 1 il in IIII. I. -I|I | --l| wn .
Time (=) B ® :

Figure 3. An example of the contrast information associated with a discrete-time, continuous-state
stochastic process. In Figure a), a MIDI representation of a folk melody is represented as a discrete-time
process through a uniform sampling in time of the data. The continuous state space of the process is
inhabited by the frequencies associated with each MIDI pitch. By treating all melodies in the corpus as
instances of the same stationary Gaussian process, the maximum likelihood estimates for the mean and
autocovariance of the Gaussian process were found. In Figures b), c) and d), the contrast information
profiles are calculated using the estimated DTGP. Each bar is centered on the present Y, where the past
X is the immediately previous pitch, and the future Z is the immediately next pitch. In this case, using
longer duration regimes for the past and future resulted in very similar profiles, so the profiles shown
here are generally representative. Note the scale of the connective contrast is much lower than the
other the predictive and reflective contrast.

6.4. Continuous-Time Gaussian Process

A continuous-time Gaussian processes (CTGP) [46] are essentially the same as DTGPs, except
that a covariance operator or kernel function may be used to deal with the continuity of the temporal
domain. When the CTGP is stationary, then we can use a continuous-time autocovariance function
v (t) to describe its covariance, as opposed to the discrete-time autocovariance used for DTGPs.

Suppose we define the source B and target C as points in time. This may be useful when we have
heterogeneously sampled data that is not continuously observed. In this case, the temporal regimes
must all be associated with single points in time,

X, =S(t—u), Y = S(t), Zy =S(t+0) (56)

and the contrast information for Gaussian processes simplifies to the following.

I[A:b|c]=D[p(A|B=bC=c):p(A|C =c)] (57)
1 (VA\BC—VA|C>2 73 o
=3 - + ABC 1 ABC 4 (58)
Talc Talc Talc

The different variants of contrast information can be determined by plugging in the relevant temporal
regimes. The forward predictive, reflective, and connective contrast information are illustrated in
Figure 4 for a musical melody.
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Figure 4. An example of the contrast information associated with a continuous-time, continuous-state
stochastic process. In Figure a), a MIDI representation of a folk melody is represented as a continuous-
time process, where the onset of a state is indicated by a triangle, and duration of a state is indicated
by the horizontal line. The continuous state space of the process is inhabited by the frequencies
associated with each MIDI pitch. By treating all melodies in the corpus as instances of the same
stationary Gaussian process, the maximum likelihood estimates for the mean and autocovariance of
the discrete-time Gaussian process were found. The discrete-time autocovariance function was then fit
with a high degree polynomial to give a continuous-time autocovariance function. In Figure b), the
forward predictive contrast information profile is shown. The present Y is located at the most recent
pitch onset, and the past X is located at the pitch onset immediate before Y. Each point on the profile
curve is centered on the future Z, which varies in time from the most recent pitch onset (Y) to the next
pitch onset, at which point the past and present shift forward to the next pitch onsets. In Figure c), the
forward reflective contrast information profile is shown. The past X is located at the most recent pitch
onset. The future Z is located at the next pitch onset. Each point in the profile curve is centered on
the present Y, which varies in time from the most recent pitch X to next pitch Z, at which point the
past and future shift forward to the next pitch onsets. In Figure d), the forward connective contrast
information profile is shown. The past, present, and future follow the same scheme as described for
forward predictive contrast information in Figure b). Note the scale of the connective contrast is much
lower than the other the predictive and reflective contrast.

7. Contrast Information in IDyOMS

7.1. Information Dynamics of Multidimensional Sequences (IDyOMS)

The Information Dynamics of Multidimensional Sequences (IDyOMS)3 is an implementation,
and generalisation, of the Information Dynamics of Music (IDyOM: [2]) for use with any kind of
discrete multidimensional sequence data: sequences of points in multidimensional feature space, each
represented by a finite number of discrete feature values. IDyOMS determines the information content
of each sequence event using Markov models of varying orders (up to a specified order bound) for a
chosen combination of features (dimensions). Probability distributions over a given dimension are
computed using Prediction by Partial Matching (PPM: [47]) for each sequence event. These individual
feature models, referred to a viewpoint models [14], are then combined according to their predictive
power (the entropy of the distribution) to give the overall information dynamics of a sequence in terms
of evolving information content and entropy.

As previously discussed, such variable order, multiple viewpoint systems are strong cognitive
models of unexpectedness, uncertainty and chunking in the perception of discrete musical sequences.
With the ultimate goal of generalising these models for use with equivalent continuous representations
using contrast information, we substituted information content for contrast information in IDyOMS
and compared the resulting information dynamic profiles of a corpus of 152 folk melodies from Nova
Scotia, Canada. These melodies comprise sequences of events, each represented by their pitch and

3 https://github.com /nick-harley/Idyoms
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duration. We separately examined viewpoint models for these features (CPITCH and DUR), as well as
a combined model (referred to as the linked viewpoint model [18,48] CPITCH x DUR).

7.2. Results

Pearson (p) and Spearman (r;) correlations were calculated between information content and for-
ward predictive contrast information (Table 2) and between entropy and expected forward predictive
contrast information (Table 3) for the three viewpoint models (CPITCH, DUR and CPITCH x DUR) for
a range or order bounds (0-10). The correlations vary significantly across both viewpoint models and
order bounds.

Table 2. Correlation between information content and forward predictive contrast information. Zeroth
order model (i.e., constant distribution) is included to emphasise the difference between this and
information dynamic models.

CPITCH DUR CPITCH x DUR
Order 0 Ts 0 Ts 0 Ts
01]08 088|089 1.00|-0.83 -0.82
1108 086 | 072 051 | 034 0.38
21076 077|070 0.66 | 045 0.47
31073 076|070 0.69 | 023 0.28
41075 081|071 072 0.19 0.33
51077 086|073 078 | 023 0.39
6078 088|074 080 | 032 0.45
71080 090 | 075 082 | 045 0.50
8082 091|075 084 | 058 0.54
91084 092076 086 | 0.66 0.57
10 | 0.85 092 | 0.77 0.87 | 0.69 0.60

Correlations tend to increase as the order increases. The tables in include correlations of the
zeroth order models (static models which do not use past events to estimate probabilities) where the
entropy and expected forward predictive contrast information are constant (so Spearman does not
apply) while the information content and forward predictive contrast information reflect the maximum
likelihood of a single feature value occurring in the corpus. Intuitively we understand that increasing
the order bound (the maximum number of past events considered in the prediction) has the effect of
decreasing the relative contribution to the information profiles of the distribution over future events,
and so contrast information approaches information content.

Correlations were higher for the simple viewpoint models CPITCH and DUR and lower for the
linked viewpoint model CPITCH x DUR. This is due the increased alphabet size of the linked (Carte-
sian product) feature value domain relative to the corpus size, and the resultant lower probabilities
and higher contribution of the distribution over the future.

Some differences are present between the two correlations used. While high Pearson correlation
indicates a strong overall similarity in the shapes of information profiles, high Spearman correlation
indicates the degree to which the information profiles have peaks in the same locations. This is highly
desirable if contrast information is to be used in place of information content and entropy in future
work on segment boundary detection.

Overall, these results show that in many cases, using contrast information in place of information
content and entropy in IDyOMS would not significantly impact the downstream cognitive modelling
methodologies for segment boundary detection. However, this is clearly highly dependent on the
viewpoint models and order bounds used. Being that the major difference between the two methods
for computing information profiles is the contribution of distributions over future events, subsequent
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application of IDyOMS for cognitive modelling using contrast information should take into account
the order bound and alphabet size of a viewpoint model relative to the size of the corpus.

Table 3. Correlation between entropy and expected forward predictive contrast information. Zeroth
order model (i.e., constant distribution) is included to emphasise the difference between this and
information dynamic models.

CPITCH DUR CPITCH x DUR
Order 0 Ts 0 Ts 0 Ts
0| 1.00 - | 100 - | 1.00 -
11020 -0.06 | 036 -0.48 | -0.28 -0.23
2|024 028|031 -014 | 0.06 0.33
31051 050 | 040 029 | 027 0.36
41067 068 | 044 029 | 0.34 0.46
5073 081 | 050 042 | 037 0.53
6| 075 089 | 055 049 | 042 0.59
71077 093 | 060 0.60 | 0.54 0.64
8| 080 095 | 064 070 | 0.68 0.68
9108 09 | 066 076 | 0.77 0.71
10 | 0.85 097 | 067 080 | 081 0.73

8. Discussion

8.1. Contributions

We have presented a set of novel information measures that are well-suited for use in a cognitive
model based on information dynamics of continuous signals, such as our planned IDyOT model.
We have presented some useful properties of the new measures. We have shown that there exists a
good correlation, particularly in rank order, between the measures used in the IDyOM system and the
discrete version of our measures. Since IDyOM is already empirically demonstrated to be a strong
cognitive model, it follows that at least the discrete version of our new measures will serve effectively
as a cognitive model also; therefore, it is reasonable to expect that the continuous versions will do the
same.

8.2. Future Work

Immediate opportunities for further work in this area are as follows:

Boundary Entropy The first application of the new measures will be in replicating prior segmentation
work in music. This will require adaptation of the information profile peak picking algorithms
for use on contrast information. Subsequently, we will test the continuous measures on speech,
using the TIMIT dataset”.

Continuous-state IDyOMS We will extend our IDyOMS software to allow for continuous states,
thus extending its representational reach in music and other domains. This will require the
substituting the PPM algorithm with models of continuous feature dimensions, as well as
methods for combining viewpoint models based on contrast information rather than entropy.

Neural correlates We aim to collaborate with colleagues in neuroscience to investigate whether and
how the neural correlates of perceived sound correspond with IDyOT representations, with a
view to making the system more human-like.

Spectral Knowledge Representation We will further develop the idea of Spectral Knowledge Repre-
sentation [36] to allow our system to reason using the symbols identified by segmentation.

4 https:/ /paperswithcode.com/dataset/timit
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In the longer term, we will continue to develop the components required for the IDyOT cognitive
architecture, working towards a full implementation.
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