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Abstract: This paper presents an observer-based dynamic output feedback controller design procedure using
Linear Matrix Inequality (LMI) optimization for second-order systems with uncertainty and persistent perturbation
in the states. Using linear-quadratic criteria, cost functions are minimized in a two-stage procedure to compute
optimal state feedback gains, and observer gains are coupled into a dynamic output feedback optimal controller.
The LMI set used in the two stages is matrix inversion-free, a key issue for polytope formulation when uncertainty
is present. The approach is tested in a mobile inverted pendulum robotic platform, and the effectiveness is verified

in this underactuated and undesensed case.

Keywords: Second-order systems; Output feedback; Functional observer; LMI

1. Introduction

Second-order differential equations arise in several system modeling, such as electrical, electrome-
chanical, and mechanical systems. Also, they are commonly used in structural, vibration, multi-body
systems, and robotic modeling and control [1-4].

In several practical applications, the allocation of sensors to cover all the degrees of freedom may
be expensive, or the physical location of certain degrees of freedom may be hard to access. In such
scenarios, if the system model is observable from the measured outputs, the reconstruction of the
state is possible by using functional observers. Since asymptotic observers for linear systems exhibit,
in general, a separation principle, the estimated states from the observer can be applied to feedback
control purposes. Such controllers are known as dynamic output feedback controllers. Observers in
states-pace and descriptor models have been covered over five decades [5-12]; more recently, second-
order observers were described and applied to control structural, vibration, or multi-body systems
[13,14].

Control tasks with underactuated systems constitute a challenge since the number of actuators
is less than the number of degrees of freedom in the system, that is, the well-known configuration
variables [15,16]. Although it demands a more complex design of the controller, the adoption of an
underactuated configuration improves the lightweight of the global structure and reduces the total
cost of the project. Another situation in which underactuated systems rise is the fault-tolerant control
design [15,17]. If the underactuated structure is also undersensed or the measurements are severely
noisy, reconstruction of the state vector using state observers can be of great significance to recover the
controller effectiveness. Some works in control literature approach this problem in its essence [18,19].

This work presents a solution for the design of dynamic output feedback controllers for second-
order systems using a functional descriptor observer and LMI to achieve closed-loop stability and
performance criteria, among that, robustness against uncertainty parameters, persistent exogenous
perturbations, and LQR quadratic indices for the state vector and control effort. The design methodol-
ogy is a two-stage convex optimization procedure that computes the robust state feedback gains at
the first stage and then the robust gains of the observer in the second stage, anchored in a separation
principle for error and feedback-controlled state dynamics. The proposed Linear Matrix Inequality
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(LMI) formulation does not use matrix inversion, a point that can be involved when uncertainty is
present.

Notation throughout the paper is standard. Let the scalar j = v/—1 and R"™*" be the set of m x n
real matrices. If w(t) is a random value, E{w} denotes its expected value or expectation. For a matrix
X denote its transpose by X and its inverse by X 1. If X is square and symmetric then X > 0 (X > 0)
indicates that X is positive (semi) definite; similarly, X < 0 (X <0) indicates that X is negative (semi)
definite. The notation cov denotes convex hull, and diag{xy, ..., x,} is used for a diagonal matrix
whose diagonal entries, starting in the upper left corner, are x1, . .., x,. Moreover, for any square matrix
X, we define the operator sm{X} = X + XT. Let I, (0,,) be the identity (zero) matrix with dimension
n x n and Oy, <, the zero matrix with dimension n x m; throughout the paper, such subscripts will be
suppressed, whenever the dimension is evident from the context.

2. Preliminaries and Problem Formulation

Consider the class of second-order systems described by the linear model:
MZ(t) + Dz(t) + Sz(t) = Bu(t) + Fw(t) (1)

where the non-singular matrices M, D, S € R"*", B € R"*" F € R"*? are the model matrices,
z(t) € R" is the state vector, u(t) € R™ is the control input, and w(t) € R’ is the exogenous
disturbance vector, which is assumed to be a white noise with zero mean, uncorrelated in time and
with a covariance matrix W > 0, that is

E{w(t)} =0 and E{w(t)w’ (1)} = Wi(t — 1), for T > 0.

Defining the state variables

x1(f) = z(f) and xp(t) = z(t) ()
and rewriting model (1) as an augmented first-order one yields the following augmented descriptor
model
Ex(t) = Ax(t) + Buu(t) + Byw(t) 3)
with xT(t) =[x (t) xI(#)], and
el oas (% B ms ) me- ]

A short-hand notation for descriptor system (3) is given as

E A

S £
By Buw

: (4)

In case of S is uncertain we add the argument « in it, and we assume that S(«) belongs to the polytopic
set A £ cov{S1,Sy,...,Sn}. In other words, A is defined as the set of all matrices obtained by the
convex combination of their vertices

}

[11

A= {S(zx) :Sa) = iaié‘i, S
i=1
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where

N
Eé{a:aizo,zmz1}. (6)

i=1
The vertices of system S(a) are determined by combining the extreme values of its uncertain parame-
ters.

Generally, in actual applications, the internal state of a system is only partially available for
feedback. Hence, in this work, we propose an observer-based controller whose control signal is
obtained through estimates of the system internal state. The observer structure and control signal u(t)
are such that

N

Ex(t) = A%(t) + Byu(t) + EL(9(t) — y(t))
9(t) = Cx(t) )
u(t) = K£(t)

where the matrices with the hat symbol (A) are given (which can be chosen as the mean matrix of the
respective system uncertain matrix). The gains K and L are parameters to be determined.

Combining (3) and (7) we have
b x 0
<x> + 2 |[c ] <x> + BW] w.

E o)z
0 Ej|\x)
Further defining e(t) = x(t) — £(t), it yields
—Ilﬁ_eand—lle_f
0 I|\x) \«x 0 Il\x) \x
which allows us to obtain the dynamics of the estimation error and the closed-loop system
E Ei—E é - e (8)
0 E x| —B,,K A; + B, K X
EL e
+ l Clle o <x> +

Furthermore, assuming E; non-singular, we have that
é =—1/ % o~ o~ e =17
5( = Ei (A; + E;LC) X + Ei By,iw 9)

N T
whose matrices are obtained from (8) by comparison and L = [LT 0} . Notice that this system can

EL
0

A+B,K 0
B,iK A

A + (B - Bu,i)K Ai— A + (Bu,i - B)K

w,i

Bw,i

also be written in the form

#(t) = ET1Ax(t) + Ly(t) + E;7 By (t) (10)
j(t) = Cx(t)

which is a recurrent structure in observer design problems.
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Moreover, note that the stability of the time-invariant closed-loop system (8) is determined by its
eigenvalues

=eig{ATE; T+ CTL"}

which reveals that the stability of system (9) is equivalent to the stability of the dual system

E-Tx(t) (11)

This last fact will be important in the next section to synthesize the observer gain L.

3. Main Result

In this section, it is presented the paper main result, a two-step methodology for designing the
gain matrices K and L. First, the matrix K is designed for system (3) assuming full-state feedback
(u(t) = Kx(t)). Then, using K previously designed, the matrix L is synthesized based on the structure
of the augmented system (11).

Note that the states vector of the augmented model (8) is composed of the estimated error (e(t))
and the original system model states (x(t)). Thus the asymptotic stability of (8) ensures that x(¢) and
e(t) converge to zero (8). In addition, as shown in the previous section, the stability of (8) is equivalent
to the stability of (11).

If system (1) is free of parametric uncertainties, many LMI conditions from the literature can be
applied directly to system (3). However, in the presence of uncertainties, the state-space description
of the model (3) may require inversion of uncertain matrices, which is a challenging problem in
general. Therefore, in the following, we present tractable LMI conditions that do not require inverses
of uncertain matrices.

Before proceeding, we introduce a lemma that will be useful to construct the main result of this
paper.

Consider the linear time-invariant system described as

x(t) = Ala)x(t) + Q(a)w(t) (12)

where A(a) and Q(«) are matrices of appropriated dimensions and « represents uncertain parameters
in these matrices. In addition, the cost function is defined as

lim E[xT (£)@x(t)] (13)

t—o0

where © > 0 is a known matrix. Then, the following lemma holds.

Lemma 1. Consider system (12) with null initial conditions, x(0) = 0, and the cost function (13). Suppose
that | > 0and ¥ > 0 are the solution to the following optimization problem

min tr(])
st. J—O@a)T¥Q(a) >0 (14)
A@)TY+¥YA(r) +O <0 (15)

Then the cost function (13) satisfies

lim E[xT (1) @x(t)] < |W|tr(Q(0¢)T‘I’Q(a)).

t—o0

d0i:10.20944/preprints202405.0526.v1
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Proof. Initially, note that with null initial conditions, the state of system (12) is given by
t
x(t) = / AW O (0w (t)dT
0
and that the cost function (13) can be rewritten as

lim & [tr(x" ()©x(1))] = lim E[tr(@x(£)x (1))]

t—o0

t
= lim ]E[tr(@/o AW () w(T)dT

t—o0
/twT(U)Q(oc)TeA("‘)T(t_”)dU>}
0

t
— lim & <@ /O AT ()

t—o0

/0 t E[w(T)wT(U)]Q(zx)TeA(“)T(t‘T)d(rdT)

t
= lim tr (@/ AT 0 ()
0

t—o0

t
/0 Wé(t — U)Q(a)TeA(“)T(t")dad‘L')

t
— lim#r (@ [ eM“)(f—T)Q(a)wn(a)TeAw)T(t—r)dT>
0

t—oc0

t
= lim tr< /0 ®eA("‘)’70(zx)WQ(zx)TgA(a)T’?dq)

e
=tr <WQ(0¢)T [/Ooo eA("‘)T'I®eA(“)'7d17} Q(oc)).
Thus, defining
Pa) = /Ooo AT @AW gy
we have that P(«) can be obtained as the solution of the equation
A(@)TP(a) + P(a)A(x) +©® =0 (16)
and

lim E [tr(xT(t)@x(t))] - tr(WQ(oc)TP(a)Q(oc)>.

t—00

Note further that if a positive definite matrix ¥ exists such that the inequality in (15) is satisfied,
then A(a) is Hurwitz. Furthermore, subtracting (16) from (15) we have that

Aa)(¥ = P(a)) + (¥ — P(a))A(ax)T <0
and therefore if A(«) is Hurwitz then ¥ — P(a) > 0. Hence, with ¥ > P(a), we have that

lim E [tr(xT(t)(ax(t))} = tr(WQ(uc)TP(oc)Q(a))
< tr(WO(x) YO () )
< W tr(Q(uc)T‘YQ(zx)>
< [Wlte(]),

such that | is a positive definite matrix, which implies inequality (14). It concludes the proof. O
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The main contribution of this paper is given in the following.

Theorem 1. Let Q € R"" and R € R™ ™ be given symmetric matrices. Consider system (3) with E;,
i=1,...,N, non-singular. If there exist matrices P > 0 € R™", Y € R™ " and ] > 0 € RP*P, solution of
the optimization problem

in t 17
min tr(]) (17)
] By
il >0 18
[Bw,i E:PET| ~ (18)
Sm{AiPEiT-‘rBu,iYEiT} E;PQrF EiYTRF
QFPET —I 0 <0 (19)
RIYET 0 —I

foralli=1,...,N, where N is the number of vertices of the polytopic set A in (5) and Qp and Rp are defined
such that Q = QFQE and R = RFRE. Then the closed-loop system (3) is robustly stable with K = YP~ 1 and
tr(J) is an upper bound for the cost function (13).

Proof. Consider system (3) with a state-feedback control law u(t) = Kx(t). The closed-loop system
can be written as (12) with the choice

A(a) = E7Y(A + B,K) and Q(a) = E"!B,,.
Furthermore, the cost function (13) is then chosen such that
® = Q+ KTRK.

Therefore, considering the previous equalities, a solution to the state-feedback control design
problem can be obtained using the result in Lemma 1 as follows.
Inequality (14) from Lemma 1 yields

J—BIE-TP~'E~'B, >0, (20)
where we set ¥ = P~L. Then, applying Schur’s complement, we have

l} BL

> 0. 21
B, EPET 0 1)

The second inequality resulting from Lemma 1 yields
(AT + K"BIY(PET) ' 4+ (EP) (A4 B,K) + Q+ K'RK <0

which pre- and post-multiplied by EP and PET, respectively, and defining the variable Y = KP, results
in

E(PAT + YTBL) + (AP + B,Y)ET + E(PQP + YTRY)ET < 0.

Then, considering the factorization Q = QrQI and R = RpR}. and applying Schur’s complement we
have
sm{APET + B,YE"} EPQr EY'Rg
QFPET —1 0o | <o
REYET 0 —1I

d0i:10.20944/preprints202405.0526.v1
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Hence, the LMIs in the theorem follow directly from the last inequality and (21).

As we adopted a constant (quadratic) Lyapunov function to ensure the asymptotic stability of
polytopic system (3) in closed-loop, it is sufficient to check the LMI conditions on all vertices of the
polytope. The proof is complete. O

The previous theorem constitutes a readily computable procedure to design a full state feedback
controller that stabilizes the (possible) uncertain second order system in (1) and minimizes the quadratic
cost function in (13).

Having determined a robust state-feedback gain K that asymptotically stabilizes system (3), the
next step is computing the observer gain L of (7) such that the augmented system (9) is asymptotically
stable. This can be accomplished by applying the conditions of Theorem 1 to the augmented equivalent
system (11) to obtain the result presented below.

Theorem 2. Let W € R?"2" and V € RT*1 be given symmetric matrices. Consider the system (3) with
Ei, i =1,...,N, non-singular. If there are symmetric matrices P} € R"*" and P, € R"™*", such that
P = diag{P;, P} >0,Y € R7”"and ] > 0 € RP*P, solution of the optimization problem

in T 22
R0 ”
T
J BW'T >0 (23)
By; EPE]
sm{(E;'A;)TP+CTY[I 0]} PWr [I 0]TYTVg
WLP ~1I 0 <0, (24)
VEY[I 0] 0 —I

foralli=1,2,..., N, where N is the number of vertices of the polytopic set A in (5). With W and Vr defined
such that W = WgW[ and V = Vi V. Then, the closed-loop system (7) is robustly stable with L = P|” lyT
and \/tr(]) is an upper bound for cost function in (13) by performing the substitutions x(t) < %(t) and
K+« LT

Proof. The result is obtained by applying Theorem 1 to the model (11) by making the substitutions:

Ei+ 1, A+ (E;lA,‘)T, and By < CT.

P B||L| _ |PL
Pl p| (o] |PIL|

Therefore, for the LMI conditions to return a solution in only one matrix L, the substitution P <
diag{P;, P>}, and the multiplication of Y by [I 0] in (19) are also performed, thus obtaining (24).

For the cost function to take into account only the estimation error, the following substitutions are
made in inequality (18) used to minimize the cost function

In addition, note that

P+ P], Ei < Ei/ and Bw,i — Bw,i/

which yields LMI (23).
Finally, just to emphasize the distinction between the statements of Theorem 1 and the current
one, we also performed the substitutions

Q«+ Wand R+ V.

It completes the proof of the theorem. O

d0i:10.20944/preprints202405.0526.v1


https://doi.org/10.20944/preprints202405.0526.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 May 2024 doi:10.20944/preprints202405.0526.v1

8 of 14

In short, the following procedure outlined on page 8 summarizes the two-step approach proposed.

Controller Design Procedure 1

St : State-feedback trix K
a§e wﬁt% t g segC or g]}as ré)t(eﬁc}ﬁ%the augmented descriptor model (3);

the rices
t LMI condi ted in Th 1
e fjﬁ3 sstgte eedi) ﬁorﬁcrg er galnels lgl‘[vecr({% 1%ons}pﬁespn ec i Theorem

Stage liserver ain matri esi
alcu ahe the rage.va &1 dn Tice A and B.in (7);
smg the gam aine tage Gnd the matrices ffom the previous step, find matrices E,

3 V;
4. ’%ne SO ut%g g),?i nce%’:w_e%n%?}%\/ﬂ conditions presented in Theorem 2;

5: server gain'is

4. Experimental Study

This section presents experimental studies to evaluate the proposed controller design methodology
applied to balance the Mobile Inverted Pendulum (MIP) robot in a vertical position, see Figure 1a.
In the experiments, we applied the same control signal to the two robot motors. Notice that it is a
non-linear and complex system with fewer actuators than degrees of freedom.

(a) Robot photo (b) Robot sketch
Figure 1. Mobile Inverted Pendulum robot

We used a MIP robot, which is an educational robotic kit developed at the University of California
San Diego (UCSD) Coordinated Robotics Lab, available at Renaissance Robotics', as shown in Figure 1a.
The MIP robot is controlled using a Beaglebone Black board attached with a robotics cape” which
include on-board sensors, controllers, and expansion options. The pyctrl library, available at [20],
was used to implement the controllers at a sampling rate of 100 Hz.

4.1. System Model

A simplified MIP model depicted in Figure 1b was considered to obtain a model that characterizes
the system. The body and the wheels were assumed to be rigid, and the sliding friction between the
wheels and the ground was not considered.

https:/ /www.renaissancerobotics.com
2 http:/ /www.strawsondesign.com/#!board-features
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The coordinates are x and y, 0 is the body angle and ¢ the wheel angle, r represents the radius of
the wheels, and ¢ is the distance between the center of mass of the wheels (Cy) and Cj, represents the
center of mass of the body. Thus, one obtains the linearized, underactuated model as in (1) where:

ac — b? 0
M= D=
[ 0 ac — bzl !
—ad 0
S = , B =
[ bd O]
and u(t) is the motor voltage, where a = 12 (my + 2my) + 2Ly, b = myplr, ¢ = I +mpl?, d = mylg,
e = 2Grty / Vmax, and f = 2G3Cm. In addition, we assume w(t) a Gaussian zero mean white noise
acting on both states, such that B, = [1, 1] T % 10-°. The MIP parameter values are present in Table 1,
which were estimated following the same steps in Zhuo [21]. Because the second column of S in (25)
is null, then ¢(t) does not influence the other states. It makes sense since MIP can balance its body
upright, no matter where the wheels are. One can check that the descriptor model (3) with data in (25)
is controllable, but not observable. Therefore, we can design the observer-based controller removing

the state ¢(t) from the descriptor model obtained yielding x(t) = [8(t) 6(t) ¢(t)]”. In addition, in
this case, we assume the system output as y(t) = [0(t) ¢(t)]".

fla+b) —f(a+D)
—f(b+c) f(b+c)

,Z(t) = le(t)], (25)

7

e(a+b)

—e(b+c) ¢(t)

Table 1. The nominal MIP parameters.

Parameter Value ‘Parameter Value

r 34 mm I 4.98 x 10~* kg.m?
¢ 46 mm Ly 6.13 x 107 kg.m?
My 27 ¢g tm 0.0027 N.m at Viax
my, 263 ¢ (o 239 x 107 N.m
Vimax 74V Gy 35.57 : 1 Gear ratio

Here, to design the controllers, we assume uncertainty of +4% on the values estimated from two
experimental data sets to the parameters: I}, I, t;;, and Cy,. Because I, and I, were estimated from
the same data set, we assume they simultaneously take their minimum or maximum estimated value.
Analogously, the same is assumed for the values of t;, and C,,. Thus, we cast the descriptor system
matrix as in (4) belonging to a polytope as in (5) with N = 4 vertices.

4.2. Full-State Feedback Control

In this section, applying Theorem 1 are designed controllers based on full-state feedback. Initially,
we cast the uncertain descriptor model (3) as mentioned in the previous section, and we selected the
weighting matrices as Q = Iy and R =1, 2, 5. The choice of Q = I implies that each state is treated
equally. Therefore, the resulting gains for the controllers are summarized in Table 2.

Table 2. Full-state feedback controllers designed with Q = I and R = 1,2,5.

R K

1 [27.7052 0.7149 2.7944 1.1473]
2 [23.6326 0.5724 2.3279 0.9844]
5 [19.0008 0.4020 1.7968 0.7967]

4.3. Observer-Based Control

Now, we design observer-based controllers. Thus, as discussed in Section 4.1 we eliminate the
state ¢(t) of the uncertain descriptor model (3) built before applying the proposed method. Without
performing this elimination, the model is not observable, and Theorem 2 does not result in feasible
results.
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Following Stage 1 of the proposed approach to design the observer-based controller, we apply
Theorem 1 setting the weighting matrices as Q = Iz and R = 1, 2, 5. The resulting gains for the
controllers are summarized in Table 3.

Table 3. State feedback controllers designed with Q = I3and R = 1,2,5.

R K

1 [25.7311 2.5889 0.9951]
2
5

[21.8617 2.1416 0.8547]
[17.6030 1.6484 0.6984]

Secondly, following Stage 2 of the method proposed, using the matrices K in Table 3, we apply
Theorem 2 setting the weighting matrices as V = /diag{0.01, 0.1} and W = [E~'B, 0]”. Table 4
summarizes the resulting gains for the controllers.

Table 4. Observer gains designed with data in Table 3, V = /diag{0.01, 0.1} and W = [E~1B,, 0].

R K L
[—1.6595 —0.12703]
1| [257311 25889 0.9951] | | 68405  10.488

| 10488  —24.994 |

[~1.6162 —0.12056]
2 | [21.8617 21416 0.8547] | |—681.73  10.484
| 10484 —24.469 |

[—15717  —0.11392]
5| [17.6030 1.6484 0.6984] | | -679.54 10485
| 10485  —23.907 |

4.4. Experimental Results

In this section, the MIP time responses governed by the controllers designed above are presented
to illustrate the experimental results.

Initially, the time responses considering the controllers from Table 2 are depicted in Figure 2,
where one can see that by increasing R, the MIP body oscillation decreases. Similarly, in Figure 3, are
presented the time responses considering the controllers from Table 3.
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Figure 2. Response of body position (f), wheel angle (¢), and motor voltage (V), with full-state feedback
controllers, for R =1, R = 2 and R = 5, blue, red, and black line, respectively. See Table 2.
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Figure 3. Response of body position (f), wheel angle (¢), and motor voltage (V), with full-state feedback
controllers, for R =1, R = 2 and R = 5, blue, red, and black line, respectively. See Table 3.

It is interesting to note that the wheel angle deviation in Figure 3 is much higher than in Figure 2,
which is comprehensible since the controllers applied to obtain the results depicted in Figure 3 do not
use the wheel angle.

The time responses considering the observer-based controllers from Table 4 are depicted in
Figure 4. Now, one can notice that body oscillations and control efforts have decreased. Furthermore,
the deviation of the wheel angle in Figure 4 is smaller than that in Figure 3.
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Figure 4. Response of body position (f), wheel angle (¢), and motor voltage (V), with observer-based
controllers, for R =1, R = 2 and R = 5, blue, red, and black line, respectively. See Table 4.

It is worth emphasizing that an exhaustive search on weighting matrices, Q, R, V, and W,
parameters given in Theorems 1 and 2, may improve the controller performance.

5. Conclusions

In this paper, an approach was proposed to design dynamic output feedback controllers for
second-order linear dynamical systems. The formulated solution can tackle uncertainties in the model
and persistent disturbances in the states using LMIs to minimize cost functions containing linear-
quadratic criteria in a two-stage procedure. The approach is applied in experimental tests conducted
in an MIP robot - an underactuated system - and effectively controls the body angle in an equilibrium

position.
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