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Abstract: In this paper, the time-resolved model of photoacoustic signal for samples with a complex 
inner structure is derived including local non-equilibrium of structural elements with multiple 
degrees of freedom, i.e., structural entropy of the system. The local non-equilibrium is taken into 
account through the fractional operator. By analyzing the model for two types of time-dependent 
excitation, a very short pulse and a very long pulse, it is shown that the rates of non-equilibrium 
relaxations in complex samples can be measured by applying the derived model and time-domain 
measurements. Limitations of the model and further directions of its development are discussed. 

Keywords: heat transfer; irreversibility; local non-equilibrium; time delayed equation; fractional 
calculus; subdiffusion; Mittag-Leffler function; time-domain photoacoustic 

 

1. Introduction 

Photoacoustic (PA) and other photothermal (PT) techniques are non-destructive experimental 
methods based on recording of detectable phenomena produced by optically induced heat transfer 
across the illuminated sample [1–8]. These techniques have been developed for the last half century 
and are increasingly being applied in measuring the thermal properties of various samples [9–26]. 

In PA measurement, the pressure fluctuations in gaseous surrounding of the optically heated 
sample are recorded [1–3,28]. They are proportional to surface temperature variations of optically 
excited sample [1,26–31]. To relate these fluctuations with sample properties it is necessary to develop 
the theoretical description of heat transfer across the illuminated sample and to calculate surface 
temperature variations based on this description. 

Classical heat conduction theory [32] was established more than 150 years ago and is still found 
in textbooks and most engineering and scientific literature related to the problem of heat transport 
because it is consistent with the basic laws of thermodynamics. However, classical thermodynamics 
contains some assumptions that limit its domain of validity [33,34]. One of these assumptions is the 
local equilibrium assumption for non-equilibrium situations such as heat transport. Namely, classical 
thermodynamics considers that all sub-systems of a thermodynamic system are in local equilibrium 
while the system is not in equilibrium [33]. This assumption is valuable only if all subsystems relax 
with rates much larger than the rate of system enthalpy changes [35,36]. Otherwise, the influence of 
local relaxations must be taken into account [35–40]. 

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
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The rates of subsystem relaxations in crystal solids are large [41]. Therefore, one doesn’t expect 
their influence on heat transfer in the usual measurement ranges of standard experiments based on 
heat transfer such as photoacoustic and other PT techniques. The theoretical estimations of the 
relaxation rates in complex systems are much less reliable due to large structural entropy of these 
systems however it is expected to be much slower than in crystals [35,41,42]. Besides, many 
calorimetric experiments show that the heat transport within complex systems such as glasses, liquid 
crystals, polymers, biopolymers, biological tissues, etc. deviates from the corresponding standard 
Fourier’s theory of heat conduction [37,38,42–49] indicating a possible influence of non-equilibrium 
relaxations in the usual measurement range of PT techniques. 

In this paper, we derive the generalized model of photothermally induced acoustic signal 
including local relaxation in the sample with the complex inner structure. Our objective is to 
investigate do PA measurements could be employed in the estimation of non-equilibrium relaxation 
rates of complex systems. 

The structure of the paper is as follows. After this introductory chapter, in Chapter 2 we briefly 
presented the fractional theory of heat conduction, which includes kinetic relaxations due to local 
non-equilibrium. We showed that kinetic relaxations can be connected with a microscopic approach 
based on fractional statistical physics and the kinetic memory of substantial media. Using the 
proposed fractional theory, in Chapter 3, a model of the spectral function of the PA signal was derived 
by applying the Laplace transform. After that, by applying the inverse Laplace transform to the 
spectral function of the PA signal for a thin sample, a model of the time-dependent PA signal 
generated by optical pulse excitation was derived. In Chapter 4, the time-dependent PA signal was 
analyzed for samples with a complex internal structure of different thicknesses. It has been shown 
that kinetic relaxations affect the slope and magnitude of the time-resolved PA signal indicating that 
this measurement technique can be employed in observation of local non-equilibrium in complex 
systems. 

2. Theory of Heat Conduction Including the Non-Equilibrium Relaxation 

The classical theory of heat conduction is based on the law of conservation of energy (First Law 
of Thermodynamics Eq.1) and Fourier’s constitutive relation Eq.2, which satisfies the Second Law of 
Thermodynamics [32,50]: 

( , ) ( , ) 0p
T x tC divq x t

t
ρ ∂

+ =
∂



 (1) 

( , )( , ) T x tq x t k
x

∂
= −

∂


 (2) 

The first term of Eq.1 denotes the rate of internal energy ( , ) /e x t t∂ ∂  [39] while the second 
term, the divergence of the heat flux caused by the appearance of a temperature gradient inside the 
sample Eq.2, refers to the dissipation of energy inside the sample and is related to the increase in 
entropy of the system during process of energy exchange between system and its environment [51]. 
Heat capacity of a system Cp tell us how much heat per unit volume the system will absorb from its 
surrounding if we change its temperature by a small amount. Symbols ( , )T x t  and ρ signify 
system temperature and mass density, respectively. 

Substituting Eq.2 into Eq.1 gives the classic heat conduction equation [32]: 
2

2
T(x, ) 1 (x, ) 0t T t

D tx
∂ ∂

− =
∂∂  (3) 

where D  denotes thermal diffusivity of the system and it is defined as ratio of thermal conductivity 
k and heat capacity pC , / pD k C= . 

Eq.3 has been used for more than a century to describe heat transport processes in the condensed 
phase and to explain and process dynamic calorimetric experiments [32]. However, numerous 
dynamic calorimetric experiments performed in the last fifty years on systems with a complex 
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internal structure, such as polymers, glasses, liquid crystals, biological tissues, etc., cannot be 
explained by the application of classical theory [42–49]. A number of such experiments are explained 
by the introduction of complex thermal capacitance [35,37–40,43,48,49], indicating that in the First 
Law of Thermodynamics given by Eq.1 there is an approximation that limits the domain of 
applicability of the classical theory [37–40]. 

From a thermodynamic point of view, the First Law of Thermodynamics given in the form of 
Eq.1 assumes that the exchange of energy between a system and its environment is a reversible 
process when the dissipation due to the appearance of a temperature gradient is neglected (e.g., in 
the case of small-sized samples) [51]. This further means that in this case the increase in entropy due 
to the thermodynamic process of energy exchange is ignored [35], that is, this law assumes the local 
equilibrium of all subsystems even though the whole system is not in thermodynamic equilibrium 
with the environment [33]. This approximation can be removed by introducing one more state 
variable (in addition to pressure and temperature), which is called affinity [35,52,53]. 

Generally, at constant temperature and pressure, affinity can be regarded as the advancement 
of internal parameter (internal degree of freedom) of the system [35] or as thermodynamic potential 
for the system undergoing a physic-chemical transformation i.e., as generalized driving force, which 
vanishes when the system is at equilibrium. Prigogine, De Groot and Mazur [52,53] defined an 
internal space of configuration of the system, where each degree of freedom is represented by a 
continuing variable representing a coordinate of the internal space. By analogy with heat diffusion in 
classical theory where heat is lost along the spatial direction defined by hot and cold points, in this 
representation, heat is lost by diffusion along the coordinate defined by the degree of freedom inside 
the internal space of configuration which participates to the entropy productions [35,42]. It could be 
related with kinetic memory of the system [41] which comes to expression when the time scale of 
observing the process (of experiment) is approximately equal to or less than the relaxation time of 
kinetic relaxations [33,35,37]. The rates of subsystem relaxations in crystal solids are large [41]. 
Therefore, one doesn’t expect their influence on heat transfer in the usual measurement ranges of 
standard experiments based on heat transfer such as photoacoustic and other photothermal 
techniques. The theoretical estimations of the relaxation rates in complex systems are much less 
reliable due to large structural entropy of these systems however it is expected to be much slower 
than in crystals [42,54] and it could be expected that there is influence of these relaxations to AC 
calorimetry. 

When the complex system in which there are internal degree of freedom absorbs energy from 
(or releases to) environment it is in non-equilibrium state but if this state is close to equilibrium, the 
internal energy can be described through convolution integral as it is done in linear response theory 
[37–40]: 

,
, ,

0 ,
0

( )( , ) (0) ( , ) ( , )
t

p
d te x t e C T x t T x t t dt

dt
ρ

 Φ − = Φ + −
 
 

∫
 (4) 

where pC is the equilibrium heat capacity and ( )tΦ  is memory kernel that describes relaxations of 

internal degrees of freedom (subsystems) that must satisfies relations ( 0) 1tΦ = =  ( ) 0tΦ →∞ =  
[39]. 

In essence, the above integral relation introduces a phase lag between change of internal energy 
and change of temperature [41] caused by local non-equilibrium of internal degree of freedom i.e., by 
kinetic of subsystems and their relaxations in equilibrium state, ( , ) ( , )e x t T x tτ+  . 

The assumption about exponentially fading memory kernel leads to generalized theory of heat 
conduction with complex heat capacity that is widely used in analysis of calorimetric measurement 
of complex system [37–41]. 

However, microscopis approach of heat conduction suggests power law fading memory to 
explanation anomalous diffusive effects that leads to the following fractional relation between 
temperature rate and internal energy rate [55–60]: 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 May 2024                   doi:10.20944/preprints202405.1105.v1

https://doi.org/10.20944/preprints202405.1105.v1


 4 

 

( , ) T( , )
p

e x t x tC
t t

υ
γ υρ∂ ∂

=
∂ ∂  (5) 

where the Riemann–Liouville definition of fractional derivative is used [61]: 

( )

( )

,
,

,0

,
,

1,0

1 ( , ) 0 1
(1 )

( , )

1 ( , ) 0
( )

t

t

f x t dt
t t tf x t

t f x t dt
t t t

υ
υ

υ

υ

υ
υ

υ
υ +

 ∂ < <
Γ − ∂ −∂ 


∂  ∂

<
Γ − ∂ −

∫

∫


 (6) 

and Γ( )υ  is Gamma function. With pC υ  is denoted fractional heat capacity 1
p pC C υ
υ ρ τ −=  

and τ  is kinetic relaxation time. 
A fractional order differential calculus is a generalization of the integer order integral and 

derivative to real or even complex order [62,63]. This idea first emerged at the end of the seventeenth 
century and has been developed in the area of mathematics throughout the eighteenth and nineteenth 
centuries. More recently, by the end of the twentieth century, it turned out that some physical 
phenomena can be modeled more accurately when fractional calculus is used [62–74]. A good review 
of various applications of fractional calculus in physics can be found in [62]. 

By substituting Eq.5 into Eq.1 and by substituting Eq.2 into Eq.1, a generalized description of 
heat conduction through complex systems is obtained, which includes local non-equilibrium through 
the fractional exponent υ  and fractional heat capacity pC υ : 

2

2
( , ) ( , ) 0p
x t x tC k

t x

υ
υ υ

ϑ ϑ∂ ∂
− =

∂ ∂
 (7) 

while the constitutive relation that satisfies the Second Law of Thermodynamics remains the same 
Eq.2. 

In the Eq.7, 0( , ) ( , )x t T x t Tϑ = −  is the temperature variation of the system with respect to the 

temperature at which the sample was in thermodynamic equilibrium with the environment, and 0T  
signifies temperature of ambient. 

It is important to note that the same generalized equation of heat conduction Eq.7, was derived 
from the point of view of statistical physics by using various approaches [55,56,75]. 

3. Model of PA Signal Including Local Thermal Non-Equilibrium in the Sample 

We observe an optically opaque sample that is illuminated homogeneously over the entire 
surface Figure 1. 

 
Figure 1. Geometry of the problem. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 May 2024                   doi:10.20944/preprints202405.1105.v1

https://doi.org/10.20944/preprints202405.1105.v1


 5 

 

The sample is surrounded by air, and air conducts heat much more poorly than the sample 
[42,76]. We consider that the time dependence of the optical excitation can be described by δ -
function for very short optical pulse: 

1 0
( ) ( )

0 0
t

f t t
t

δ
=

= =  ≠
 (8a) 

and by Heaviside function for very long optical pulse: 
1 0

( ) ( )
0 0

t
f t h t

t
≥

= =  <  (8b) 
Therefore, for 0t < , the system was in thermodynamic equilibrium with the environment at 

ambient temperature 0T . When the sample is illuminated, the part of the excitation EM energy is 
absorbed and part of the absorbed energy is converted into heat on the surface of the sample (due to 
the fact that the sample is optically opaque). In other words, the excitation optical beam leads to the 
formation of an excitation heat flux on the illuminated surface of the sample, which follows the 
dynamics of the optical excitation due to very fast (infinitely fast) de-excitation-relaxation processes 
[76,77]. 

Inside the sample, a perturbation of the thermodynamic state occurs and heat flow and heat flux 
appear, which tend to bring the system into a new thermodynamic equilibrium with the environment 
[5]. Based on the theoretical model presented in the previous section, the propagation of optically 
generated heat through the sample can be described by the following system of partial differential 
equations: 

0 0( , ) (1 ) ( ) ( ) S ( ) ( )S x t R I x f t x f tη δ δ= − =  (9) 
Symbol ( )xδ  in Eq.9 signifies unity δ  function: 

1 0
( )

0 0
x

x
x

δ
=

=  ≠  (10) 
Inside the sample, a perturbation of the thermodynamic state occurs and heat flow and heat flux 

appear, which tend to bring the system into a new thermodynamic equilibrium with the environment 
[5]. Based on the theoretical model presented in the previous section, the propagation of optically 
generated heat through the sample can be described by the following system of partial differential 
equations: 

2

2
( , ) 1 ( , ) 0x t x t

Dx t

υ

υυ

ϑ ϑ∂ ∂
− =

∂ ∂  (11) 
( , )( , ) x tq x t k
x

ϑ∂
= −

∂
 (12) 

where / pD k Cυ υ=  is fractional heat diffusivity. 

We suppose zero initial conditions and inhomogeneous boundary conditions: 

0( 0, ) ( )j x t S f t= =  (13) 

( , ) 0j x l t= =  (14) 
The heat transfer is described in the 1d spatial dimension due to the fact that the heat source 

appears as a surface source in a homogeneously illuminated sample [42,76]. 
Based on Eqs.11-14, it can be seen that the entire problem is described by fractional linear 

integro-differential equations. Such equations, as well as integer linear integro-differential equations, 
can be solved using the Laplace transform [61,68–74,78]. 

By applying the Laplace transform to Eqs.11-14 [61,74], the above system of equations is reduced 
to a system of linear differential equations with complex coefficients 
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2
2

2
( ) ( ) 0d x x

dx
ϑ σ ϑ− =

 (15) 
1 ( )( ) d xq x
Z dx

ϑ
σ

= −  (16) 

with complex boundary conditions: 

0( 0) ( )q x S F s= =  (17) 

( ) 0q x l= =  (18) 

where ( )F s  is Laplace transform of time-dependent function that describes evolution of optical 
excitation Eqs.8a-8b. 

Parameters σ  (complex coefficient of heat transfer) and Z  (complex thermal impedance) are 
defined as: 

s
D

υ

υ
σ =

 (19) 

1D
Z

k s
υ

υ=
 (20) 

By solving the above system of equations Eqs.15-16, with the boundary conditions Eqs.17-18, the 
spectral function of the profile of temperature variations in the sample is obtained, as well as surface 
temperature variations on the non-illuminated surface of the sample (sample/air boundaries): 

( )
0

( )
( ) ( )

( )
ch l x

x S Z F s
sh l
σ

ϑ
σ
−

=  (21) 

0
1( ) ( )
( )

l S Z F s
sh l

ϑ
σ

=  (22) 

If the local non-equilibrium is not taken into account and heat transfer is described by Eqs.1-3, 
the classical model of the spectral function of the PA signal is obtained, where only the thermal 
impedances and the complex propagation coefficient differ than parameters given by Eqs.19-20. In 
the classic model, these complex parameters are defined by the following expressions [26,42]: 

class
s
D

σ =
 (23) 

1
class

DZ
k s

=
 (24) 

Based on RG theory [1], and papers [8,27], pressure fluctuations in the gaseous environment of 
an optically heated sample, if the length of the gas column is much larger than the thermal diffusion 
length in the gas, depend on temperature variations at the sample/air: 

0

0

1 ( )g

g

Dpp l
T l s

ϑ=  (25) 

In Eq.25 the following symbols are introduced: 0p  and 0T  are normal pressure and 

temperature of ambient, gD  is thermal diffusivity in air, and gl  is air column length in PA cell 

Figure 1. 
Substituting Eq.22 into Eq.25, the spectral function of pressure fluctuations in the gaseous 

environment of the sample is obtained: 

0
0

0

1 1S ( )
( )

g

g

Dpp Z F s
T l sh ls σ

=
 (26) 
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The model given by Eq.26 can be obtained from Generalized Cattaneo Fractional Model GCEIII 
for thermal piston component of PA signal presented in paper [79] if inertial relaxations are neglected 
and if one find limit for optically opaque sample. 

Taking into account that the microphone, which records pressure fluctuations, behaves as a 
differentiator of these fluctuations [32,80], the spectral function of the recorded PA signal is described 
by the expression: 

0
0

0

1( ) S ( )
( )

g

g

Dp sS s A Z F s
T l sh ls σ

=
 (27) 

where A signifies the gain of electrical signal recorded by microphone. 
To calculate time dependent PA signal for thin samples we used the development function 

( ) /sh l lσ σ  in Taylor order [81]: 
2 4( ) 1 ....

3! 5!
sh y y y

y
= + + +

  (28) 
By substituting Eqs.28,19, and 20 in Eq.27, an approximate spectral function of the PA signal is 

obtained, which includes the local non-equilibrium in complex systems: 

0.5
1 1( ) ( )S s Ka a F s

s s aυ υ−
=

+
 (29) 

where: 

0
0

0
S g

g

DpK A
T kl

=
 

(30) 

2
6Da
l
υ=

 (31) 
In order to compare our model with the classical model, we first calculated the spectral function 

of the PA signal based on the classical theory of heat conduction. Substituting Eqs.28, 23 and 24 in 
Eq.27 gives: 

1 1
1

1 1( ) ( )classS s Ka a F s
s as

=
+

 (32) 

where: 

0
1 0

0
S g

g

DpK K A
T kl

= =  (33) 

1 2
6Da a
l

= =  (34) 

In further analysis, time-domain PA signals normalized to the gain constant, K will be 
considered: 

0.5
1( ) ( )n

a aS s F s
s s aυ υ−

=
+

 (35) 

1( ) ( )nclass
a aS s F s

s as
=

+
 (36) 

Considering that Laplace transforms of optical pulse given by Eq.8a is ( ) 1F s =  [82] we obtain 
spectral functions of PA signals for very short optical pulse predicted by fractional and classical 
theory: 

0.5
1( )n

a aS s
s s aυ υ−

=
+

 (37) 
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1( )nclass
a aS s

s as
=

+
 (38) 

Similarly, for very long optical pulse described by Eq.8b we have ( ) 1/F s s=  [82], and 
consequently, spectral functions of PA signals become (from Eqs.35-36)): 

0.5
1( )n

a aS s
s s aυ υ+

=
+

 (39) 

1( )nclass
a aS s

s as s
=

+
 (40) 

Normalized PA signals in the time domain were obtained by finding the inverse Laplace 
transform of Eqs.37-40. 

As it can be seen from Eqs.38, and 40, the spectral functions predicted by the classical model are 
described by the product of fractional operator and rational function 1/ ( )s a+  which inverse 
Laplace transforms are known (given in Table 1) [82]. 

Table 1. Table of inverse Laplace transform of some fractional-ordered and rational functions. 

Laplace transform G(s) Inverse Laplace transform L-1 [G(s)] 
1
s

 
1

tπ
 

1
s s

 2 t
π

 

1
s a+

 ate−  

As it is known, product in s-space is convolution in time. Inverse Laplace transform of spectral 
function given by Eq.38 is obtained by solution of convolution integral: 

2 2( ) ( )

0 0

1( )
t t

a t t a
nclassS t a a e d a ae e dτ ττ τ

πτ
− − −= =∫ ∫

 (41) 
Using the results of the paper [83], the above solution can be represented via the two-parameter 

Mittag-Leffler function [84–86]: 

( )0.5
, 0.5( )nclassS t a at E atυ υ

υ υ
−

+= −  (42) 

where Mittage Leffler function is defined by [62,83,85]: 

( )
( )
( ),

1 !

k
k

k

zE z
k k

γ
α β

γ

α β

∞

=

=
Γ +∑

 (43) 
with Pochhammer symbol defined by: 

( ) ( )( ) ( )1 2 ... 1k kγ γ γ γ γ= + + + −
 (44) 

The inverse Laplace transform of the function given by Eq.40, (PA signal for long optical puls) 
is found by solving the following convolution integral: 

( )0.5
, 0.5

0

( ) ( )
t

nclassS t a a h t E a dυ υ
υ υτ τ τ τ−

+= − −∫
 (45) 

Using the properties of the Mittage-Leffer function [62,83–85], the solution of the above integral 
is again a two-parameter Mittage-Leffler function: 
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( )0.5
, 1.5( )nclassS t a at E atυ υ

υ υ
+

+= −  (46) 

The spectral functions of the PA signal for the fractional model are given by Eqs.37 and 39, for 
very short optical pulse and for long optical pulse, respectively. As can be seen from these 
expressions, both functions are given as a product of functions described by irrational operators. To 
find their inverse Laplace transform, the general solution [86] given in Table 2 was used. 

The spectral functions of the PA signal for the fractional model are given by Eqs.37 and 39, for 
very short optical pulse and for long optical pulse, respectively. As can be seen from these 
expressions, both functions are given as a product of functions described by irrational operators. To 
find their inverse Laplace transform, the general solution [86] given in Table 2 was used 

Table 2. Inverse Laplace transform of some irrational-order functions [86]. 

Laplace transform F(s) Inverse Laplace transform L-1 [F(s)] 

( )
s
s a

αγ β

α γ

−

+
 ( ),

1t E at
α β

γβ α− −  

By using Eq.37 and Table 2, the time-domain PA signal for very short optical pulse is given by: 

( )2 1.5
,2 0.5(t)nS a at E atυ υ

υ υ
−

−= −  (47) 

In a similar way, the time domain PA signal generated by long optical pulse which spectral 
function is given by Eq.39 is obtained: 

( )2 0.5
,2 0.5(t)nS a at E atυ υ

υ υ
−

+= −  (48) 

4. Discussion 

By comparing the expressions describing the PA signal predicted by the fractional model Eqs.47-
48 with the expressions describing the PA signal predicted by the classical model Eqs.42 and 46, for 
both types of optical impulse excitation, it is shown that the fractional models reduce to the classical 
for 1υ =  [80]. 

In order to examine the influence of the local non-equilibrium represented by the fractional 
exponent υ  on the time-domain PA signal generated by a very short optical excitation, we 
illustrated the PA signals described by Eq.47 in Figure 2 for 1a = and several values of the fractional 
exponent υ from the range (0,1). 

  
Figure 2. Photoacoustic signal induced by very short optical pulse Eq.47, for a) 0.3υ >  b) 

0.3υ < . 

It can be seen from Figure 2a that for 0.5t s<  and 0.3 0.8υ< <  the fractional model predicts 
a completely different behavior of the PA signal (steep decline) than the classic diffusion model (

1υ = ,blue line in Figure 2), while in long time domain both models, fractional for 0.3υ >  and 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 May 2024                   doi:10.20944/preprints202405.1105.v1

https://doi.org/10.20944/preprints202405.1105.v1


 10 

 

classical predict decreasing signal. This result can be explained by the fact that Eq.5 with the 
Riemann-Liouville definition of the fractional derivative Eq.6, is not equivalent to the integral 
representation of the First Law of Thermodynamics Eq.4 for any initial conditions as discussed in 
[87]. Riemann-Liouville fractional derivatives are non-local operators that are non-invariant under 
time reversal and can be recognized as infinitesimal generators of a coarse grained microscopic time 
evolution in long-time limits [87–89]. This means that the derived model can be applied to the 
consideration of PA signals in the long time domain if 0.3υ > . In this domain, the fractional model 
predicts smaller signal values and their rapid decline towards a steady value. The classical model 

predicts a decreasing function proportional to 1/ t , while fractional models predict a decreasing 

function proportional to 1.51/ t υ−  in long time domain. Physically, it means the following: if the 
fractional exponent υ  decreases, the kinetic relaxations become slower leading to an increase in the 
diffusion length of heat and more rapid convergence to steady state after very short pulse excitation. 

For 0.3υ < , the derived model predicts completely non-physical behavior of PA signal (see 
Figure 2b). It seems that system can be optically cooled generating sub-pressure in air environment 
if there are structural elements that slowly relax. However, we think that the flow of heat in a medium 
in which there are very slow relaxations, i.e., large degrees of freedom of the structural elements, 
cannot be well physically described either short time domain or long time domain without taking 
into account non-zero initial conditions (see consideration of Fourier’s and Maxwell’s materials 
[39,40]). From point of view of material physics, it means that for 0.3υ <  there is phase transition 
of solids in some more fluid phase indicating different description of heat transfer. It means that 
domain of validity of derived model is limited to systems with fractional exponents 0.3υ > . 

From Figure 3, it can be seen that the PA signal excited by a very long optical pulse in the long 
time domain grows more slowly than predicted by the classical model ( 1υ = ). As υ  decreases, the 
time constant of the PA signal increases. The smaller the fractional exponent υ  the kinetic relaxation 
the slower, as discussed below Figure 2, and this has the effect of increasing the heat diffusion length 
as well as increasing the thermal impedance. As with very long excitation, low harmonics are 
dominant in the long time domain. The influence of thermal impedance on these harmonics is strong 
causing the smaller slope of the PA signal and its higher time constant. 

 

Figure 3. The PA signals excited by very long optical pulse described by Eq.48 for 1a = and several 

values of the fractional exponent υ from the range ( )0,1 . 

It is important to note that fractional as well as the classical model predict PA signal divergence 
in the long time domain Figure 3. We think that the cause of this behavior is related to the limitations 
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of the thermal piston model [1,8,30]. Namely, this model, as discussed in [27,80], presupposes that 
the diffusion length of heat in the gas is much smaller than the dimensions of the cells. This 
assumption is completely justified for harmonics whose frequency is higher than 100 Hz [1], but for 
lower harmonics of very long pulse excitation, whose influence becomes expressed in the long-time 
domain, this assumption is not justified, and for a complete analysis of the PA signal, it is necessary 
to use a generalized model of transformation of variations temperature at the sample/gas boundary 
in pressure fluctuations in a PA cell of finite length [80]. 

The influence of sample thickness on PA signals excited by very short optical pulse and very 
long optical pulse are illustrated in Figure 4. 

 

  
Figure 4. The dependence of photoacoustic signal on sample thickness a) 0.6υ = , short pulse 
excitation; b) 1υ = , short pulse excitation, c) 0.5υ = , long pulse excitation; d) 1υ = , long pulse 
excitation. 

As it could be seen from Figure 4a,b, for a very short excitation pulse, decreasing the thickness 
of the sample affects the shift of the boundary between the short time and long time domains to the 
right opposite to the effect of decreasing the fractional exponent Figure 2. However, for long 
excitation pulse, the reduction of the sample thickness affects the shift of the boundary between the 
short time and long time domains towards a shorter time interval compared to the initial moment 
Figure 4c, independently on magnitude of fractional coefficient Figure 4d. The similar effect can be 
observed in Figure 3 if the fractional exponent decreases. 

For both type of excitation, the sample the thinner (higher parameter a) the PA signal the higher 
in each moment. Besides, the signal pattern is similar for each thickness and follows the excitation 
shape. 

5. Conclusion 

In the paper, a generalized theoretical description of optically excited surface temperature 
variations in samples with a complex internal structure is performed, taking into account the local 
non-equilibrium of subsystems with large kinetic degrees of freedom, which are expected to exist in 
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such complex samples. In that case, the local non-equilibrium is taken into account through the 
fractional exponent and fractional thermal diffusivity. 

It is shown that the obtained theoretical description can coincide with the one obtained in the 
framework of statistical physics, which is based on the consideration of anomalous diffusion effects, 
i.e., the deviation of the mean sqare displacement of heat carriers from the linear law. Using a 
generalized description of heat conduction, a fractional model of the spectral function of surface 
temperature variations and pressure fluctuations in the gaseous environment of the optically excited 
sample was derived. Derived expressions are validated by comparison with classical model and 
previous fractional models for harmonical excitation. 

Based on the fractional model of the spectral function of pressure fluctuations, a time-domain 
PA signal was derived for very short and very long pulse excitation. Comparing with the classical 
model, it was shown that the derived model reduces to the classical one when the fractional exponent 
is equal to unity. 

Analysis of the PA signal for very short optical excitation showed that the domain of validity of 
derived fractional model is limited to 0.3υ >  and long-time domain. For such excitations, 
fractional models predict a smaller time constant of the signal than the classic one due to the influence 
of local non-equilibrium on the increase of the thermal diffusion length of the sample with a complex 
internal structure. 

The analysis of the PA signal for very long optical excitation pointed out the shortcomings of the 
classic heat piston model, which is widely used in frequency photoacoustics. For pulsed excitations, 
low harmonics of time-dependent temperature variations at the sample/air interface, whose diffusion 
length is greater than the cell dimensions, must be taken into account. However, in the long-time 
limit, it can be clearly observed that the local non-equilibrium affects the higher time constant of the 
PA signal, which is related to the subdiffusion nature of heat propagation through the sample with a 
complex internal structure. 

The sample thickness influences to magnitude of PA signal. The sample the thinner the signal 
the larger. 

Our results show that time-domain photoacoustic could be applied to the estimation of the rate 
of non-equilibrium relaxations in complex systems but it request further development of the model 
of PA signal in time domain as well as fractional model of heat conduction. 
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