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Abstract: This paper is a study of a generalization of the quantum Riemannian Hamiltonian evolution, previously
analyzed by us in our work [6], in the geometrization of quantum mechanical evolution in a Finsler geometry.
We find results with dynamical equations governing the evolution of the trajectories defined by the expectation
values of position. The analysis appears to provide an underlying geometry described by a geodesic equation,
with connection form with a second term which is an essentially quantum effect. These dynamical equations
provide a new geometric approach to the quantum evolution where we suggest a definition for "local instability"

in the quantum theory.
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1. Introduction

Let us consider the classical Hamiltonian of form (1) in a curved space [1]

1 -
Hg := %gij(x)PlP] 1)
From the Hamilton equations we get
¥ = _r;nnxmxn (2)

where I'["" is the connection form.
From eq.(2), by looking at two nearby trajectories and studying their separation, one can derive
the geodesic deviation equation

D%g; ik,
thl = RI™ a8 3)
where D/Dt is covariant derivative, ¢; are the components of the geodesic deviation vector ¢;(t) =

% |x—0, and where « is the parameter for a family of geodesics in the neighborhood of the coor-

dinates x;(t) of a point on a geodesic defined by eq.(2), and Rflk are the components of the Riemann
curvature tensor. The stability of the geodesic flow is locally determined by the geodesic deviation
equation (3).
The evolution of ¢; and then the stability or instability of the geodesic is locally determined by the
curvature of the manifold.

We would like to apply this method to the physics of Hamiltonian dynamical systems. Horwitz
et al.[2] constructed a geometric embedding of the Hamiltonian dynamics to study the stability of the
Hamiltonian evolution generated by

H=527 L viy), 4)
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One can achieve this by defining a new Hamiltonian Hg with a conformal transformation of eq.(4)
where the x coordinate is related to the y coordinate such that the conformal factor

gii(x) == ()3, Bx) =~

TE V) =F(y) ()

where E is taken to be the assumed common (conserved) value of H and Hg (now of form (1)) and
assuming the momentum is the same after the conformal transformation. The curved and flat space
motions are related by

p'y ©)

E—-V(y) = & o

With this transformation we go back to (4).

The motion induced on the coordinates {x} by Hg , after the local tangent space transformation
from eq.(7) and eq.(8) 7* = g"(x)x;, results in a geometric embedding of the original Hamiltonian
motion. The geodesic deviation gives a sensitive diagnostic criterion for the stability of the original
Hamiltonian motion [2,3].

Horwitz, Yahalom et al. [4] proved by power series expansions and using the following relations
(obtained by equating the momenta derived from the Hamilton equations of the Hamiltonians of form
(1) and (4))

. _OHg 1

=g e (7)

Since the velocity field 3/ satisfies one of the Hamilton equations implied by (4),
y’f = lpj = gfix. (8)
m 1

From definition (8), one may argue [2] that the two coordinate systems are involved with two coordina-
tizations, to be called respectively, the Gutzwiller manifold and the Hamilton manifold, each characterized
by a different connection form, but related by dy/ := ¢/idx;.
It follows from eq.(8) that
5= gyl + ©)
dxy
Then, with eq.(2) it follows that

) e 1 49
= =My y"y",  where My, = 5" fy;:"

(10)

which has the form of a geodesic equation, with a reduced connection form that is completely covariant.
As a coordinate space, the {y'} were called the Hamilton manifold [2].
Horwitz et al. [2] have shown that following the covariant derivative for a (rank one) covariant tensor
on the Gutzwiller manifold (defined as transforming in the same way as %), using the connection
form 3Am
A" = —— — T AF 11
results in a covariant derivative in the Hamilton manifold, with induced connection form (lowering
the index q with gy,), ; ;
g 1 8lg  98kg I8k

T =gl = 58" — =7 =5 0) (12)
This induced connection form, in the formula for curvature, would give a curvature corresponding to
the Hamilton manifold. However, it is antisymmetric in its lower indices (1, k) (implying the existence
of torsion). Taken along a line parametrized by t, corresponding to geodesic motion, the antisymmetric
terms cancel, leaving precisely the symmetric connection form (10) [2].
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Note that (10) and (12) are not directly derived from g;;; they are not metric compatible connections.
However, performing parallel transport on the local flat tangent space of the Gutzwiller manifold
(whose tensor metric is g;;), the resulting connection, after raising the tensor index to reach the
Hamilton manifold, results in exactly the "truncated" connection (10) [2].
Since the coefficients M/, constitute a connection form, they can be used to construct a covariant
derivative, which must be used to compute the rate of transport of the geodesic deviation along the
(approximately common) motion of neighboring orbits in the Hamilton manifold, since it follows the
geometrical structure of the geodesics.
For the second order geodesic deviation equations one obtains [2]
2=l
D = Ry 13)

and what was called the dynamical curvature is given by

oM! oM!
I qm vk M ME M
qun = ay” aym + gm*Vink — VigntVimk (14)

However, this curvature associated with the geodesic deviation in the Hamilton manifold is not the
same as the intrinsic curvature of that manifold, determined by I'j} but rather, a special curvature form
associated with the geodesic deviation.

This theory was applied to study the stability of an important class of potentials obtained from
the perturbation of an oscillator type Hamiltonian in agreement with numerical simulations. This
criterion, for example, gives a clear local signal for the presence of instability in the Hénon — Heiles
model. It provides a clear indication of the local regions of instability giving rise to chaotic motion in
the Henon — Heiles model [3].

In the present, in our work we attempt to extend these ideas to a quantum mechanical framework.

In a previous work [6], we study the quantum theory associated with a general operator valued
Hermitian Riemannian Hamiltonian

. 1 . .
He := o p'gij(x)p/ (15)
The coordinates {x;} form a commuting set, as do the {p/}, assumed to be canonically conjugate, with
canonical commutation relations (therefore, in coordinate representation, pi — —iha%)
[xi, pl] = ind] (16)

implying that the Heisenberg picture results in

. 1 i
X = %{p’,gik} (17)

and .
Pl =7 {8} (18)

We showed [6] that the variables corresponding to x in the Heisenberg picture satisfy dynamical
equations closely related to those corresponding to the classical system.

We obtained the quantum mechanical form of the "geodesic" equation for X; generated by the Hamilto-
nian Hc,

1 N - v, i
0= 2o ({UHe™ i), 5300 {8 4} — 2087 5y dung, (87, 59)) (19)
1
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In the classical limit, where all anticommutators become just simple products (up to a factor of 2), a
short computation yields
¥ = Tty (20)
with , 307 oM oM
pg _ 1 8 g 08
"= Zgl"( ox,  Ox,  Oxy

) (1)

i.e., the classical geodesic formula generated by a classical Hamiltonian of the form (1) [2].
Therefore, (19) is a proper quantum generalization of the classical geodesic formula.

In analogy to the classical case, a new set of operators was defined (analogous to what were called

{y’f } in our discussion above of the classical case; here, we use the same notation)

01,
7= 5 {8 (22)

so that, by (18),
pl=my (23)

We define the variables {y} in terms of a transformation in the tangent space. Clearly, this map is not
integrable so the global relation between {x} and {y} is not established by this map [2]. Note that the
{y'} form a commutative set [6].
The second order equation for the dynamical variable {y}, following the Heisenberg picture,
results in
.. _1 1% i

F=aig Y (24)

closely related to the form obtained in the classical case for the "geodesic" equation (eq.(10)) with
reduced connection [2]. In the classical case, this formula was used to compute geodesic deviation for
the geometrical embedding of Hamiltonian motion (for Hamiltonian of the form ﬁ p'pioi + V(y)), as
discussed above, for which the corresponding metric was of the conformal form given in eq. (5) [2].
It follows from the Heisenberg equations applied directly to (22) that

PR DR PR I -
y = E{xk/gkz} + g{xkr {aiimgmnf {xa,8""}} 25)

The relation between §j' and ¥; therefore contains nonlinear velocity dependent inhomogeneous terms.
However, there should be a strong relation between instability, sensitive to acceleration, in x and y
variables.

Finally, expressing the quantum "geodesic" formula (19) explicitly in terms of the canonical
momenta using (22) and (23), to write the result in terms of a bilinear in momentum ordered to bring
momenta to the left and right, to obtain

oo v gogy o 98y o 08y ;o 1 9 g
xl*Zmzp(axng”] axng’“ axngl”)p 4m? axj(axiaxngl])

(26)

expressing the quantum mechanical form of the "geodesic" equation for the evolution of X;. The first
term is closely related to the classical connection form, and the second term is an essentially quantum
effect.

We now introduce a criterion for unstable behavior, where for "geodesic deviation", we induce a shift
of x, inducing deviation in the Ehrenfest approximation to the trajectory, as follows,

Pi(x) = Pr(x 4 &) (27)
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That is, since p is the generator of translation, for a smooth function (x),

Pr(x +8) = ehP iy (x) (28)

Computing 6(4, ;) (t) and assuming that the physical state is subjected to infinitesimal translation,
results in

G () g = 60 29)

where we define the left-hand side of expression (29) as the second derivative of ¢;, the distance
between the two trajectories as a function of time. We then define

1 d agq
glll (axa ( axl

)y (30)

as the operator for geodesic deviation.
In the {1/} set of coordinates, it follows from [6] that the commutation relation between the momenta
and the coordinate operators {y/} is

(" y'] = —ihg" (x) (31)

Next, define M/, := g’ % (as in the classical case, eq.(10)), where we think formally of a transforma-

tion between the two coordinate bases, {x;} and {1/}, defined locally by 6x; := g;,,6y™ [2], expressing
5(pr, 7'4pr) (t) in the {y} coordinate system, assuming the physical state is subjected to infinitesimal
translation as before, i.e. y — y + ¢, results in

gl _y R m]y] (32)

1 1
aMim a ’]

where Rfm Tl vl + Mk M;k Mk i Classically, defined by Horwitz et al. [2], eq.(14), and

is called the dynarnical curvature
We define, as before (eq.(29)),

—(uly Rl 9) 5™ = ' (1) (33)

where we define the left-hand side of expression (33) as the second derivative with respect to &, the
distance between the two trajectories as a function of time.

Horwitz et al. have shown in the classical case [2,3], that this structure of Ri-m j is the matrix coefficient
in the second order geodesic deviation equations (in the {y} coordinate system). Instability in the
classical case occurs if at least one of the eigenvalues of the dynamical curvature is negative [2,3].
Moreover, in simulations of several quantum dynamical systems we followed the orbits of expectation
values of {y} to observe their behavior, as exhibited by the expectation values, and found a remarkable
correlation between the simulated orbits and the predictions of local instability (following eq.(32-33)).
The expectation values contain important diagnostic behavior and could well be incorporated into
a new definition of "quantum chaos", corresponding to deviation under small perturbation. We
showed through simulations that the results of eq.33 provide good agreement with the behavior of the
corresponding classical problem.

As Zaslavsky [9] has pointed out, however, the Ehrenfest correspondence fails rapidly in the case
of chaotic behavior of the classical system. Nevertheless, Ballentine, Yang, and Zibin [9] compared
quantum expectation values and classical ensemble averages for the low-order moments for initially
localized states. They assert that even after the Ehrenfest correspondence fails in the case of chaotic
behavior, the collection of all expectation values of coordinate operators should satisfy dynamical
equations closely related to those for which the classical ensemble averages describe the possible
configurations for a classical system in phase space.
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In this work, we provide a geometric underlying framework that embeds the structure of the
geodesic deviation operator (eq.32) in terms of a quantum mechanical formulation, in an attempt to
formally define local instability in the quantum theory.

2. Geometrization of Quantum Mechanical Evolution with Finsler Geometry

A motivation for studying the generalized Finsler type Hamiltonian operator lies within the
particular case where H = 5. (p' — A') ii(x)( pl — Al) + ¢(x) of a particle moving in a Riemannian
space, with an electromagnetic, and scalar fields, suggesting a generalization of the previous notion of
"geodesic equation” (eq. 24) for the dynamical variables.

In this case, the Hamiltonian could be put in the form H = 5. p gij(x)) p/ + V(x, p), where the potential,
V(x,p), is a function of the operators x and p to account explicitly for the Lorentz force.

In our case, classically, the requirement of dynamical equivalence between the generalized geometrical
picture, H = . p'gii(x))p/ + V(x, p), and the geometrical embedding picture, Hg = 5. p'§ij(z)p/
(defined by setting the momenta generated by the two pictures to be equal for all times) is sufficient to
establish the basis for the geometrical embedding. One can determine an expansion of the conformal
factor, defined on the geometrical coordinate representation, in its domain of analyticity with coeffi-
cients to all orders determined by functions of the potential of the generalized geometrical picture,
defined on the generalized geometrical coordinate representation, and its derivatives

E
$ij(z) = m’?zj = G(x, p)ij (34)

for some constant E ( energy surface).

Following the equivalence to first order in the power series expansions of the functions G(x, p)
and F(z) (assuming a conformal metric §;;(z) := F(z)d;;, in the special coordinate choice for which
F(z) = G(x, p) is valid) [4] results in

F(z) = G(x,p)
OF ; oG . 9G (35)

ﬁz ~ a—xlxl + a—plp Y(x, p)

Given that G(x, p) is weakly dependent on p, a variation z/, in the neighborhood of a given point, for
a given common domain of analyticity, (x, pg), results in

oG
——07 ~ o {x[p = po} (36)

We therefore see that relation (36) is in agreement with the work of Horwitz, Yahalom et al. [4].
Therefore, this process may be carried out in such a way that it establishes a correspondence between
the coordinatizations {x} and {z} in the sense that G(x, py) can be expressed as a series expansion in
F(z) and its derivatives, and conversely, F(z) can be expressed as a series expansion in G(x, pg) and its
derivatives, in a common domain of analyticity, for a given py [3,5].

Note that the underlying geometry, classically, is in an extended configuration space, (M, g;;(x, p)),
endowed with a Finsler metric tensor depending on momenta of the tangent space where the manifold
is spanned by the generalized coordinates and momenta.

2.1. Representation Theory in the {x} Coordinates

Following our discussion above, we start first by defining the position and momentum operators
x and p to satisfy the canonical commutation relation

xp — px = ihl (37)
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and
[, xj) = [p', ] = (38)
Next, we introduce the geometric Hamiltonian operator in a generalized form defined by
Definition 1. (Generalized Hamiltonian operator)
Let Hg(R") := L2(R") be a Hilbert space corresponding to a given quantum mechanical system.
We define the generalized geometric Hamiltonian operator to be
Ag = ——plgii(x, p)p/ (39)
G = %P&] X, p)p

Let Hg be the self-adjoint generalized geometric Hamiltonian operator generating the evolution of the system
where x and p as above.

Here g;;(x, p) is a Hermitian function of the operators x and p acting on . First, we study the

basic operator properties of the coordinate and momentum observables associated with a Hamiltonian
operator of type (39) (with gij = gji invertible).
We shall show here that the variables corresponding to {p} in the Heisenberg picture satisfy dynamical
equations closely related to those corresponding to (18). We then construct the quantum counterpart of
relations (22)-(24), and therefore, when the Ehrenfest correspondence is valid, the expectation values
of the variables, {y}, would describe a corresponding observable flow. The Heisenberg equations for
the generalized coordinates are

1 . i .
k= 5 P8 p)} + 52 P (x p), el (40)
closely related to relations (17) with a second term which is essentially a quantum effect originating
from the underlying Finsler geometry.

The anticommutator of ¥, with g¥

xkg"’+g"’xk (*{P gzk]’"‘ hp[gq,xup’)g"“rg (f{p gik} + 5 hP[gz]/xk]P)

v (PSik! + ') + thp Ty wlplg! + 5 (89 g+ 8gup) + o g [gu,xklp = 1)
1, i i i
5= (Pug! + igug™ + g p18) + 5Pl wlpigH + f(g g + 811 gl + 8" gup") + 5 8 Pl il
and therefore
s ooky 2 1 i 42
l gy = p + 5 g Pl g ]+2mh{r7 [gij, xelp’, 8} (42)
Let us define py := {p', gix} so that
(g, p'1, 8" = lgip' — Pgin, 8] =
ikl i okl ikl kl i kl i 43)
siclp', 81— 11, 8"1gi = gur's" — g™ p' — p's" ik + 8 p'gic
and therefore 4
(8. P, 81 = {pr 8"} — 4’ (44)
Substituting eq.(44) in eq.(42) results in
{1081} = {p [gwmp’ +pusg) (45)
Next, define the following relation between the momentum operator p' and the operator py to be
= {Pk/g“} (46)

In the following, we use a similar form (eq.(52)) to define the momentum operator p;.
The condition in eq. (46) is equivalent to the following relation between the momentum and the metric operator

P = S (sup's + & pigi) 47)
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which is close to the form obtained in eq.(18). Note that the substitution of eq.(17) in the right hand side of eq.(18) results in
P = }(@x(x)p'g" (x) + 8 (x)p/gix(x)), where gix(x) is a function of x.
Therefore, eq.(45) results in
2
ookl kI

{8} = ! th{p [gij, xilp’, 8} (48)

so that . ’
: P i oKy — 2]
(% — 5, =P8 xlpl g = p (49)

Substituting eq.(40) on the left hand side of eq.(49) results in

= P P sid ) = 100 g ) (50)

consistent with eq.(46) and (47), closely related to the form obtained in eq.(18) which results in

pl= 5 (e (P ()}, 8% (1)}

2.2. Representation Theory in the {y} Coordinates

As in eq.(22), we define a new set of Hermitian operators ' (x, p) such that the commutation relations between the
momenta and the operators {y/} are given by a generalized form of the corresponding formula eq.(31), given in our previous
work [6],

(", y') = —ing™ (x, p) (51)
with a metric operator in a general operator valued Hermitian form.
Following in analogy to DeWitt’s work, we now use the primes to designate general transformations between the momentum
operator p and the p’, to define the quantum analog of the classical case of the form of a geodesic equation, with a reduced

connection form eq.(10), correctly symmetrizing so as to make it Hermitian.

We define 5 15 1
pi=gip' + 5 [P gl = —ihgiig - — iy ai“ = S {gnp'} (52)

Note that in the special case where the metric operator §;;(x) and y(x) are functions of x [6], one may obtain a local relation

between the two sets of coordinates {x;} and {y'} such that g” =g ag,’,], and then the momentum operator pj becomes
[ - 93
p) = —ih— — ihMi,, where M, := ~g" 8l (53)

oy Zg oy
so that Mfi has the same form as the reduced connection form in the classical case (eq.(10)).

Therefore, in the special case §; /-(x) and y(x), eq.(53) is DeWitt’s point transformation formula for the quantum transfor-
mation law for the momentum operators [7], to designate general point transformations between the momentum operator p
expressed in the {x} space representation and the p’ expressed in the {y} space representation

, 8x,l+7[l%

pr = ay’ (54)

Expression (54) is therefore covariant under point transformations between the {x} space representation and the {y} space
representation. In this sense, eq.(52) is a generalization of DeWitt’s point transformation formula.

Furthermore, in this special case, eq.(40) results in the form of eq.(17) so that eq.(52) for the momentum operator pj implies the
following relation

pr = mx (55)
while the dynamical variable y, introduced in eq.(22) [6], results in the form of eq.(23) (dependent on x alone)
pl = my (56)
Therefore, by introducing the momentum operator p; we generalize our previous work [6], expressing eq.(52) in the following
form 5 1 392 7)
. . i ; 17X,
p = fzhgl,v(x,p)a—xi —ihMj;(x,p), where Mj; = Engix,p (57)

to account for the Finsler geometry. The relations between the two momentum operators, substituting p' — —iha%_ in eq.(57),
are pj = giip' — iMj.
Then, the commutation relations result in
[p", /] = —ifd}
[p",y'1 = —ing"
[P, 1] = —ihgy + [gm‘,xl]l’ — ih[My;, x]

[Ph, y'] = —indh + (g, y'1p" — in[ME;, 1]

(58)
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where in case that the metric operator g, (x), the commutation relations between p), and x; become [p},, x;] = —ihi§,;(x) and
assuming y(x) so that [p!,, y'] = —ihd},.
The relations between the momenta and the velocities {%;} are (eq.(49) and substituting eq.(52), so that p) = 3 {gy;, p'}, in eq.(40))

Mmoo i ok
pr=Ag%— g g alp ¢

) (59)
"= it — —piles x|p
pr = mx; th [gz]rxl]p
Next, the y satisfy
g Ly Lo il
v =3Heyl =5 Zlp'gpy] =
i 4 h 4 | 2mh | 4 | (60)
i (P Y1850 + 1 [83, v 1 + pgi [ y')
Substituting eq.(51) and eq.(52) (p; = %{ 215, p'}) in eq.(60) results in
. i -
pl=mi — oo p[8iy']p o
’ 1 1 i i ny..j ( )
pr=gimy" = 55 vl v 1P g}
In the special case §;;(x) and y(x), from eq.(59) and eq.(61), it follows that
. m
pl=my ={5%8"}
(62)

1 1 .
pr=5m{y" g} = 5{p" g} = mi

consistent with eq.(17-18) and with the definition in eq.(22-23) [2] along with the definition for p;] (eq.(52)).

Therefore, in analogy to the work of Horwitz et al. [2] on the stability of classical Hamiltonian systems by geometrical
methods, where as a coordinate space, the {yl }, which will be called the Hamilton manifold, is endowed with a connection form
M, (eq.(10)), and what is called the dynamical curvature. It is not uniquely defined in terms of the original manifold {x;},
which will be called the Gutzwiller manifold.

We shall be working with two space representations,

Definition 2. (Gutzwiller representation)

Let Hg be a Hilbert space corresponding to a given quantum mechanical system and let Hg be the self-adjoint geometric Hamiltonian
generating the evolution of the system as before. Let the position and momentum operators, x and p, be as before, satisfy the canonical
commutation relations (CCR).

The position space wavefunctions, expressed in the {x} space representation

P t) = [ 90,0 (el (63)

where Y(x,t) € L2(R, dx), are then said to be the Gutzwiller representation.

Definition 3. (Hamilton representation)

Let H be a Hilbert space corresponding to a given quantum mechanical system and let Hg be the self-adjoint geometric Hamiltonian
generating the evolution of the system as before.

Let the position and momentum operators, x and p, be as before and let the position and momentum operators, y and p', be as before

. 9 . i 19gi(x, p)
pli= —lhgzi(xfp)afxi — My (x,p),  Mj; = ilET (64)
and satisfy the commutation relations
[P y'] = —ihd), + g,y 1P — in[M,;,y'] (65)
The position space wavefunctions, expressed in the {y} space representation
Py, ) == (ylo)(t) = /M oy, ) {yly)de’ (66)

where dw' denotes the volume element, and the integration is to be carried out over the entire range of coordinate values. ¢(y, t) € L2 are
then said to be the Hamilton representation.

2.3. Operator Valued Analysis in the Quantum Theory

In this section, we shall follow our point of view that has been introduced in the previous section for the representation
theory in the {y} coordinates on the Hilbert space 7{; corresponding to the Hamilton representation of a given quantum
mechanical system.
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We study the quantum theory associated with a general operator valued Hermitian geometric Hamiltonian of the form
(39) following the Heisenberg algebra with the geometric Hamiltonian. We then construct a generalized form of our previous
dynamical equations in the Heisenberg picture, eq.(22)-eq.(24), and show that these results may be related to the quantum
dynamics associated with a Hamiltonian operator of the form (15), and satisfy closely related dynamical equations, with terms
that are an essentially quantum effect.

We start by applying the Heisenberg picture for the variables corresponding to {y} as Heisenberg dynamical variables,
satisfy the Heisenberg’s form for the equations of motion. From eq.(61)

v = *p + thp L85yl 67)
where the second term is a bilinear form in terms of momentum ordered to bring momenta to the left and right, an essentially
quantum effect.

Next, applying the Heisenberg picture for the variables corresponding to {ij' }, substituting equation (67), satisfies the following
dynamical equations
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closely related to the form of a geodesic equation with a truncated connection form, obtained in the classical case (eq.(10)). In
fact, a relation between the momentum p' and velocity 3! can established by eq.(67) to obtain —y" MY,y with terms that are an
essentially quantum effect. Therefore, eq.(69) is a proper quantum generalization of the classical geodesic formula.
The second term in eq. (69) is an essentially quantum effect where the underlying geometric approach described here may
provide an underlying geometric interpretation associated with the Heisenberg picture for the quantum mechanical form of the
"geodesic flow" ij. It gives a quantum evolution of a "geodesic flow" i/ evolved also by a "driving" operator, in a second term,
contributing to the first term of the "geodesic" equation with reduced connection.
We now consider the adiabatic case of a slowly changing momentum operator where p is considered small in a manner which
ensures that

i j [gz,y] j ~ b iAlgy ] (70
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Next, we perform an explicit computation of eq.(70) from the Heisenberg picture to find results with the following
dynamical equation
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This leads to the following dynamical equation
d i
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Next, we define the right hand side of eq.(73) as follows
d i
*[*gij,y’] = -~ &
dt'h 1)

where &} == o M,y g™ + hP "gum M, '] + th g 183,y 11"


https://doi.org/10.20944/preprints202405.1475.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 May 2024 doi:10.20944/preprints202405.1475.v1

110f13

Then, eq.(69) results in the following dynamical equation

19gij(x, p)
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I .are contracted with momentum.

such that two of the indices of the operator &
It gives a new meaning to the underlying geomet’rlc structure involved with the Heisenberg picture. The dynamical equation has
two terms, where the first term is the quantum mechanical form of the "geodesic flow", closely related to the classical truncated
connection form (eq.10) [2]. We, then, suggest a geometric approach to relate the second term with an underlying geometric
structure. We associate the second term with the emergence of an underlying "geometric flow" in the quantum theory, originated

from an essentially quantum effect which we shall call the Finsler geometric flow.

Conjecture 1. (Short-time existence) Let H¢ be a Hilbert space corresponding to a given quantum mechanical system and let Hg be the
self-adjoint geometric Hamiltonian generating the evolution of the system as before.
Given the underlying Finsler geometric flow defined by

d. i 2
E[%g,—j,yl] - H;j

(76)
where  Zk := % [Mwy 1gnmp™ + p S [MJ}, '] + hz p" [$um 1835,y 1P
Then there exists a constant € > 0 such that the classical initial value problem ({-,-} is the Poisson bracket)
at {gl]fy } ]
e m - .n ol m (77)
where  Ej; := {Mjj, ' }gump" + — S g (591D

such that - {gij,y'}(0,x,p) = {gij,y'}(x,p)

has a unique smooth solution {g;,y' } (t, x, p) for some short time interval [0, €).

In fact, eq.(77) reflects a geometric flow, referring to the geometry of the Finsler manifold, altered by changing the {g;, v}
(a one-parameter family of {g;;, '} (t)) via a PDE with the initial condition {g;;,¥'} (0, x, p) = {i;, ' }(x, p). In this sense, itis a
geometric evolution equation.

Next, we shall study the Heisenberg picture in the adiabatic limit, to find results for suggesting a definition for unstable
behavior of the dynamical evolution.
In our previous work we introduced a criteria for unstable behavior, where for "geodesic deviation" we induced a translation [6].
We follow here the same procedure where we define ¢ as a common number such that

Y(xt) = p(x+41) (78)

that is, since p is the generator of translation, for a smooth function ¢ (x, t),
Ple+ 8 1) = eh (1) (79)

Computing (1, i ¢) (t) and assuming now the physical state is subjected to infinitesimal translation (i.e. assuming the physical
state is subjected to infinitesimal translation as before, i.e. x — x + ¢, where we define ¢ as a common number) results in

W13 PP, (MY + Z) PG = 80 (50)

such that we define the left-hand side of expression (80) as the second derivative with respect to the common number &, the
distance between the two trajectories as a function of time. We then study expectation values of

Gt = —p (1, (M + 2! (8D

which we call the geodesic deviation operator. It is a generalization of the operator for geodesic deviation, eq.(30), defined in our
previous work [6], where orbits, as exhibited by the expectation values, show correlation between the simulated orbits and the
predictions of local instability in this way (following eq.(29)), provide good agreement with the behavior of the corresponding
classical problem [2,3,6].

Note that the geometric approach described here may provide an underlying geometric interpretation associated with the
Heisenberg picture for the quantum mechanical "Finslerian evolution" with a quantum mechanical form of the "geodesic flow"
if. The first term in eq.(81) corresponds to the operator for geodesic deviation eq.(30) [6] and refers to the underlying geometry
of the Hamilton manifold, while the second term accounts for the underlying "geometric flow" altering the Hamilton manifold.
In this sense, eq.(75) accounts for an underlying "geometric evolution" equation and may be thought of as emerging from the
underlying alteration of the connection form.

The evolving dynamical equation of ' follows a behavior such that the underlying geodesic flow, as exhibited by the expectation
values, is subjected to the presence of an additional kind of a "force" term, which is an essentially quantum effect, and has the
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consequence of contributing to the forces driving the system. Classically, the sign of the eigenvalues of the matrix Efj may
contribute to the local stability properties of the geodesic flow on the Hamilton manifold, reflecting different behaviors of its
geometric evolution. A unique smooth short time solution {g;;, ¥'}(t, x, p) is governing the local geometric flow.

In our previous work [6] we have derived a new diagnostic tool for identifying and defining local quantum instability. We were
able to predict zones of local stability and instability (on the level of the space expectation values), in general agreement with
studies of the corresponding classical systems.

Motivated by our previous work [6] we suggest a conjecture for "local instability" in the quantum theory.

Conjecture 2. (Local Instability). Let H¢ be a Hilbert space corresponding to a given quantum mechanical system and let Hg be the
self-adjoint geometric Hamiltonian generating the evolution of the system as before.
Define the trajectory ® corresponding to an initial state ¢(0) € Hg and ¢(0) € L? to be [12-14]

@ = {y' (1)ly' (1) = UT()y'U (1) = ehHeyle 10! 4/ (0) € He}rerr (82)
i.e., @ is the set of y'(t) reached in the course of the evolution of the system from an initial y* (0).
The quantum mechanical system in Hg is then said to be locally unstable along the trajectory ® in y'(t) if the expectation values of the
geodesic deviation operator, given by

(P(0)&" (1) (0)) = %(¢(0)\U+(f)Pi([Pq, (M} +EDPUDIP(0),  U(t) i= e et (83)

have at least one positive sign of the corresponding eigenvalues.
Let the quantum mechanical system in Hg have a corresponding classical system satisfying the following dynamical equation
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where  Ej; := (M}, y' Ygunp™ + —-p" {gnm, {855,y 111"
such that {g;;,y'}(0,x,p) = {gi,y'}(x, p)

with a unique smooth solution {g;, Y }(t, x, p) for some short time interval [0, €).

Local instability in the quantum mechanical system in Hg should occur in the presence of local instability in the classical system, however,
in case that local instability is presented in the quantum mechanical system in H it may not have a corresponding local instability in its
associated classical system.

Note that conjecture 2 is not in the if and only if sense. One may use the Ehrenfest approximation (when valid) here only
to show consistency of our operator formulation with the classical structure. We have shown in our previous work [6] that
even after Ehrenfest correspondence fails in the case of chaotic behavior, the collection of all expectation values of coordinate
operators should satisfy dynamical equations closely related to those for which the classical ensemble averages describe the
possible configurations for a classical system in phase space.

3. Conclusions

We have derived a new geometrical formulation of quantum evolution with geometric structures. It is a new geometric
approach which is applicable to a Finsler geometry where "deviation operator" is introduced and an attempt to define "local
instability" in the quantum theory is made.

The detailed analysis carried here leads to conjectures which try to address the basic problem of quantum chaos to understand
the relation to a classical Hamiltonian system whose dynamics are "chaotic".

From this point of view, our conjectures are concerned with the relation between the quantum mechanics and its classical
counterpart to find a method which brings in the quantum mechanical dynamics (on the level of the expectation values), valid
along the evolution of the wave function, beyond the Ehrenfest approximation, into the analysis to relate to the instability
properties of the classical counterpart system. The expectation values contain important diagnostic behavior and could well
be incorporated into a new definition of "quantum chaos", corresponding to deviation under small perturbation. It is a new
diagnostic tool for identifying and defining local quantum instability.

The necessity for dealing with a Finsler geometry appears to arise from the essentially nonlinear relation between quantum
and classical dynamics such as discussed in Bracken [10]. Although our formulation is quite different (we do not introduce the
formulation of Bohm [11]) the structure of the underlying dynamics appears to be closely related.

Our results appear to provide a new contribution to the subject of quantum dynamical instability and new geometric meanings
give an interesting insight into the geometric structures of quantum evolution and geometrical nature of quantum theory.
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