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Abstract: This paper proposes a Second Order Terminal Sliding Mode (2TSM) approach to the 

trajectory tracking of Differential Drive Mobile Robot (DDMR). Within this cascaded control 

scheme, the 2TSM dynamic controller, at the inner most loop, tracks the robot’s velocity quantities; 

while a kinematic controller, at the outer most loop, regulates the robot’s positions. In this manner, 

chattering is greatly attenuated and finite time convergence is guaranteed by the second order TSM 

manifold which involves higher order derivatives of the state variables, resulting in inherently 

robust as well as fast and better tracking precision. The simulation results demonstrate the merit of 

the proposed control methods.  

Keywords: nonlinear control systems; robust control; terminal sliding-mode control; uncertain 

systems 

 

1. Introduction 

Differential Drive Mobile Robot (DDMR) trajectory tracking has been a popular research topic 

in recent years [1–3,8–16,19–21,25]. Practical approaches [1,2,8,9,12–16] consider the DDMR’s 

dynamics in addition to its kinematics in the control loop in order to attain the tracking performance, 

especially in the presence of disturbances and unmodeled dynamics. These includes actuactor 

dynamics, systems’s instrinsic nonlinearities, changes in load, working surface/terrain, etc. which 

commonly encounter in many industrial applications, such as Automated Guided Vehicle (AGV), 

Automated Folklift Robot (AFV) and so on. 

Among these methods, Sliding Mode Control [8,9,14,15,17–21] has emerged to be an attractive 

alternative due to its simplicity in implementation; and more importantly its fast dynamic response 

as well as strong robustness to external disturbances and parameter’s variations. Conventional linear 

SMC method (LSM), however, poses serious drawbacks because of its instinctive chattering 

phenomenon which makes it less likely efficient to be used in electro-mechanical system control 

scheme [4–7]. This motivates further research and development of chattering-free SMC techniques, 

including nonlinear terminal sliding mode (TSM), i.e. [4–7] as well as higher order sliding mode 

control methods, i.e.[7,22–24].  

TSM method poccesses superior properties in both finite-time convergence, excellent tracking 

precision and better chattering attenuation in comparison to conventional LSM control systems. 

Nonetheless, in this particular application, first order TSM based controller would not be able to 

totally suppress chattering from the torque inputs generated by the robot’s dynamic models, making 

it less favourable to be employed in practical application since the forementioned “chattering” would 

cause severe damages to the robot’s actuacting systems.  

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting 
from any ideas, methods, instructions, or products referred to in the content.
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This paper proposes a second order TSM control scheme (2TSM) for DDMR’s trajectory tracking 

problem. Here, by dealing with derivatives of the state variables at higher order incorporated within 

the nonlinear 2TSM manifold, finite-time convergence of tracking errors (i.e. velocity quantities) to 

zeros is guaranteed; singularities as appeared in conventional first order TSM (i.e [4]) can be avoided; 

and the resulted control signals (torque’s commands) are continuous, enabling the proposed method 

to be directly applied in practical applications. It is the original motivation of this work.  

The remainder of the paper is organized as follows. Section 2 describes both the kinematic and 

dynamic models of DDMR system. The finite-time convergence characteristics of 2TSM manifold is 

discussed in Section 3. The 2TSM based controller design is presented in Section 4. The simulation 

results are documented in Section 5, illustrating outstanding merits of the proposed 2TSM control 

scheme for DDMR’s trajectory tracking in comparison to LSM and TSM methods. And finally, Section 

6 concludes the paper. 

2. DDMR’s Model 

In order to describe the position of the Differential Drive mobile robot (DDMR), two different 

coordinates need to be defined. 

• Global coordinate system: This coordinate is used to defined exact position of DDMR in the real 

environment to reach desired target, it is denoted as {𝑋𝐺, 𝑌𝐺}. 

• Robot Coordinate system: This is local coordinate that attached to DDMR's frame, it is denoted 

as {𝑋𝑅, 𝑌𝑅}. 

As shown in Figure 1, point A is the origin of the Robot coordinate, also the position of DDMR 

respect to Global I frame, which is denoted as: 

𝑞𝐺 = [

𝑥𝑎
𝑦𝑎
𝜃
] (1) 

 

Figure 1. Differential Drive mobile robot (DDMR). 

The position of any point on Robot can be defined in Robot coordinate or Global coordinate as 

follow: 

𝑋𝐺 = [
cos 𝜃 −sin 𝜃 0
sin 𝜃 cos 𝜃 0
0 0 1

]𝑋𝑅 (2) 

Where 𝑋𝐺= [
𝑥𝐺

𝑦𝐺

𝜃𝐺
] , and 𝑋𝑅= [

𝑥𝑅

𝑦𝑅

𝜃𝑅
] is the coordinate of given point in the global frame and the 

robot frame respectively. Equation (2) is at great importance in finding position of DDMR from its 

linear and angular velocity, to be discussed in next section. 

The motion of DDMR is characterized by two constraints, which are derived from two 

assumptions: no lateral slip and pure rolling. This means it is assumed that there is no slipping of the 

wheel along its longitudinal axis and no skidding along its orthogonal axis. 
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• No lateral slip motion 

𝑦̇𝑎
𝑟 = 0 (3) 

• Pure rolling constraint 

In the context of this paper, with the assumption of zero slipping, the velocity of point P, as well 

as the velocity of each wheel (Figure 2), is expressed by the following equations: 

{
𝑣𝑝𝑟 = 𝑣𝑟 = 𝑅𝜑𝑟̇
𝑣𝑝𝐿 = 𝑣𝐿 = 𝑅𝜑𝐿̇

(4) 

 

Figure 2. Right wheel of DDMR as an example to describe velocity quantities of each wheel. 

2.1. Kinematic Model 

The Kinematic model of DDMR is generalized by following equations [1]: 

{
 

 𝑣 =
𝑣𝑟 + 𝑣𝐿
2

=
𝑅(𝜑𝑟̇ + 𝜑𝐿̇)

2
 

𝜔 =
𝑣𝑟 − 𝑣𝐿
2𝐿

=
𝑅(𝜑𝑟̇ − 𝜑𝐿̇)

2𝐿

(5) 

where 𝑣 denotes the linear velocity and 𝜔 refers the angular velocity of DDMR in Robot frame. 

The velocity of the DDMR can be expressed in terms of the velocities of the center point A (Figure 

1) in the robot frame as follows: 

{
 
 

 
 𝑥𝑎

𝑟̇ =
𝑅(𝜑𝑟̇ + 𝜑𝐿̇)

2
       

𝑦𝑎
𝑟̇ = 0                            

   𝜃̇ = 𝜔 =
𝑅(𝜑𝑟̇ − 𝜑𝐿̇)

2𝐿

(6) 

from (6), it gets 

[

𝑥𝑎
𝑟̇

𝑦𝑎
𝑟̇

𝜃̇

] = [

𝑅
2⁄

𝑅
2⁄

0 0
𝑅
2𝐿⁄ −𝑅 2𝐿⁄

] [
𝜑𝑟̇
𝜑𝐿̇
] (7) 

The velocity of the DDMR in the global frame can be obtained using equations (2) and (7): 

𝑞̇𝐺 = [

𝑥𝑎
𝑟̇

𝑦𝑎
𝑟̇

𝜃̇

] =

[
 
 
 
 
 
𝑅

2
cos 𝜃

𝑅

2
cos 𝜃

𝑅

2
sin 𝜃

𝑅

2
sin 𝜃

𝑅

2𝐿
−
𝑅

2𝐿 ]
 
 
 
 
 

[
𝜑𝑟̇
𝜑𝐿̇
] (8) 
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As a result, 

𝑞̇𝐺 = [

𝑥𝑎
𝑟̇

𝑦𝑎
𝑟̇

𝜃̇

] = [
cos 𝜃 0
sin 𝜃 0
0 1

] [
𝑣
𝜔
] (9) 

2.2. Dynamic Model 

The dynamic model of the DDMR proposed by Takanori Fukao et al. [3] is reviewed. In this 

model, all force components are considered. By using the Lagrange Method, a dynamic model of the 

DDMR is formulated as follows: 

{
 
 

 
 (𝑚 +

2

𝑅2
𝐼𝑤) 𝑣̇ − 𝑚𝑐𝑑𝜔

2 =
1

𝑅
(𝜏𝑅 + 𝜏𝐿)     

(𝐼 +
2𝐿2

𝑅2
𝐼𝑤) 𝜔̇ + 𝑚𝑐𝑑𝜔𝑣 =

𝐿

𝑅
(𝜏𝑅 − 𝜏𝐿)

(10) 

where: 

• 𝜏𝑅 , 𝜏𝐿: The torques of right wheel actuator and the left respectively; 

• 𝐿, R, 𝑑: As shown in Figure 1; 

• 𝑚, 𝑚𝑐: The total mass of the DDMR and the mass of the DDMR without wheels and its actuators, 

respectively; 

• 𝐼𝑤: The moment of inertia of each wheel; 

• 𝐼: The total equivalent inertia. 

• The total equivalent inertia in (10) can be calculated as follow: 

𝐼 = 𝐼𝐶 + 2𝐼𝑚 + 2𝐼𝑤
                       = 𝑚𝐶𝑑

2 + 2𝑚𝑎𝐿
2 + 2𝑚𝑤𝑅

2 (11)
                                                                                     

where 

• 𝑚𝑤: the mass of each wheel; 

• 𝑚𝑎: the mass of each wheel and its actuator. 

The model (10) can be rearranged in the following State Space from: 

[
𝐴 0
0 𝐵

] [
𝑣̇
𝜔̇
] = [

𝑚𝑐𝑑𝜔
−𝑚𝑐𝑑𝜔𝑣

] + [
1/𝑅 1/𝑅
𝐿/𝑅 −𝐿/𝑅

] [
𝜏𝑅
𝜏𝐿
] (12) 

where: 

[
𝐴 = 𝑚 +

2

𝑅2
𝐼𝑤

 𝐵 = 𝐼 +  
2𝐿2

𝑅2
𝐼𝑤

] 

3. Finite-Time Convergence Characteristics of 2TSM Manifold 

The following theorem describes the finite-time convergence of relevant state variables once 

2TSM manifold is reached.  

Theorem 1: The state variable 𝑥(𝑡) and its derivative 𝑥̇(𝑡) satisfying: 

𝑥̈ + 𝛾1𝑥̇
𝛼 + 𝛾2𝑥

𝛽 = 0 (13) 
where: 

0 < 𝛼 =
𝑞

𝑝
< 1, 𝛽 =

𝛼

2−𝛼
=

𝑞

2𝑝−𝑞
, 𝑝 > 𝑞 are odd positive integers; while  0 < 𝛾1 𝑎𝑛𝑑  𝛾2 =

𝛾1
𝛽+1 𝛼𝛽

(𝛽+1)𝛽
(1 −

𝛼

2
) > 0 

Given the set of initial conditions as 𝑥(0) = 𝑥0 and 𝑥̇(0) = −𝛾1
𝛽/𝛼 (

𝛼

𝛽+1
)
𝛽/𝛼

𝑥0 
1/(2−𝛼)  
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𝑥(𝑡)  and its derivative 𝑥̇(𝑡) converge to zeros in finite time 𝑡𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 =

𝛼

𝛼−𝛽
(
𝛾1𝛼

𝛽+1
)
−𝛽/𝛼

𝑥0
(𝛼−𝛽)/𝛼  

Proof. 

Let 𝑦 = 𝑥̇, it gets 𝑥̈ = 𝑦
𝑑𝑦

𝑑𝑥
 and equation (13) converts to the following form: 

𝑦
𝑑𝑦

𝑑𝑥
+ 𝛾1𝑦

𝛼 + 𝛾2𝑥
𝛽 = 0 

𝑦
𝑑𝑦

𝑑𝑥
+ 𝛾1𝑦

𝛼 = −𝛾2𝑥
𝛽

         𝐹(𝑦, 𝑦̇) = 𝑦
𝑑𝑦

𝑑𝑥
+ 𝛾1𝑦

𝛼 = −𝛾2𝑥
𝛽 (14)

 

Let us solve for the unforced response of (14) 

𝐹(𝑦, 𝑦̇) = 0

𝑦
𝑑𝑦

𝑑𝑥
+ 𝛾1𝑦

𝛼 = 0 (15)
 

𝑦 = 0 is one solution of (15) 

In the case of  𝑦 ≠ 0, dividing (15) by 𝑦𝛼  gets 

𝑦1−𝛼
𝑑𝑦

𝑑𝑥
= −𝛾1 

or 
1

2 − 𝛼
𝑦2−𝛼 = −𝛾1𝑥 + 𝐶                      

                  𝑦2−𝛼 = −𝛾1(2 − 𝛼)𝑥 + 𝐶(2 − 𝛼)

                                            𝑦 = (−𝛾1(2 − 𝛼)⏟      
𝑀

𝑥 + 𝐶(2 − 𝛼)⏟      
𝑁

)

1/(2−𝛼)

(16)

 

       𝑦 = (𝑀𝑥 + 𝑁)1/(2−𝛼) 

In the presence of a perturbation 𝑢 = −𝛾2𝑥
𝛽 , the forced response which describes the 

generalised solution of 

𝐹(𝑦, 𝑦̇) = 𝑢 

takes the following form: 

𝑦 = (𝑀𝑥 + 𝑓(𝑥))
1/(2−𝛼)

 (17) 

where 𝑁 = 𝑓(𝑥) is the function of x. 

Substitute the following expressions: 

𝑦
𝑑𝑦

𝑑𝑥
=
𝑀 + 𝑑𝑓/𝑑𝑥

2 − 𝛼
(𝑀𝑥 + 𝑓(𝑥))

𝛼
2−𝛼 =

𝑀 + 𝑑𝑓/𝑑𝑥

2 − 𝛼
(𝑀𝑥 + 𝑓(𝑥))𝛽 

𝛾1𝑦
𝛼 = 𝛾1(𝑀𝑥 + 𝑓(𝑥))

𝛼
2−𝛼 = 𝛾1(𝑀𝑥 + 𝑓(𝑥))

𝛽                                        

into Equation (14), it gets 

𝐹(𝑦, 𝑦̇) = (𝛾1 +
𝑀 +

𝑑𝑓
𝑑𝑥

2 − 𝛼
) (𝑀𝑥 + 𝑓(𝑥))

𝛽
≡ −𝛾2𝑥

𝛽 (18) 

This implies:  

- 𝑀𝑥 + 𝑓(𝑥) would take the form of 𝑀𝑥 + 𝑓(𝑥) = 𝐾𝑥; as a result, 𝑓(𝑥) = (𝐾 −𝑀)𝑥 
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- 
𝑑𝑓

𝑑𝑥
= (𝐾 −𝑀) 

- The below mentioned equation is satisfied: 

(𝛾1 +
𝑀 + (𝐾 −𝑀)

2 − 𝛼
)𝐾𝛽 = −𝛾2

(𝛾1 +
𝐾

2 − 𝛼
)𝐾𝛽 = −𝛾2 (19)

 

Equation (19) indicates that: for 𝛾2 > 0, 𝐾 < 0; and it is easy to show: 

- The minima of 𝑔(𝐾) = (𝛾1 +
𝐾

2−𝛼
)𝐾𝛽 + 𝛾2 is located at 𝐾∗ = −𝛾1

𝛽(2−𝛼)

𝛽+1
= −𝛾1

𝛼

𝛽+1
 

- 𝑔 (𝐾∗ = −𝛾1
𝛼

𝛽+1
) = 0 and 𝐾∗ is the only root of Equation (19) 

As a result 

𝑦 = (𝐾∗𝑥)1/(2−𝛼) = −[𝛾1
𝛼

𝛽 + 1
]
1/(2−𝛼)

⏟            
𝐴

𝑥1/(2−𝛼) 

Consequently, the solution would be: 

𝑦 = 𝑥̇ = 𝐴𝑥1/(2−𝛼) (20)  

Remark 1.  The solution as in Equation (20) satisfies the aforementioned intial conditions 

𝑥(0) = 𝑥0 and 𝑥̇(0) = −𝛾1
𝛽/𝛼 (

𝛼

𝛽+1
)
𝛽/𝛼

𝑥0 
1/(2−𝛼) 

Remark 2. Picard − Lindelöf theorem reconfirms (20) is an unique solution of 𝐹(𝑦, 𝑦̇) = 𝑦
𝑑𝑦

𝑑𝑥
+

𝛾1𝑦
𝛼 = −𝛾2𝑥

𝛽 for the given set of initial values. 

Remark 3.  With 𝑝 > 𝑞 chosen to be odd positive integers, it is easy to see that (−𝑥)𝛼 = −𝑥𝛼 =

|𝑥|𝛼𝑠𝑖𝑔𝑛(𝑥) , 0 < (−𝑥)𝛼±1 = 𝑥𝛼±1 = |𝑥|𝛼±1 and 0 < (−𝑥)𝛼±𝛽 = 𝑥𝛼±𝛽 = |𝑥|𝛼±𝛽 

As seen in Equation (20), it is easy to show that the convergence time of state variable 𝑥(𝑡) and 

its derivative 𝑥̇(𝑡) to zeros is calculated as in the following: 

𝑡𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 =
2 − 𝛼

1 − 𝛼
𝐴−1𝑥

1−𝛼
2−𝛼(0) =

𝛼

𝛼 − 𝛽
(
𝛾1𝛼

𝛽 + 1
)
−𝛽/𝛼

𝑥0
(𝛼−𝛽) 𝛼⁄   (21) 

This completes the proof.  

Remark 4. With the convergence time calculated as in (21), it is observed that 𝑡𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒  is 

inversely proportional to (
𝛾1𝛼

𝛽+1
)
𝛽/𝛼

. In the practice of 2TSM based controller design to be discussed 

in Section 4, the selection of these relevant parameters can be accordingly selected for the delivery of 

efficient control performance and design criterion. 

4. 2TSM Based Controller Design 

4.1. Kinematic Controller 

The concept (Figure 3) of trajectory tracking error involves two postures: the real robot's posture, 

denoted as P = (x,y,θ), and the reference robot's posture, denoted as Pr = (xr,yr,θr). The reference robot 

is an imaginary robot that ideally follows the reference trajectory, while the real robot may have some 

errors compared to the imaginary robot. The goal is to move the robot from its current position to a 

desired position, which corresponds to the reference robot's position. 
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Figure 3. Real robot in the trajectory tracking of reference robot. 

The difference between the current position and the reference position is defined as follow: 

𝑃𝑒 = [

𝑥𝑒
𝑦𝑒
𝜃𝑒

] = [

𝑥𝑟 − 𝑥
𝑦𝑟 − 𝑦
𝜃𝑟 − 𝜃

] (22) 

In this section, a simple P-type only controller is used to control the velocities of the DDMR. The 

reference angular velocity 𝜔𝑟𝑒𝑓 , and linear velocity 𝑣𝑟𝑒𝑓   which orients the DDMR to the desired 

position, can be designed as follows: 

𝜔𝑟𝑒𝑓 =  𝐾𝑤 . 𝜃𝑒 =  𝐾𝑤 . (𝜃𝑟 − 𝜃)

𝑣𝑟𝑒𝑓 =  𝐾𝑣 . 𝑑𝑒                               (23)
 

where: 

• 𝐾𝑤: P gain for angular velocity controller; 

• 𝐾𝑣: P gain for linear velocity controller; 

• 𝜃𝑟 = 𝑡𝑎𝑛−1(𝑦𝑒 , 𝑥𝑒); 

• 𝑑𝑒: distance between real DDMR and reference DDMR. 

The 𝑣𝑟𝑒𝑓  and 𝜔𝑟𝑒𝑓  represent the reference linear and angular velocities, respectively, which 

will be used for the dynamic controller in the next section which describes the NTSM’s dynamic 

controller of the DDMR’s cascaded trajectory tracking control structure as shown in Figure 4. 

 

Figure 4. The cascaded controller scheme. 
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4.2. Dynamic Controller 

 In this section, a second order Terminal Sliding Mode Controller (2TSM) is designed for the 

DDMR to maintain tracking of the reference linear and angular velocities under unknown bounded 

disturbances.  

The dynamic equation can be rewritten in the following form: 

𝑀𝑞̈ = 𝑉(𝑞̇) + 𝐶𝜏(𝑡) + 𝜌(𝑡) (24) 

where 

𝑀 = [
𝑚 +

2

𝑅2
𝐼𝑤 0

0 𝐼 +  
2𝐿2

𝑅2
𝐼𝑤
] ;  𝑞̇ = [

𝑣
𝜔
] ; 𝑞̈ = [

𝑣̇
𝜔̇
]; 𝑉(𝑞̇) = [

𝑚𝑐𝑑𝜔
2

𝑚𝑐𝑑𝑣𝜔
]; 𝐶 = [

1
𝑅⁄

1
𝑅⁄

𝐿
𝑅⁄

−𝐿
𝑅⁄
] 

Suppose that 𝑞𝑟 is the desired input of DDMR, let’s define  

𝑒(𝑡) = 𝑞 − 𝑞𝑟 = [𝑑𝑒 ,  𝜃𝑒 ]𝑇 ,  𝑒̇(𝑡) = 𝑞̇ − 𝑞𝑟̇ = [𝑣𝑒 ,  𝜔𝑒 ]𝑇 (25) 

therefore the error dynamics can be obtained from equation (24) and (25) as follow: 

𝑒̈ = 𝑀−1(𝑉(𝑞̇) + 𝐶𝜏(𝑡) + 𝜌(𝑡)) − 𝑞̈𝑟 (26) 

In order to achieve good performances, such as fast convergence, chattering free and better 

tracking precision, an 2TSM manifold is designed as follow: 

s = 𝑒̈ + 𝛾1𝑒̇
𝛼 + 𝛾2𝑒

𝛽 (27) 

where  𝛾1, 𝛾2, 𝛼, 𝛽 are as specified in Theorem 1. 

In this manner, the 2TSM’s dynamic controller is designed accordingly to the following Theorem 

2. 

Theorem 2: The velocities’ error can converge to zero in finite time, if the 2TSM manifold is 

chosen as (27), and the control law is designed as follows: 

𝑢 = 𝑢𝑒𝑞 + 𝑢𝑛 (28) 
                                  𝑢𝑒𝑞 = 𝐶

−1𝑀(−𝑀−1𝑉 + 𝑞̈𝑟 − 𝛾1𝑒̇
𝛼 − 𝛾2𝑒

𝛽)           (29) 

               𝑢̇𝑛 = 𝐶
−1𝑀(𝑠𝑖𝑔𝑛(𝑠)(𝑘 + 𝜇)) (30) 

where 𝑘 = ‖𝑀−1𝜌̇(𝑡)‖ refers the bounded disturbance and 𝜇 is a positive constant.  

Proof: Subtituting the error dynamics (26) into the second-order TSM manifold (27) gives 

𝑠 = 𝑀−1(𝑉(𝑞̇) + 𝐶𝜏(𝑡) + 𝜌(𝑡)) − 𝑞̈𝑟 + 𝛾1𝑒̇
𝛼 + 𝛾2𝑒

𝛽 

Subtituting the equation (29) into the above yields 

𝑠 = 𝑀−1𝐶𝑢𝑛 +𝑀
−1𝜌(𝑡) 

The following Lyapunov function candidate is considered: 

𝑉 =
1

2
𝑠𝑇𝑠 

Differentiating V with respect to time t gives 

𝑉̇ = 𝑠𝑇𝑠̇                          
                           = 𝑠𝑇(𝑀−1𝐶𝑢̇𝑛 +𝑀

−1𝜌̇(𝑡))         

                                             = 𝑠𝑇(−𝑠𝑖𝑔𝑛(𝑠)𝑘 − 𝑠𝑖𝑔𝑛(𝑠)𝜇 + 𝑀−1𝜌̇(𝑡)) (31)

 

i.e. 

𝑉̇ ≤ −𝑘‖𝑠‖ − 𝜇‖𝑠‖ + 𝑀−1𝜌̇(𝑡) ≤ −𝜇‖𝑠‖ = −𝜇√2𝑉1/2 < 0 for ‖𝑠‖  ≠ 0 

Therefore, according to the Lyapunov stability criterion, the second-order TSM manifold as in 

(27) reaches zero from 𝑠(0) ≠ 0 within a finite time 𝑡𝑟 ≤
√2𝑉1 2⁄ (0)

𝜇
 or 𝑡𝑟 ≤

‖𝑠(0)‖

𝜇
. Once the 2TSM 

manifold s is reaches, 𝑒(𝑡)  and its derivative 𝑒̇(𝑡)  (which corresponds to the velocities’ error) 

converge to zeros in finite time (Theorem 1), given by 
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𝑡𝑒 = 𝑡𝑟 +
𝛼

𝛼 − 𝛽
(
𝛾1𝛼

𝛽 + 1
)
−𝛽 𝛼⁄

𝑥(𝛼−𝛽) 𝛼⁄ (𝑡𝑟) (32) 

This concludes the proof. 

Remark 5. As calculated according to Theorem 2, there is no singularity existed in the 2TSM 

control law 𝑢. In the other words, the proposed approach is as well regarded as a non-singular 

Second order Terminal Sliding Mode (2NTSM) control scheme.  

Remark 6. 𝑢𝑛 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑢̇𝑛 = 𝐶
−1𝑀(𝑠𝑖𝑔𝑛(𝑠)(𝑘 + 𝜇)) is a continuous signal. This implies that 

the proposed 2TSM control scheme is chattering free, indicating its suitability and effectiveness to be 

employed in practical electro-mechanical control systems.  

5. Simulation Results 

In order to demonstrate the effectiveness and advantages of the proposed second-order TSM, 

the simulation results are compared with the TSM and the LSM. The physical parameters of DDMR 

are shown in Table 1. The unknown bounded disturbance is 𝜌(𝑡) = sin(10𝑡) + 𝑛, where n is random 

noises with the amplitudes of 0.1. 

Table 1. The physical parameters of DDM used in the simulation study. 

Mass of robot frame 𝒎𝒄 70 kg  

Mass of each robot actuator (wheel and motor) 𝑚𝑎 5 kg 

Radius of wheel 𝑟 0.25 m 

Distance from wheel to center of wheel axis 𝐿 1 m 

Mass of each wheel 𝑚𝑤 1 kg 

Distance from center of gravity to point A (Figure 1) 𝑑 0.15 m 

• LSM controller 

A LSM manifold and the control are designed as follows: 

𝑠 = 𝑒̇ + 4𝑒 = [
𝑒̇1
𝑒̇2
] + [

4 0
0 4

] [
𝑒1
𝑒2
] 

𝑢𝑒𝑞 = 𝐶
−1𝑀(−𝑀−1𝑉 + 𝑞̈𝑟 − 4𝑒) 

𝑢𝑛 = −𝐶
−1𝑀(𝑠𝑖𝑔𝑛(𝑠)(𝑘 + 𝜇)) 

𝑘 = ‖𝑀−1𝜌(𝑡)‖ 

• TSM controller 

A TSM manifold and the control are designed as follows: 

𝑠 = 𝑒̇ + 4𝑒3/5 = [
𝑒̇1
𝑒̇2
] + [

4 0
0 4

] [
𝑒1
3/5

𝑒2
3/5
] 

𝑢𝑒𝑞 = 𝐶
−1𝑀(−𝑀−1𝑉 + 𝑞̈𝑟 − 4𝑒

3/5) 

𝑢𝑛 = −𝐶
−1𝑀(𝑠𝑖𝑔𝑛(𝑠)(𝑘 + 𝜇)) 

𝑘 = ‖𝑀−1𝜌(𝑡)‖ 

• Second-order TSM controller 

A 2TSM manifold and the control are designed as follows: 

𝑠 = 𝑒̈ + 𝛾1𝑒̇
3/5 + 𝛾2𝑒

3/7 = [
𝑒̈1
𝑒̈2
] + 𝛾1 [

𝑒̇1
3/5

𝑒̇2
3/5
] + 𝛾2 [

𝑒1
3/7

𝑒2
3/7
]  
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𝛾1 = 4, 𝛾2 = 3.49 

𝑢𝑒𝑞 = 𝐶
−1𝑀(−𝑀−1𝑉 + 𝑞̈𝑟 − 4𝑒̇

3/5 − 3.49𝑒̇3/7) 

𝑢̇𝑛 = −𝐶
−1𝑀(𝑠𝑖𝑔𝑛(𝑠)(𝑘 + 𝜇)) 

𝑘 = ‖𝑀−1𝜌̇(𝑡)‖ 

The simulation results are shown in Figures 5–10. Figures 6–8 depict the output tracking errors. 

Figure 5 shows the control input signals of two actuators (Torque 1- left actuator, Torque 2- right 

actuator). 

 

(a) LSM control signals 

 
(b) TSM control signals 

 
(c) Second-order TSM control signals 

Figure 5. Control signals (Torque’s commands) of (a) LSM . (b) TSM . (c) Second-order TSM 

controllers. 
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Figure 6. Angular positions’ tracking errors. 

  

Figure 7. Tracking errors of angular velocity(rad/s). 

 

Figure 8. Tracking errors of DDMR’s trajectory (distance to reference trajectory) of LSM, TSM and 

2TSM. 
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Figure 9. Tracjectory tracking performance of 2TSM based controller. 

It can be seen that 2TSM controller outperforms conventional LSM and TSM counterparts in 

various measures, including faster response and better tracking precision as well as chattering free, 

non-singular control signals which make it suitable to directly apply in practical applications.  Here, 

the finite-time convergence of 2TSM allow us to directly manipulate variety of tuning parameters as 

in conventional first order TSM approaches (i.e. [4,5]).  

6. Conclusions 

This paper proposed a second order terminal sliding mode control scheme for trajectory tracking 

of differential drive mobile robots. The main advantages of the presented 2TSM approach lies on 

faster dynamic response and better tracking precision with chattering free control signals  while 

avoiding singularities in the control law as demonstrated. More importantly, the paper has 

contributed into the converging characteristics analysis and calculation of finite-time convergence of 

relevant state variables (velocities’ error and angular positions’ error) to zeros once 2TSM sliding 

manifold is reached. This facilitates the direct manipulation of various tuning parameters of 2TSM 

control scheme in a similar manner as of conventional well-known first order TSM control methods 

(i.e. [4,5]).  
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