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Abstract: This paper proposes a Second Order Terminal Sliding Mode (2TSM) approach to the
trajectory tracking of Differential Drive Mobile Robot (DDMR). Within this cascaded control
scheme, the 2TSM dynamic controller, at the inner most loop, tracks the robot’s velocity quantities;
while a kinematic controller, at the outer most loop, regulates the robot’s positions. In this manner,
chattering is greatly attenuated and finite time convergence is guaranteed by the second order TSM
manifold which involves higher order derivatives of the state variables, resulting in inherently
robust as well as fast and better tracking precision. The simulation results demonstrate the merit of
the proposed control methods.

Keywords: nonlinear control systems; robust control; terminal sliding-mode control; uncertain
systems

1. Introduction

Differential Drive Mobile Robot (DDMR) trajectory tracking has been a popular research topic
in recent years [1-3,8-16,19-21,25]. Practical approaches [1,2,8,9,12-16] consider the DDMR’s
dynamics in addition to its kinematics in the control loop in order to attain the tracking performance,
especially in the presence of disturbances and unmodeled dynamics. These includes actuactor
dynamics, systems’s instrinsic nonlinearities, changes in load, working surface/terrain, etc. which
commonly encounter in many industrial applications, such as Automated Guided Vehicle (AGV),
Automated Folklift Robot (AFV) and so on.

Among these methods, Sliding Mode Control [8,9,14,15,17-21] has emerged to be an attractive
alternative due to its simplicity in implementation; and more importantly its fast dynamic response
as well as strong robustness to external disturbances and parameter’s variations. Conventional linear
SMC method (LSM), however, poses serious drawbacks because of its instinctive chattering
phenomenon which makes it less likely efficient to be used in electro-mechanical system control
scheme [4-7]. This motivates further research and development of chattering-free SMC techniques,
including nonlinear terminal sliding mode (TSM), i.e. [4-7] as well as higher order sliding mode
control methods, i.e.[7,22-24].

TSM method poccesses superior properties in both finite-time convergence, excellent tracking
precision and better chattering attenuation in comparison to conventional LSM control systems.
Nonetheless, in this particular application, first order TSM based controller would not be able to
totally suppress chattering from the torque inputs generated by the robot’s dynamic models, making
it less favourable to be employed in practical application since the forementioned “chattering” would
cause severe damages to the robot’s actuacting systems.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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This paper proposes a second order TSM control scheme (2TSM) for DDMR’s trajectory tracking
problem. Here, by dealing with derivatives of the state variables at higher order incorporated within
the nonlinear 2TSM manifold, finite-time convergence of tracking errors (i.e. velocity quantities) to
zeros is guaranteed; singularities as appeared in conventional first order TSM (i.e [4]) can be avoided;
and the resulted control signals (torque’s commands) are continuous, enabling the proposed method
to be directly applied in practical applications. It is the original motivation of this work.

The remainder of the paper is organized as follows. Section 2 describes both the kinematic and
dynamic models of DDMR system. The finite-time convergence characteristics of 2TSM manifold is
discussed in Section 3. The 2TSM based controller design is presented in Section 4. The simulation
results are documented in Section 5, illustrating outstanding merits of the proposed 2TSM control
scheme for DDMR's trajectory tracking in comparison to LSM and TSM methods. And finally, Section
6 concludes the paper.

2. DDMR'’s Model

In order to describe the position of the Differential Drive mobile robot (DDMR), two different
coordinates need to be defined.

e  Global coordinate system: This coordinate is used to defined exact position of DDMR in the real
environment to reach desired target, it is denoted as {X¢, Y¢}.

¢  Robot Coordinate system: This is local coordinate that attached to DDMR's frame, it is denoted
as {XR®, YR,
As shown in Figure 1, point A is the origin of the Robot coordinate, also the position of DDMR

respect to Global I frame, which is denoted as:

Xa
qG = [ya] D
6

Vi

Figure 1. Differential Drive mobile robot (DDMR).

The position of any point on Robot can be defined in Robot coordinate or Global coordinate as

follow:
cosf —sinf 0
X% =|sinf cos@® O|X% 2
0 0 1
x€ xR
Where X¢= yGl, and X®=|y®|is the coordinate of given point in the global frame and the
6¢ oR

robot frame respectively. Equation (2) is at great importance in finding position of DDMR from its
linear and angular velocity, to be discussed in next section.

The motion of DDMR is characterized by two constraints, which are derived from two
assumptions: no lateral slip and pure rolling. This means it is assumed that there is no slipping of the
wheel along its longitudinal axis and no skidding along its orthogonal axis.
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¢ No lateral slip motion

Yo = (3)

e Pure rolling constraint

In the context of this paper, with the assumption of zero slipping, the velocity of point P, as well

as the velocity of each wheel (Figure 2), is expressed by the following equations:
{vpr = v = Ro,
Vpr =V, =R )

4)

Figure 2. Right wheel of DDMR as an example to describe velocity quantities of each wheel.

2.1. Kinematic Model

The Kinematic model of DDMR is generalized by following equations [1]:

vr +vL R((pr+(pL)
2 2

_ U=V, R(or — ¢1)
2L 2L

)

w

where v denotes the linear velocity and w refers the angular velocity of DDMR in Robot frame.
The velocity of the DDMR can be expressed in terms of the velocities of the center point A (Figure
1) in the robot frame as follows:

o R((pr + <pL)
¢ 2
Vi = ' (6)
R -9
0 == ( ‘PL)
from (6), it gets
xG R/ 2 R/ 2 g
1 Il P 5] @
o / 21 2L
The velocity of the DDMR in the global frame can be obtained using equations (2) and (7):
R 0 R 6
—cosf —cos
i) |4 2 .
-G — o I ] I:gor':l 8
q Yé 2sm@ 2sm@ ¥, )]
o R R

2L 2L
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4
As a result,
x5 cos@ 0
) . X v
g% = yr|= Ism@ Ol [w] 9
6 0 1

2.2. Dynamic Model

The dynamic model of the DDMR proposed by Takanori Fukao et al. [3] is reviewed. In this
model, all force components are considered. By using the Lagrange Method, a dynamic model of the
DDMR is formulated as follows:

2 . , 1
(m+ﬁlw)v—mcda) = E(TR + 1)
(10)

212\ L
k I+ﬁ1W w+mcdwv=E(1R—‘rL)

where:

e 7g,7;: The torques of right wheel actuator and the left respectively;
. L, R, d: As shown in Figure 1;
o m, m,: The total mass of the DDMR and the mass of the DDMR without wheels and its actuators,
respectively;
e [,: The moment of inertia of each wheel;
e  [: The total equivalent inertia.
e  The total equivalent inertia in (10) can be calculated as follow:
I=1Ig+2I, +2I,
=mcd? + 2mgL? + 2m,,R? (11)
where
e m,,: the mass of each wheel;
e m,: the mass of each wheel and its actuator.
The model (10) can be rearranged in the following State Space from:

A 011v]_ [ mcdw ] [1/R 1/R] TR
o sllsl= —m.dov] TlL/R —L/R =] (12)
where:
i 2
A=m+ﬁlw
217
_B =] + ?Iw

3. Finite-Time Convergence Characteristics of 2TSM Manifold

The following theorem describes the finite-time convergence of relevant state variables once
2TSM manifold is reached.
Theorem 1: The state variable x(t) and its derivative x(t) satisfying:
¥+ yx%+y,xF =0 (13)
where:

O<a= % <1,B= ﬁ = 2;;_q, p > q are odd positive integers; while 0 <y; and y, =

B
B+1_* (1_%
£ B+1)B (1 2) >0

Bla
Given the set of initial conditions as x(0) = x, and x(0) = —y,#/® (ﬁ) P IRACL))
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x(t) and its derivative x(t) converge to zeros in finite time (tconyergence =
—B/a
& (he (@a=p)/a
a-B (p’+1) o
Proof.
Let y =X, itgets ¥ =y % and equation (13) converts to the following form:
dy
Yoty =0
dy
Yoy Ty = —rexf
. dy « s
FO.9) =yt 1y =-rx (14)
Let us solve for the unforced response of (14)
F(y,y)=0
dy +y1y4=0 (15)
y dx 1604
¥y = 0 is one solution of (15)
In the case of y # 0, dividing (15) by y* gets
dy
1-a 7 — _
y dx V1
or
1 2-a
—a y =-yx+C
Yy =—y2-a)x+C2 - a)
1/(2-a)
y= <—y1(2 —a)x+ C(2 —a)) (16)
M N

y = (Mx + N)V/@®

In the presence of a perturbation u = —y,x?, the forced response which describes the
generalised solution of

F(y,y)=u

takes the following form:
y = (Mx+ f)"” 17)
where N = f(x) is the function of x.
Substitute the following expressions:
dy M +df/dx

M+ df /dx
dx — 2—a

(Mx + fe)ze = —

(Mx + f(x)F

yiy© =y, (Mx + £(x))7a =y, (Mx + F(x))F

into Equation (14), it gets

arf
. M+ dx B
Fo =1+ |(Mx+f(2)" = —yx’ (18)

This implies:
- Mx + f(x) would take the form of Mx + f(x) = Kx; as aresult, f(x) = (K — M)x

d0i:10.20944/preprints202405.1761.v1
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af _
- = (K=M)
- The below mentioned equation is satisfied:
M+ (K—-M)
_ " \KB=-—
(h t—— ) V2
_K B
(n+5—)K" =, (19)

Equation (19) indicates that: for y, > 0, K < 0; and it is easy to show:

.. K . * B(2-a)
- The minima of g(K) = ()/1 + E) KB+, islocated at K* = —y, B+1a = ﬂﬁﬁ
- g (K* =9 L) =0 and K" is the only root of Equation (19)
B+1
As a result
1/2-a) @ VD e
= K* - = — -
y = (K"x) [Vl 1 x
A

Consequently, the solution would be:
y =% = AxY/@® (20)
Remark 1. The solution as in Equation (20) satisfies the aforementioned intial conditions

. B/ _
x(0) = x, and x(0) = —y,P/@ (ﬁ) xy V@0

Remark 2. Picard — Lindelof theorem reconfirms (20) is an unique solution of F(y,y) = yZ—z +
Y1y® = —y,xP for the given set of initial values.

Remark 3. With p > q chosen to be odd positive integers, it is easy to see that (—x)% = —x% =
lx|%sign(x) , 0 < (—x)**! = x*1 = |x|**1 and 0 < (—x)9tF = x**B = |x|ath

As seen in Equation (20), it is easy to show that the convergence time of state variable x(t) and
its derivative x(t) to zeros is calculated as in the following:

2—a  l-a a yia \“h/a _
tconvergence = 1— aA 1x2=a(0) = a—p <B n 1) X% /e (21)

This completes the proof.
Remark 4. With the convergence time calculated as in (21), it is observed that tc,npergence 1S

Vi

Bla
inversely proportional to (m) . In the practice of 2TSM based controller design to be discussed

in Section 4, the selection of these relevant parameters can be accordingly selected for the delivery of
efficient control performance and design criterion.

4. 2TSM Based Controller Design

4.1. Kinematic Controller

The concept (Figure 3) of trajectory tracking error involves two postures: the real robot's posture,
denoted as P = (x,y,0), and the reference robot's posture, denoted as Pr= (xr,yr,0r). The reference robot
is an imaginary robot that ideally follows the reference trajectory, while the real robot may have some
errors compared to the imaginary robot. The goal is to move the robot from its current position to a
desired position, which corresponds to the reference robot's position.
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Figure 3. Real robot in the trajectory tracking of reference robot.
The difference between the current position and the reference position is defined as follow:
Xe Xy — X
Pe= Yel|=|Vr—Y (22)
0. 6, —0

In this section, a simple P-type only controller is used to control the velocities of the DDMR. The
reference angular velocity w,.r, and linear velocity v,.; which orients the DDMR to the desired
position, can be designed as follows:

Wrer = Ky.0, = K. (6, — 6)
K,.d, (23)

Vrer =

where:
e K, P gain for angular velocity controller;
e  K,: P gain for linear velocity controller;
® 6r = tan™' (Ve, Xc);
e d,: distance between real DDMR and reference DDMR.

The v, and w,.r represent the reference linear and angular velocities, respectively, which
will be used for the dynamic controller in the next section which describes the NTSM’s dynamic
controller of the DDMR'’s cascaded trajectory tracking control structure as shown in Figure 4.

Robot

|++'

Kinematic
Controller

N ]

Yy v

Torque L

Dynamic
Controller

Torque R

Dynamic

Kinematic

1/s

1/s

1/s

v

Figure 4. The cascaded controller scheme.

v
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4.2. Dynamic Controller

In this section, a second order Terminal Sliding Mode Controller (2TSM) is designed for the
DDMR to maintain tracking of the reference linear and angular velocities under unknown bounded

disturbances.
The dynamic equation can be rewritten in the following form:
MG =V(q) + Ct(®) + p(0) (24)
where
2
m+ ozl 0 72 N . mdw? e g
M= 212 ;qz[w];qz[a)]; V@) = medvw) © T |L —L
0 I+ ~51, c /"R

Suppose that g, is the desired input of DDMR, let’s define

e(t) =q—q, =[d., 0, ]T: et) =q—qr = [ve, we ]T (25)
therefore the error dynamics can be obtained from equation (24) and (25) as follow:
é=M(V(Q+Cr(@® +p®) — Gy (26)

In order to achieve good performances, such as fast convergence, chattering free and better
tracking precision, an 2TSM manifold is designed as follow:

s=8+y,6% +y,ef (27)

where y,,v,,,[ are as specified in Theorem 1.
In this manner, the 2TSM’s dynamic controller is designed accordingly to the following Theorem

Theorem 2: The velocities” error can converge to zero in finite time, if the 2TSM manifold is
chosen as (27), and the control law is designed as follows:

U= Ugq + Up (28)
Upg = CTIM(—M7V + G, — y16% — y,eF) (29)
U, = C *M(sign(s)(k + 1)) (30)

where k = |[M~1p(t)|| refers the bounded disturbance and y is a positive constant.
Proof: Subtituting the error dynamics (26) into the second-order TSM manifold (27) gives

s =M1 V(@) +Ct(®) + p() — Gy + y1€% + yeP
Subtituting the equation (29) into the above yields
s=M"1Cu, + M~ 1p(t)
The following Lyapunov function candidate is considered:

1

V=csT
ZS S
Differentiating V with respect to time t gives
V=sTs
=sT(M™Cu, + M715(D))
= sT(—sign(s)k — sign(s)u + M~1p (1)) (31)

ie.
V< —kllsll = plisll + M~*p(8) < —plisll = —uV2V*/2 <0 for Il # 0
Therefore, according to the Lyapunov stability criterion, the second-order TSM manifold as in
/
@ or t, < @. Once the 2TSM

manifold s is reaches, e(t) and its derivative é(t) (which corresponds to the velocities’ error)

(27) reaches zero from s(0) # 0 within a finite time t, <

converge to zeros in finite time (Theorem 1), given by
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a a \~B/a
t, =t + (”1 ) x@=B/a(t ) (32)

This concludes the proof.

Remark 5. As calculated according to Theorem 2, there is no singularity existed in the 2TSM
control law u. In the other words, the proposed approach is as well regarded as a non-singular
Second order Terminal Sliding Mode (2NTSM) control scheme.

Remark 6. u, satisfying i, = C™M (sign(s) (k + /1)) is a continuous signal. This implies that
the proposed 2TSM control scheme is chattering free, indicating its suitability and effectiveness to be
employed in practical electro-mechanical control systems.

5. Simulation Results

In order to demonstrate the effectiveness and advantages of the proposed second-order TSM,
the simulation results are compared with the TSM and the LSM. The physical parameters of DDMR
are shown in Table 1. The unknown bounded disturbance is p(t) = sin(10t) + n, where n is random
noises with the amplitudes of 0.1.

Table 1. The physical parameters of DDM used in the simulation study.

Mass of robot frame m 70 kg
Mass of each robot actuator (wheel and motor) mg 5kg
Radius of wheel r 0.25m
Distance from wheel to center of wheel axis L 1m
Mass of each wheel my, 1kg
Distance from center of gravity to point A (Figure 1) d 0.15m

e LSM controller

A LSM manifold and the control are designed as follows:

s=e'+4e=[ ] ]

Upg = CTIM(=M"V + G, — 4e)
—C *M(sign(s)(k + )
k=M p®)

Un

e TSM controller

A TSM manifold and the control are designed as follows:
. e 4 0 313/5
covaoro[E]L
s=e+4e ¢ + 0 4 923/5
Upqg = CTIM(=MV + G, — 4€3/%)

u, = —C M (sign(s)(k + n))
k=IM"p@)ll

e Second-order TSM controller

A 2TSM manifold and the control are designed as follows:

e,3/7
s=28+y,e35 +y,e37 [ ]+y1l l+y2[ /l
e,
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Y. =47, = 3.49

Upqg = CTIM(—M7V + G, — 4€3/5 — 3.49¢3/7)

U, = —C M (sign(s)(k + u))
k=|M~p)

The simulation results are shown in Figures 5-10. Figures 6-8 depict the output tracking errors.

Figure 5 shows the control input signals of two actuators (Torque 1- left actuator, Torque 2- right
actuator).

torque(Nm)

torque(Nm)

(a) LSM control signals

. :
[~ Torque 1] |

20

torque(Nm)

3 5
Time (seconds)

(b) TSM control signals

| 1 torque 1‘_

12—

.

—térque 2|

torque(Nm)

4 5 6
Time (seconds)

n s 6
Time (seconds)

(c¢) Second-order TSM control signals

controllers.

Figure 5. Control signals (Torque’s commands) of (a) LSM . (b) TSM . (c) Second-order TSM
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Figure 6. Angular positions’ tracking errors.
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Figure 8. Tracking errors of DDMR'’s trajectory (distance to reference trajectory) of LSM, TSM and
2TSM.
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Figure 9. Tracjectory tracking performance of 2TSM based controller.

It can be seen that 2TSM controller outperforms conventional LSM and TSM counterparts in
various measures, including faster response and better tracking precision as well as chattering free,
non-singular control signals which make it suitable to directly apply in practical applications. Here,
the finite-time convergence of 2TSM allow us to directly manipulate variety of tuning parameters as
in conventional first order TSM approaches (i.e. [4,5]).

6. Conclusions

This paper proposed a second order terminal sliding mode control scheme for trajectory tracking
of differential drive mobile robots. The main advantages of the presented 2TSM approach lies on
faster dynamic response and better tracking precision with chattering free control signals while
avoiding singularities in the control law as demonstrated. More importantly, the paper has
contributed into the converging characteristics analysis and calculation of finite-time convergence of
relevant state variables (velocities’ error and angular positions” error) to zeros once 2TSM sliding
manifold is reached. This facilitates the direct manipulation of various tuning parameters of 2TSM
control scheme in a similar manner as of conventional well-known first order TSM control methods
(i.e. [4,5]).
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financial support via research grant number VAST01.06/20-21.
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