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the Faber polynomial technique, we derive upper bounds for the n'’* coefficient of functions in these classes. We
also investigate the erratic behavior of initial coefficients in bi-close-to-convex functions, as characterized by the
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1. Preliminaries and Basic Notations

In mathematics, symmetry is defined as the property of two shapes being identical when one
is moved, rotated, or flipped. The open unit disk, denoted by A = {y : |u| < 1}, exhibits a rich set
of symmetries, consisting of inversion, rotational and reflection symmetry. Specifically, inversion
symmetry means that the disk remains unchanged when inverted about a particular point, maintaining
its overall appearance and structure. The disk A has inversion symmetry about its center (origion),
meaning that inverting any complex number p within the disk about the origin results in another
complex number also within the disk, specifically % This disk exhibits a rich set of symmetries, making
it valuable in various mathematical and geometric contexts. Our goal is to explore additional geometric
properties within this symmetric domain.

A function is considered starlike (or convex) if it transforms A into a star-shaped (or convex)
region, centered at a fixed point, through scaling and rotation. This means the function’s image is
contained within a star-shaped (or convex) domain, formed by connecting the fixed point to all other
points with straight lines. Starlike and univalent functions are crucial subclasses of analytic functions
with numerous applications and properties. Univalent functions are used in geometric function theory
(GFT) for conformal mappings, while starlike functions model phenomena like electrostatics and fluid
flow in GFT. Another important subclass of analytic functions is the class of close-to-convex functions.
In this article we will focus on the study of bi-close-to-convex functions.

Let A indicate a collection of all analytic functions 7 () in the region A = {y : || < 1}, which
are normalized by

17(0) =0and 7' (0) = 1.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Thus, every 17 € A can be expressed as:

n(p) =pu+ X_jzanﬂ”- (1.1)

Moreover, § is the subclass of A whose members in A are univalent. Let the class P be defined by
P={p e A:p(0) =1and Re(p(p)) > 0}. (1.2)

The following are some notable subclasses of the univalent functions in class 8:

‘() — () .
8(04)—{176}[.5}%( 17(”)>> },OS <1,

!

Qa) =¢neA:R OIZ,((:))) >ap, 0<a<1

and

G(a)—{neA,UES*:%(FZ(,%)> >1x},0<¢x<1.

These classes defined in the following articles [1-5]. For & = 0, then
8*(0) =8*, 9(0) = Qand €(0) = €.
For 111, 2 € A, and 71 subordinate to #; in 7, denoted by

m(u) < nma(u), peA.

If we have a function 1y € A, satisfy the condition |ug(u)| < 1, ug(0) = 0, and

n(u) = m2(uo(p)), u € A.

The inverse of 7 € 8, defined as:
1 (w) =p weA

and .
10y~ (w)) =w, [w] < ro(y), and ro() > 7.
The series of 71 = F is given by
Flw) = w—aw’+ (261% —az)w® — (5a§ —5ayaz +ag)wt + ...
= u+ ) A (1.3)
n=2
If e Aand
u(p) = p+ ) bup” (14)

n=2

then the series of ,~! = G is given by

G(u)=p+ ) By
n=2
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If 7 and 57 'are in §, then 7 is considered the bi-univalent in A and such type of functions are denoted
by Z. For € X, author in [6] proved that |a| < 1.51 and after that authors in [7] gave the improvement
of |a2| and proved that |a,| < v/2. Furthermore, for 77 € £, Netanyahu [8] proved that max|ay| = 3.
(see for details [9-11]). Only non-sharp estimates on the initial coefficients were achieved in these
recent works.

The Faber polynomials expansion method was first presented by Faber [12], who also utilized this
approach to study coefficient bound |a,| for n > 3. Gong [13] emphasized the significance of Faber
polynomials in mathematical sciences, specifically in the context of GFT. In the cited work [14-17],
authors introduced new subcategories of bi-univalent functions and using the Faber polynomials
expansion approach to establish coefficient bounds. Additionally, a number of researchers have used
the Faber polynomials approach [18-22] to derive some intriguing findings for bi-univalent functions
(see for detail [23,24]). In 2014, a group of researchers [25] in the field of geometric function theory
developed a new class of functions called bi-close-to-convex functions of order «, where 0 < & < 1.
This class is denoted by Cy,(«) and was previously discussed in references [26-28].

To express the coefficients of its inverse map F in terms of the analytic functions 7, use the Faber
polynomial method (see [19,29]).

_ =01
F(w) =57 Y (w) =w + Z EKZfl(az,ag,...,un)w",
n=2

where

(—1’1)! n—3

—n (—l’l)! n—1 a
2(—n+1)]!(n—3)!?

1T Con+ )i —1)172

+

as

<_n)! n—4

T ) —a™

a4

TRl J:;Q])'l(n — 5)1“3_5 [“5 +(-n+ z)ag]
+ <_1’1)! aﬂ76[a + (—271+5)a a ]
(—2n+5)(n—6)12 ° 304

+Y ayi0;
i>7

For 7 <i < n, Q; is a homogeneous polynomial in the variables a, a3, ..., a,. Particularly, the first three

terms of K", are

1 1
foz = —ap, gKgg = 211% — as,

1
ZK3T4 = —(5&%—5{12{134-&4).

For integers r, thatis, r = 0, £1,%2,..., and integers n > 2, the quantity K] _; (see [19]) admits an
expansion of the form:

r!

(r—3)13!

r(r—1)
2

r!
vn—l
(r—n+1!(n-1)! "V

L =rag+ V2 + V3o 4t
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where,

o1 = Vii(az,a3,.),

and by [29], we have

[ee]
Ve (az,...,a Z : ab'..al"!, fora; =land v < n.
— V]'/ /,ul’l

Taking the summation for y1, ..., 4, which satisfying

Mitpet o tpn1 = 0,
wm+2up+ ..+ m—1Dyu,—qg = n—1
Clearly,
VZj(al,..., an) = agfl
and

\7}[_1(111, ) = Ay 1.

In the realm of (GFT), many scholars have built upon the foundational work of Jackson [30], who
introduced the g—calculus operator in 1909. Ismail et al. [31] subsequently employed this operator to
define g—starlike functions in A. (Recent contributions to this field can be found in references [32-37]).
To further expand this research, we must revisit the core definitions and principles of g—calculus
and fractional g—calculus, paving the way for the construction of new subclasses of analytic and
bi-univalent functions.

Definition 1.1. For (0 < g < 1), the g-number 7 is given by

n

[n]qzl_q,ne(c (1.5)

1—¢q

n—1
=Y d=1+q+¢*+..+¢" ", neN
k=0

and
[0],7 =0.

Definition 1.2. [38]. The g-number shift factorial is given by for v € C, n € Ny = NU {0},

n—1
(7, 9)n = k]})(l —¢), (neN)
and
(1,90 =1

In terms of the g-Gamma function

(a7, 9)n
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where the g-gamma function is defined by

_ N\
rq(ﬂ):(l gq)qu)(j’q)w, g < 1.

We note that

(7, @) = ﬁ(l - 'qu), lq| < 1.

k=0

For the g-gamma function I'y(y), it is known that (see [39])

To(p+1) = [ Tq(p).

Jackson [40] introduced the g-difference operator for analytic functions as follows:

Definition 1.3. [40]. For n7 € A, the g-difference operator is defined as:

9 (1) = W pENM u#0,q9€(0,1)

=14 Y [n]ganp"?
n=1
and
aq(y") = [n],ﬂ,t"il, and 9, (Z any"> = Z[n]qany’“l.
n=1 n=1

where [1]; given by (1.5) and

Jim 9y () = (1),

The g-analogous of the class of starlike functions was first introduced by Ismail et al. in [31] by means
of the g-difference operator 9,7 (y), (0 < q < 1) and the g-integral is defined by

]/l o0
/U(t)dqt =u(l—q) Zoq”n(w”)-
0 n=

Remark 1.4.

Definition 1.5. Fractional g-integral operator, (see [41], page 57, Definition 1) the Fractional g-integral
operator I,?’ﬂ of order A is defined by (see also [42], page 257)

H
B = iy [ (= 04 (8, A>0, 1.6
0
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where, () is analytic in a simply connected region of the p-plane containing the origin and the
g-binomial function (y — tq),_, is defined by

The definition of series 1Py is

1Po(a, = q, p Z (gl <1, [u[ <1).

The last equation is known as the g-binomial theorem (see [43] for more information). The series
1Po(a, —, g, ) is single valued, when |arg(y)| < 7rand |p| < 1, (see for detail [39], pages 104-106) and
(1 — tq) ,_4in (1.6) is single valued, when |arg(—tg A/u)| < mand |arg(p)| < 7.

Definition 1.6. [41]. The fractional g-derivative operator D, of order A is defined by (see also [42], page
257, Definition 1.2)

D;,11 (1) = Dy (1;,?’7(#))
i

- maq 0/(# —tq) _n()dg(t), (0<A <1,

where #(j) is suitably constrained and the multiplicity of (u — tq)_, is removed as in Definition 1.

Definition 1.7. For m be the smallest integer. The extended fractional g-derivative (Dt/i\) of order A
defined by

Dyn(u) = DI My (). (1.7)
We find from (1.7) that

DM i = Ton+1) .,

=t 7 < —1).
s Wems iy LR ECES A

Note that: When —oo < A < 0, then D{; represents a fractional g-integral of 77 of order A. For 0 < A < 2,
then DQ represents a fractional g-derivative of # of order A.

Definition 1.8. ([44]). The (A, q)-fractional-differintegral operator D,;‘ : A — A defined as follows:

Dy () = rqf@)A) W Dy ()

B I‘,,Z )LFq(Tl"‘l)
=Kt Z @QT,(n+1-1)"

=u+ Z Lpany”, u €A, (1.8)
n=2
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where,
_ Ty2—A)Ty(n+1) @9
T, (n+1-A) '
and
A<2,0<g<l
Note that:
i
lim Dy (1) = Dy () = pdgn (p)-
ii.
I,2—M(2-6)(T (n+1))
A ) ) A _ q q q n
Dy (D)) = D3 (D) = "+2 rq(n+1—A)r,,(n+1f5)””“
and

Dq(DqA”("D Dgn(p)  pdgn(n)

DIy G () , for A=0
_DuDu0) _ [y, 10
= Dy ‘(”aqmm) for A=1

First, we define a class of g-starlike functions of order f associated with (A, g)-fractional-differintegral
operator D,;‘ and then we define the class of close-to-convex function by using the same operator.
We start by creating a class of g-starlike functions of order 8 that are linked to the (A, g)-fractional-
differintegral operator D{;. Then, we use the same operator to create a class Cg’q («) of close-to-convex
functions.

Definition 1.9. Let , be of the form (1.4) be in the class 8*(g, B, A), if

" (Dq (Dz?u(ﬂ)) ) -5,

u(p)

where0 < B <1,0<g< 1L

Definition 1.10. Let 7 be of the form (1.1). Then 5 € Cé’q(tx) if there is a function , € 8*(q,,A)

satisfying
Dy (Q?’?(ﬂ))
R (u(ﬂ) >

and

G(w)

where, 0 < <1,0<g<1,0<A<2, u,weEA.
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Remark 1.11. For A = 0, we have a new class Cyx(«, q) of bi-close-to-convex functions and be defined as:

“(H%y)) ”

and

where,OSzx<1,0<q<1,y,w€17,17’1:Fand._fl:G.

Remark 1.12. For A = 0, and g4 — 1—, then we have the known class of bi-close-to-convex functions
investigated by Bulut in [45].

2. Set of Lemmas:

To show our primary points, we need the following Lemmas:

Lemma 2.1. [46]. If p € P and
p(l’l) = 1 + Z Cﬂ]’lnl
n=1
then
len| < 2.

Lemma 2.2. [1]. If p € Pand u € C, then

o2 - yc§| < 2max{1, |24 — 1|}

The aim of this work is to investigate a new subclass of the bi-univalent functions defined by
(A, q)-fractional operator and by using the Faber Polynomials technique to obtain coefficients |a;|, and
initial coefficients bounds |a3| and |a3]|.

3. Main Results

Theorem 3.1. Let an analytic function ., be of the form (1.4). If |, € 8*(q, B, A), then

21-p) ' 2(1—p)
|bn| < ——— 1+ , n>3 (3.1)
(&aln], —1) E ( (&jaali+1], - 1))

2(1—
|by| < i, (3.2)
(LZ[Z]q - 1)
where Ly, is given by (1.9)and 0 < p <1,0<g<1,0<A <L

and


https://doi.org/10.20944/preprints202406.0071.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202406.0071.v1

90f19
Proof. Suppose , € 8*(g,B,A) then
- Dy (Q?u(ﬂ)) p
L)
Thus, by setting
Dy(Dyul) _ g
= g =P
or, equivalently
Dy (Do) = (1= B)p(s) + Buli)
<ﬂ+ 2 Luln]gbup” ) <1+ (1-p ZW ><ﬂ+ ZW”)
n=2
0 o [n—1
Z(Ln —1)bny =(1-p Zc Wt a-p Yy <Z cjbnj>]/t”.
n=2 n=1 n=2 \ j=1
Comparing the y"* both side, we have
n—1
(Ln[n]q - 1)19,1 —(1-B) Y cibu_j
j=1
and
| (2alnl, = 1)bs 2|c]||bn il
Using the Lemma 2, we have
| (<alnl, —1)ba| <21 Z|by (3.3)
So for n = 2,in (3.3), we have
|by| < M, (3.4)

(LZ[Z]q - 1)

This confirms that equation (3.1) is true for the base case n = 2. To establish the general validity of
equation (3.1), we employ mathematical induction. In the next step, we consider the case n = 3, and
from equation (3.3), we obtain

2(1-
3 < =B (1 4y
(£33, - 1)
o 2-p [, 20-p )
(Lg[s]q - 1) (Lz[z]q - 1)
This verifies that equation (3.1) is true for n = 3. Moving on to the case n = 4, we can see from equation
(3.3) that

bal < 2E7P) (14 by + b))

(54[4]q - 1)
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or this can be written as:

2(1-p) 2(1-p) 2(1-p)
(£afa], —1) (H <52[2]q_1)) (H (%[3@—1))’

This demonstrates that equation (3.1) is valid for n = 3. Next, we assume that equation (3.1) is true for
all n less than or equal to t that is

Aﬂl—ﬁ)“2(k+ 2(1—p) ).
(Ltﬁb'_l)le (Lf+1U*'1b'_1>

|bs| <

|bs| <

Consider

|bt+1| < (1+|b2|+|b3|+...+|bt|)

A
N
e ~—~
—
I
=
S~—

IN
N
—
—_
I
=
N~—

2(1-g)

(£22,-1)
2(1-p)

1 _|’_ 2(17,8) _|’_ 2(17,‘5) (1 +

(%302l 1)
2(1-p)

(54[4]q—1)

(Lz[Z]q—l)

+ 2(1_ﬁ)

@itn)

(43[3]q—1)

2(1-p) '

_op)
(e, 1) i\ o UWN))
_ 21-p) A (1 L 201-p)

Therefore, the result holds for n = t 4+ 1. Thus, by mathematical induction, we have established that
equation (3.1) is true for all integers n greater than or equal to 2. This concludes the proof. [

Theorem 3.2. If |, is of the form (1.4) and |, € 8*(q, B, \), then

2(1 - B) 2(1-p) <L3[3] _ 1>
‘b3 *]xlb%‘ < Wn‘lax(l, 1+ Wq_l (1 *VW:_l
where
To(2— AT (4)
L3 = (FZ(Z)Fq(AL = 1) 3l - 1)
T, (2= A)T,(3)
L2 = (rZ(z)rq(?) - 1) 2], - 1)

amd0<B<1,0<g<1,0<A<2,uecC.
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Proof. If , € 8%(q,B,A), then we have
o Do(Pium) ;
u(w) '
Then there exist a positive real part function p(y) =1+ Y ;" ; c,pu" € P, such that
D, (Dyu(m))
—_— 7~ =f(B4+(1—
0 B+ (1—p)p(n)
=1+ (1-8) Y cap" (3.5)
n=1
From (3.5), we have
(1-Bla
by = ——— 3.6
2 &R, -1 (3.6)
and )
(1-p) (1-p)3
by = ————c0+ +——"|. 3.7
ST LR, -1\ L2, - 1 (3.7)
From (3.6) and (3.7)
ol =B 2
‘b3 ”b2’ 2503, —1’” vy
where

_a-p [, Eal,-1

Our result is a direct consequence of Lemma 2 This completes the proof. O
Theorem 3.3. Let 17 € Gg’q(zx) be given by (1.1),ifa; = 0,2 <i < n — 1. Then forn > 3
1 2(1— 2 2(1—
|11n| < z [n] ( :8) H 14+ ( IB)
nltly | (L), —1) =1 (&jali+1],-1)

P 2(1-p)
+2(1—a) + l; (([” oo 1)

i 2(1- p)
X 1+ Y(1) ¢,
1 @2y ) )o)

Y (1) = min(|K; (b, by, . byya)

where

7

K;Y(By, B3, ..., Bi11) D

Proof. Let 17 € Gg’q(zx). Then there is a function (i) = p + Y, byp". The Faber polynomial

A
expansion of Dq(%:)(ﬂ)) is

(Lulnlgan — ba) + 12K (by, bs, byir) | o
q (([n]g = l)quaL,l_ by_i) e (3.8)
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For F =7~ Tand G = 1 , we get
A
Dy (D) F(w)) a3 lgAn = Bu) + Xy -7 K (B2, Bs, Bia) | a1 39)
G(w) = (([nlg =1)£n Ay i - B,_1)
/\
Since %w > w in A, there is a function with a positive real part
p(n) =1+ ) cap" €2,
n=1
such that
D (Dyn(w))
7\ "1
— =1+ (11—«
& (1= a)p(n)
=1+ (1—a) ) cap”. (3.10)
L Dy (D F(w)) . . . . L
Similarly %W > « in A, there is a function with a positive real part
g(w) =1+ ) d,w" € P,
n=1
so that
D, (D,;‘F(w))
Gw) =1+ (1—a)g(w)
+(1—a) ) duw". (3.11)
n=1
Evaluating the coefficients of the equations.(3.8) and (3.10), for any n > 2, yields
([nlgLnan — bu) + )2 K (b, b3, by 41)
=(1—-wa)cy_1, (3.12)
{ X (L1 ([nlq —l)ﬂnfz —byp) ( Jen-1
Evaluating the coefficients of the equations (3.9) and (3.11), for any n > 2, yields
([n)gLnAn — Bn) + X2 K, (Ba, B3, ...Bi11)
=(1—-a)d,_1. (3.13)

X (Ln—l ([”]q - Z)An—l - Bn—l)

But under the assumption, 2 < i < n — 1, and a; = 0; respectively, we find from (3.12) and (3.13)
that

(Ly_i[n]gan —bn) — an 1K (b2, b3, bi1) = (1= a)cpon, (3.14)
—(Ln1[n]gAn — By) — ZBn 1K (Ba, Bs, .By1) = (1 — a)dy_1. (3.15)

Also the equality a; =0, (2 < i < n — 1), implies that

An = —dy
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Thus (3.14) and (3.15) gives
n—2
Ln[nlgan = by + (1—a)cy_1+ Y by 1K (bo, b, ..byi1)
1=1
and

n—2
—Lu[nlgan = By + (1 — a)dy_1+ Y By iK; (B2, B, ..Bj11),
=1

respectively. Taking the absolute value (or modulus) of both sides, we get

n—2
| Luln]g|lan] = [ba] + (1 —a)]ena] + )
i=1

bn—lel (bZI b3/ "'bl-‘rl) )

and

n—2
[allgllan] = [Bal + (1 = @)ldy1| + Y [BuiK; ! (B, By, Bra)
=1

Since ,, G € 8*(g, B, A), therefore, we use the Theorem 3, to get

X ‘Kl_l (b2, b3, ..b141) ’
and

‘Ln[”]q||”n|

_ n—2 _
SMH(H(L, 2(‘1 P) )>+(1—a)|dn1|

(Luln], = 1) j=1

) "—l—2< 21— p) ))
+ 1+
l; ((Ln—l[n_l]q —1> ]11 <5j+1[f+1]q —1>
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Using the Lemma 2.1, we obtain
|[”]q£n||“n|
20-p) 2, 20-p) )H
< (1—a)
(&aln], —1 ﬂ ( (&jali+1],-1)
2 2a-p) ”-1-2( 20— ) ))
+ 1+
1—21 ( (Ln_z[n 1, - 1) j=1 (LJH J+1, - 1)
x (K;l(bz, b3,...bl+1)’. (3.16)
and
|[”]q£n||”n|
20-p) 2, 20-p) )H
< (1—a)
(&aln], —1 ﬂ ( (&jali+1],-1)
(S 210-p) "2 2(1-p)
+ 1+
I—Z{ ((Ln—l[”—l]q—l) ]11 ( (L]+1[]+1] 1)))
x (K;l(Bz, B3,...Bl+1)‘. (3.17)

By comparing (3.16) and (3.17), we obtain |a,| as asserted in Theorem 3.3. O

For A =0, and 4 — 1—, we obtain a recognized corollary in Theorem 3.3 that was proved in [47].

Corollary 3.4. [47]. Let € Cx(a,B). If a; = 0,2 <i < n —1, then forn > 3

|an|<{ H]+2 1-p8
j=0

n—I[-2

+202 ,iz(n_l_l) H(f+2<1—ﬁ>>>¥<l>},

j=0

where
Y(l) = min(‘Kfl(bz,bg,...le) ’

fl(BZI B3/ "~Bl+1) ‘)

For A =0, =0and q — 1—, we obtain a recognized corollary in Theorem 3.3 that was proved in [48].

Corollary 3.5. [48]. Let 7 € Cx (), ifa; = 0,2 <i <n—1. Then

2(1—«)
n

1 n—2 1
+- Y (n=) min(‘K; (b, b3, byi1)|,
=1

|an| <1+

K, (Ba, Ba,---Bl+1)D-
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Theorem 3.6. Let € Cx(m, a, q) be given by (1.1). Then
2(1-a) 2(1-p)
121 £2 [2]%2(52[2},4*1) ’
(3.18)

|a2] < min
2(1-a) 49(1-p) (1-a) (1-p)
_|_
J [B]qL?) + [3]453(/52[2]‘1—1) < 1 (52[2]q_1)>

and

) (1-p) 8(1-)(1-p)
s [+ max(L Vi) + g ey max(, Vel + et
|az] < min (3.19)
A0)  H0-00-p) | A@-DO-BP L 20p) (1 201-p) )
Blea B ea(R),L2m1) (Rl Lam1)’ BlLa(Blgs1) \U T Befer

Proof. Substituting n = 2 in equation (3.12) and n = 3 in equation (3.13), we obtain

(1 — IX) bz
a, = c+ , 3.20
2= 28 LG (3.20)
1-a)  q0d—a) q=1.,, b
az = c bocy + b5 + , 3.21
TS TS T T BLS 20
(1 — Dé) bz
—ay = di — , 3.22
2 2,5 1 2, £ (3.22)
1—a) g(1 —a) g+1 5 b3
203 —ay = dy — bady + b — . 3.23
R PR O W R O 02
From (3.20) and (3.22), we find
1 = —dl. (324)
On the other hand, from (3.21) and (3.23), we obtain
1—a) q(1 — ) q
2=\ 0 +dy) + by(c1 —dq) + b3. 3.25
Therefore by applying triangle inequality to (3.20) and (3.25), using Lemma 2.1, we get
21 —a) |b
a| < + 3.26
22 2,L2 " 12,L (3.26)
and 2(1—a)  29(1—a)
2 — gt — q 2
a|” < + bo| + bo|”. 3.27
<G e s 6.27)
Using inequality (3.2), we have
o <20, 20-F) (3.29)
2182 2] £, (52[2]q - 1)
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and
2(1 — 4q(1 — 1-— 1-—
s |20, w0-p _(0-w,_0-p ) 529
Blofs 13],5(al2), - 1) (£al2, - 1)
We get the required bound |a;| as asserted in (3.18). Now we subtract (3.23) from (3.21), we thus get
1—uw) 2 2 q(1 —a)
2a —2a2:( cp—dy) — b3+ bz + c1+dq)by.
3 2 [s]qL3 ( 2 2) [B]qLS 2 [3]q£[3 3 [3]‘1[‘3 ( 1 1) 2
By (3.24), we obtain
2, (1—a) 1 2
a3 =a; + ¢ —dy)+ = 1(bs—b5). 3.30
3T 2[3]q53( 2= d2) [3]qL3( 3 2) (3:30)
If we set the value of a% from (3.20) in (3.30), then we have
(1 — 0() _Z[B]q’c3(1 - DC) 2
B3= o\ |\ T e )
3],43 2263
1 (3],£3
(o (1 22)
[3],43 ( [2]243
2(1—a) 1—w
+ ————=c1b) — ———d>.
e 2Bk
So using g Lemma 2.2, Theorem 3.2, (2.1) and (3.2), we get
1-— 1-—
a3 < (3 L"‘) 1+ max(L, [])] + ——9—B) (1, va))
3,43 8],£3([3],£5 1)
212c3(12],62 - 1)
where
4/3] L3(1 —w
b1y B0

2
21543

s-egst (- (o) (ame)

q

If we set the value of a% from (3.20) in (3.30), then we have

(1-a)  q(-w) —1

q
+ bacy +
L 2 BlLs 2 BlLs

1

b3+ bs.
2 [3]q'c3 3

as —
q

Using the Lemma 2.2, and Theorem 3.2, we get

4q(1-a)1-p) 4g-D(A- p)’
[Bl¢£a 8,43 ([2]q52 - 1) 8],£3 ([z]qg2 — 1)2

2(1-p) 2(1-B)
! [3]11@3 ([3]17[:'3 — 1) (1 * [2] Lo —1 > ’ (3.32)

laz| <
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Hence (3.31) and (3.32) give the required estimate |a3| as asserted in (3.19). O

As a consequence of Theorem 3.6, we recover the well-known corollary established in [47] when
A = 0and g approaches 1—.

Corollary 3.7. [47]. Let n € Cx(«) be given by (1.1). Then

2—a—p,

|a2] < min

VA - B2 —a—p) +2(1 - )}

and

. (3-28)(3 20— p), 0<a<Zf

laz| < 5
(1-a)(5-3a)+(1-B)2—B)+6(1—a)(1—-p), EF<a<1.

4. Conclusion

Modern research has been significantly influenced by fractional calculus, which has many uses in
many areas of science and engineering. It also has implications on many areas of mathematics. For
example, it is used in a wide range of complex analysis studies, and it has resulted in some interesting
new findings in studies involving analytic functions theory. In this studied, we used the concepts
of g-calculus and fractional differential operators on analytic functions theory and defined two new
subclasses of close-to-convex functions in the open unit disk. Then, we used the Faber polynomial
expansion technique to determine the upper bound of the n'!* coefficient for functions belonging to
these newly defined classes.We also investigated Fekete-Szego problems and gave some well-known
results.

Recent studies, like [49], have shown that the classes could be studied further when the strong
starlikeness of order « of the operator (A, g)-fractional differintegral operator can be taken into consid-
eration.

Acknowledgments: This research was supported by the Researchers Supporting Project Number
(RSP2024R210), King Saud University, Riyadh, Saudi Arabia.

Competing interests: The authors declare that there is no competing interest.

Funding: No external funding is received.

Availability of data and materials : No data or material is used in this study.

References

1.  PL. Duren, Univalent Functions, Grundehren der Math. Wiss., Vol. 259, Springer-Verlag, New York, 1983.

2. A. W. Goodman, Univalent Functions, Vol. I, I, Mariner, Tampa, FL, 1983.

3. W. K. Hayman, Multivalent functions, Cambridge University Press, U.K. 1967.

4. W.Kaplan, Close-to-convex schlicht functions. Mich. Math. ]., 1952, 1: 169-185.

5. K I Noor, On quasi-convex functions and related topics, Inter. J. Math. & Math. Sci., I0(2) (1987), 241-258.
6. M. Lewin, On a coefficient problem for bi-univalent functions, Proc. Amer. Math. Soc., 18, (1967), 63-68.

7. D.A.Brannan, J. Cluni, Aspects of contemporary complex analysis, in proceedings of the NATO Advanced Study

Institute Held at University of Durham, Academic Press, New York, 1979.

8.  E.Netanyahu, The minimal distance of the image boundary from the origin and the second coefficient of a
univalent functionin |y| < 1, Arch. Ration. March. Anal., 32, (1967), 100-112.

9. D.A.Brannan, T.S. Taha, On some classes of bi-univalent function, Study. Univ. Babes Bolyai Math., 31(2),
(1986), 70-77.

10. T. Hayami, S. Owa, Coefficient bounds for bi-univalent functions, Pan Amer. Math. ]. 22(4), (2012), 15-26.


https://doi.org/10.20944/preprints202406.0071.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202406.0071.v1

18 of 19

11. Q.H. Xu, H.G. Xiao, H.M. Srivastava, A certain general subclass of analytic and bi-univalent functions and
associated coefficient estimate problems, Appl. Math. Comput. 218, (2012), 11461-11465.

12.  G. Faber, Uber polynomische Entwickelungen, Math. Ann, 57(3), (1903), 1569-1573.

13.  S. Gong, The Bieberbach conjecture,translated from the 1989 Chinese original and revised by the author,
AMS/IP Studies in Advanced Mathematics, 12, Amer. Math. Soc., Providence, R1, 1999. MR1699322 (2000,
30029).

14. S.G. Hamidi, ].M. Jahangiri, Faber polynomials coefficient estimates for analytic bi-close-to-convex functions,
C. R. Aced. Sci, paris. Ser. 1,352(1), (2014), 17-20.

15.  S.G Hamidi, J.M. Jahangiri, Faber polynomial coefficient estimates for bi-univalent functions defined by
subordinations, Bull. Iranian Math. Soc., 41(5), (2015), 1103-1119.

16. S.Khan, S. Altinkaya, Q. Xin, E. Tchier, S.N. Malik, N. Khan, Faber Polynomial Coefficient Estimates for
Janowski Type bi-Close-to-Convex and bi-Quasi-Convex Functions, Symmetry, 15, (2023), 604.
https:/ /doi.org/10.3390/sym15030604.

17. N.Khan, Q. Z. Ahmad, S. Khan and B. Khan, The Faber Polynomial Expansion Method for a Subclass of
Analytic and Bi-Univalent Functions Associated with the Janowski Functions, Montes Taurus J. Pure Appl.
Math. 3 (3), (2021), 17-24.

18. H. Airault, Remarks on Faber polynomials, Int. Math. Forum, 3(9), (2008), 449-456.

19. H. Airault, H. Bouali, Differential calculus on the Faber polynomials, Bull. Sci. Math., 130(3), (2006), 179-222.

20. S. Bulut, Faber polynomial coefficients estimates for a comprehensive subclass of analytic bi-univalent
functions, C. R. Acad. Sci. Paris, Ser. 1, 352, (2014), 479-484.

21. S.G.Hamidji, J.M. Jahangiri, Faber polynomial coefficients of bi-subordinate functions, C.R. Acad. Sci. Paris
Ser. I, 354, (2016), 365-370.

22. M. Srivastava, S. Khan, Q. Z. Ahmad, N. Khan, S. Hussain, The Faber polynomial expansion method and its
application to the general coefficient problem for some subclasses of bi-univalent functions associated with a
certain g-integral operator, Stud. Univ. Babes-Bolyai Math. 63(4) (2018), 419-436.

23. 1. Al-shbeil, N. Khan, F. Tchier, Q. Xin, S. N. Malik, S. Khan, Coefficient bounds for a family of s-fold
symmetric bi-univalent functions, Axioms, 2023, 12, 317.

24. H.M. Srivastava, S.S. Eker, R M. Ali, Coefficient bounds for a certain class of analytic and bi-univalent
functions, Filomat 29(8), (2015), 1839-1845.

25.  S.G.Hamidi and ].M. Jahangiri, Faber polynomial coe cient estimates for analytic bi-close-toconvex functions,
C. R. Acad. Sci. Paris, Ser. 1352 (2014), 17-20.

26. S.Bulut, A new comprehensive subclass of analytic bi-close-to-convex functions, Turk. J. Math. 43 (3) (2019),
1414-1424.

27.  S. Bulut, Coefficient estimates for functions associated with vertical strip domain, Commun. Korean Math.
Soc. 37 (2) (2022), 537-549.

28. H. O. Guney, G. Murugusundaramoorthy and H.M. Srivastava, The second Hankel determinant for a certain
class of bi-close-to-convex functions, Result. Math. 74 (3) (2019), Paper No. 93.

29. H. Airault, Symmetric sums associated to the factorizations of Grunsky coefficients, in Conference, Groups
and Symmetries. Montreal. Canada, April 2007.

30. FEH. Jackson, On g-functions and a certain difference operator, Earth Env. Sci. Tran. Royal Soc. Edinburgh,
46(2), (1909), 253-281.

31. M.E.H.Ismail, E. Merkes, D. Styer, A generalization of starlike functions, Com. Vari. Theo. Appl. 14, (1990),
77-84.

32. H. Aldweby, M. Darus, Some subordination results on g-analogue of Ruscheweyh differential operator, Abst.
Appl. Anal., 2014 (2014), Article ID 958563.

33. S.Kanas, D. Raducanu, Some class of analytic functions related to conic domains, Math. Slovaca, 64(5), (2014),
1183-1196.

34. S.Mahmood, ]J. Sokol, New subclass of analytic functions in conical domain associated with ruscheweyh
g-differential operator, Results Math., 71, (2017), 1-13.

35. H.M. Srivastava, Univalent functions, fractional calculus, and associated generalized hypergeometric func-
tions, in Univalent Functions; Fractional Calculus; and Their Applications (H. M. Srivastava and S. Owa,
Editors), Halsted Press (Ellis Horwood Limited, Chichester), pp. 329-354, John Wiley and Sons, New York,
Chichester, Brisbane and Toronto, 1989.


https://doi.org/10.20944/preprints202406.0071.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202406.0071.v1

19 of 19

36. H.M. Srivastava, B. Khan, N. Khan, Q. Z. Ahmad, Coefficient Inequalities for q-Starlike Functions Associated
with the Janowski Functions, Hokkaido Mathematical Journal 48, (2019), 407-425.

37.  N.Khan, M. Shafiq, M. Darus, B. Khan and Q. Z. Ahmad, Upper Bound of the Third Hankel Determinant
for a Subclass of g-Starlike Functions Associated with Lemniscate of Bernoulli, J. Math. Inequl,14(1), (2020),
51-63.

38. H.M. Srivastava, Operators of basic (or ¢-) calculus and fractional g-calculus and their applications in
geometric function theory of complex analysis, Iran. J. Sci. Tech. Tran. A: Sci., 2020, 44 (1), 327-344.

39. G.Gasper, M.Rahman: Basic Hypergeometric Series. Encyclopedia of Mathematics and Its Applications.
Cambridge University Press, Cambridge, 1990.

40. FEH. Jackson, On g-definite integrals, Quart. |. Pure Appl. Math., 41(15), 1910, 193-203.

41. S.D. Purohit, RK. Raina, Certain subclasses of analytic functions associated with fractional g-calculus
operators, Math. Scand., 109, (2011), 55-70.

42. S.Abelman, K.A. Selvakumaran, M.M.Rashidi, S.D.Purohit: Subordination conditions for a class of non-
Bazilevi’c type defined by using fractional g-calculus operators. Facta Univ., Ser. Math. Inf. 32 (2017),
255-267.

43. H.M. Srivastava, J. Choi, Zeta and g-Zeta functions and associated series and integrals, Elsevier Science
Publishers, Amsterdam, London and New York, 2012.

44. K.A. Selvakumaran, J. Choi, S.D. Purohit, Certain subclasses of analytic functions defined by fractional
g-calculus operators, Appl. Math. E-Notes, 21, (2021), 72-80.

45.  S. Bulut, Faber polynomial coefficient estimates for a comprehensive subclass of m-fold symmetric analytic
bi-univalent functions, J. Frac. Cal. Appli., 8(1), (2017), 108-117.

46. Ch. Pommerenke, Univalent Functions, Vandenhoeck and Rupercht, Gottingen, 1975.

47.  S. Bulut, Coefficient estimates for Libera type bi-close-to-convex functions, Mathematica Slovaca, 71 (6) (2021),
1401-1410.

48. Z.G.Wang and S. Bulut, A note on the coefficient estimates of bi-close-to-convex functions, C. R. Acad. Sci.
Paris, Ser. 1355 (2017), 876-880.

49. Stimer Eker, S.; Seker, B.; Cekig, B.; Acu, M. Sharp Bounds for the Second Hankel Determinant of Logarithmic
Coefficients for Strongly Starlike and Strongly Convex Functions. Axioms 2022, 11, 369.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202406.0071.v1

	Preliminaries and Basic Notations
	Set of Lemmas:
	Main Results
	Conclusion
	References

