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Abstract: This paper studies the Bondi-Metzner-Sachs group in homogeneous projective coordinates, because it is
then possible to write all transformations of such a group in a manifestly linear way. The 2-sphere metric, Bondi-
Metzner-Sachs metric, asymptotic Killing vectors, generators of supertranslations, as well as boosts and rotations
of Minkowski spacetime, are all re-expressed in homogeneous projective coordinates. Last, the integral curves of
vector fields which generate supertranslations are evaluated in detail. This work prepares the ground for more

advanced applications of the differential geometry of asymptotically flat spacetimes in projective coordinates.
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1. Introduction

The Bondi-Metzner-Sachs [1-3] asymptotic symmetry group of asymptotically flat spacetime
has received again much attention over the last decade by virtue of its relevance for black-hole
physics [4-6], the group-theoretical structure of general relativity [7-20] and the infrared structure
of fundamental interactions [21-24]. The appropriate geometric framework can be summarized as
follows. In spacetime models for which null infinity can be defined, the cuts of null infinity are spacelike
two-surfaces orthogonal to the generators of null infinity [25]. On using the familiar stereographic

coordinate o
= ¢!? cot —

{ =é'? cot X (1)

the first half of Bondi-Metzner-Sachs transformations read as

' (al +b)

= = — = , 2

(= Q)= Gy =@ el

where the matrix A = Z Z has unit determinant (ad — bc) = 1 and belongs therefore to the group

SL(2,C). The resulting projective version of the special linear group can be defined as the space of
pairs

PSL(2,C) = {(f, A)| f: T € C— fa(2), A €SL(2,C)}, ®)

i.e., the group of fractional linear maps f according to Eq. (2) with the associated matrix A. Since

(al+b) _ (-al—b)
f— frd = I_ , 4
fA(g) (CC d) (—c@—d) f A(g) 4)
one can write that PSL(2, C) is the quotient space SL(2, C) /4, where J is the homeomorphism defined

by

6(a,b,c,d) = (—a,—b,—c,—d). )

The fractional linear maps (2) can be defined for all values of { upon requiring that

fates) =%, ia(~5) = ©)

s
C
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Moreover, under fractional linear maps, lengths along the generators of null infinity scale according to
du' = Ka(0)du, )

where the conformal factor is given by [19,25]

1+ ¢
K = . 8
MO = Lt e )
By integration, Eq. (7) yields the second half of Bondi-Metzner-Sachs transformations:
u' = Ka(Q) {u+¢x(§,Z)}. )

As was pointed out in Ref. [19], the complex homogeneous coordinates associated to the Bondi-
Metzner-Sachs transformation (2) have modulus < 1, which is the equation of a unit circle, and
are

i 0 ; Y
Zg = e? cos 7 A= e~% sin 5 (10)
In other words, upon remarking that
20
- 11
(=2 an

Eq. (2) is equivalent to the linear transformation law

zp\ _ [a b\ [z
()=

The next step of the program initiated in Ref. [19] consists in realizing that, much in the same way as
the affine transformations in the Euclidean plane

X'=x+a,y =y+b, (13)

can be re-expressed with the help of a 3 x 3 matrix in the form

1 0 a X x+a
01 bl|lyl=[(y+b], (14)
0 0 1 z 1

one can further re-express Eq. (12) with the help of a 3 x 3 matrix in the form

w)) 1 0 0\ [wg
wy | =10 a b||w ], (15)
wh 0 ¢ d) \up

with the understanding that Eq. (12) is the restriction to the unit circle I of the map (15), upon defining
wolr =1, wi|p =20, w2lp =21 (16)

The work in Ref. [19] has outlined the resulting geometric picture, where (wg, wq, w;) are viewed
as homogeneous coordinates in a complex projective plane. In our paper we have instead a less
abstract and more concrete task: since the Bondi-Metzner-Sachs transformation (2) becomes linear
when expressed in terms of zg and z;, we are aiming to develop the Bondi-Metzner-Sachs formalism
with the associated Killing vector fields by using the pair of variables (zg,z1) instead of (¢, ). For this
purpose, the homogeneous projective coordinates for the 2-sphere are studied in Sect. 2, while the
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Bondi-Sachs metric in homogeneous coordinates is considered in Sect. 3. Asymptotic Killing fields
for supertranslations are evaluated in Sect. 4, while their flow is investigated in Sect. 5. Concluding
remarks and open problems are presented in Sect. 6, while technical details are provided in the
Appendices.

2. Homogeneous Coordinates on the 2-Sphere

It is useful, as an instrument to develop the BMS formalism in homogeneous coordinates, to
re-write the 2-sphere metric in the desired coordinates. By using the definition (10), we get

zpz1 = sin(6/2) cos(6/2) = sin(6) = 6 = sin"1(2z9z1), (17)

while for ¢ we obtain
i—o = e'% cot(0/2) = ¢ = —i log (tan(Q/Z)iO). (18)
1 1
By virtue of the identity
2 2 2 i
tan(6/2) = suge/ 22?§p/ ) sl (19)
cos?(6/2) 1+ /1 - sin2()
we obtain for ¢ the more convenient expression
22%

¢=—ilog| — 20
14 /1 — 42322

In order to re-express the 2-sphere metric, let us evaluate

do de do de do de
2 2
= L dZ? 42— —dzod
do iz dzodzo+dz1 iz z1 + dzo izt zodz1
4 472
= 4 q24 0 g2 8%0m dzodzy, (20)

1 — 42322 0Ty 47322 Ty 47322
while

sin?(0) d¢?

do d do d do d
2 ¢ ag ¢ ag g ag
z dgo _4 {d iz dz +d iz 22 —|—2d I 1dzodzl}

2
~1623 (1~ 22823 + /1 - 42373 o 64284 .
1

(1 — 42021 +4/1— 42%2%)2 ’ (1 - 42021 +4/1— 42021)

— 7(120[121. (21)

Eventually, we obtain the metric for the 2-sphere in homogeneous coordinates

1
O = d0*+sin®(0)de® = Y gudz'dz’
u,v=0
1— 42222 +2,/1 — 42272
42% 071 071 dz% + 8z0z1dzodzq
1-— 42021

1— 42272 2,/1—422
- 4z3< o1 0 1>dz2 22)

1-
1- 42021
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At this stage, upon defining the real-valued function
2 2
7(20,21) = = (23)
2,2  cosf
1—4z5z7
we can write the matrix of metric components in the form
—4z2(1+7) 4z0z;
YAB = , (24)
4zyzq —4z3(1— 1)
with non-vanishing determinant —16z3z37? and inverse matrix
1—v 1
5 42292 dzpz1y?
Y = . (25)
1 1+

4z0217% 42392
We can see from (17) that the terms
Dzt — si 2.2 2 4222 o
0z1 = sin(f) — 4z5z7 = sin“(0) — 1 — 4z5z] = cos“(0) — 4zpz; = 2sin(6),

are real-valued, whereas
75 = €' cos?(0/2), 25 = e ¥sin’(0/2)

are complex.

3. Bondi-Sachs Metric in Homogeneous Coordinates

We can now write the retarded Bondi-Sachs (hereafter BS) metric in homogeneous coordinates with the help
of the previous formulae. For this purpose, let us first write the general BS metric in the form

ds? = —Udu?® — 2e*Pdudr + hap (dxA + %UAdu) (de + %UBdu). (26)

On passing from (6, ¢) to (2o, z1) coordinates, we find the metric components of (3.1) expressed as follows:

1 1 1

Guu = —U+ Thayzy (U*)? + L hzpz, (UH)? + Shaye U U, 27)
Qur = —e*, (28)

1
Suzg = i(hZOZO U + bz, U™), (29)

1
Suzi = E(hZozl U™ + hay 2, U™), (30)
82020 = Mzoz0r 82021 = Mzoz1s 82z = Mzyzy- (31)

The Bondi gauge 9, det(r2g45) = 0 implies that [26] 74BC4p = 0, where 7B is given in Eq. (2.9). With
our coordinates, this relation reads as

7ABCAB =0& gZOZOCzoZo + g2121 CZ1Z1 + 2g2021 CZOZ1 =0.

We no longer have the simple result C,z = 0 for the mixed component as in the stereographic coordinates, because
in homogeneous coordinates we obtain

1—9 1+ 1
42%72 im0t

42372 Z121 + Wczozl = 0, (32)

which implies that
1
2

C2021 =

Z0 1 Z1
(1- 'Y)ZCZOZO - 5(1 + 7)%C2121' (33)
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The angular components of the metric are
8z0z0 = VZ'YZOZO +17Crpzy + O(r)/ 8znzm = 72'72121 +7Cz + O(r)/
8z0z1 = 7’2')/Z021 +1Czz, + O(r)
z0 (1—-7) 721 (1+7)
= 1"21)/2021 — T<Z 2 CZOZO + % > Czlzl + 0(1’),
where, of course, y 43 is given in Eq. (2.8). These formulae, jointly with the falloff conditions
A A
U, 7, xh) =1 — 2m(u,r, x*) n Uy (u, x) 00
r r2
A A
Blu,r,x*) = /31(ur,x ) + ‘BZ(L:'zx ) +0(r?)
U4 (u, xB UA (u, xB
ut(u,r,x8) = =2 (rz ) + =3 (r3 ) +0(r ™)
gap(u,7,x*) = Py ap(x?) + rCap(u, x*) + Dap(u,x*) + O(r 1), (34
help to rewrite
2m _
Suu = — (1 - 7) +0(r2). (35)
Upon assuming that 1 /7 < 1, we get
2 2
Qur = —exp(% + (’)(r‘z)> =—-1- % +0(r7?), (36)
while for g, and g, we find
1 ue Uz 1 zo (1—7)
8uzg = 2 (7272020 + rCZozo) (1’% + rg) + 2 {rz')/zozl -t |:Z P Czozo
21 (1+7) wouy
+% 2 Clel:|}< ]"2 +]‘T
_ Yzoz0 71720 | Y2071 7771 1 Yz0z0 1720 , Crozo 7720 |, Vzom gyz
= U2+72 U2—|—r[ > Uz® + ) Us° + 2 u;
2 (1—7) 721 (1+7) -
o q Canls — o Can | O %) (37)

and

1 U ug 1 zo (1—17)
Quz = 5 (72’72121 + rClel) (,,% + rg> + 5{"272021 -r {* 5 Caozo

21
z1 (1+7) u’ Uy
+7 2 Z121 72 + 73

1
_ '722121 U;l + '722021 U§° + - [722121 ugl +

Czlzl
2

u;l + '722021 U;O

zo (1—7 z1 (T+v —
_Z( 1 )CZOZOL@O—%( 1 )czlzlugﬂ}JrO(r 2, (38)
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where use has been made of (3.8). Eventually, we get the matrix of Bondi metric components
2m 2
- (1 - 7) —1- % 8uzo 8uz
2
-1- b1 0 0 0 D)
v = r +0(r™). (39)
8uzo 0 7’Z'YZOZD + rCZozo 7’2')/2021 + rCZUZ1
8uz 0 ”2'72021 +1Czyzy 7’2’)/2121 +1Cz2,

The gauge condition det(g4p/r*) = 0, instead of giving a solution for D 45 such as in stereographic coordinates,
gives us a condition for C4p

72’)/2020 + 7’Czozo + D2z, 7’2')’2021 + Tczozl + Dyyz,
det(gAB) = det
727z021 +1Cqz + Dzyz 7272121 +1Cz 1z + Dz

=rt (7202072121 - 7§ozl> +7 ('}’Zozo Caizi + Y2121 Copzg — 21’3’)/2021 CZOZl)

+ 72 (,)/ZDZD DZ1Z1 + CZOZO C2121 + Yz1z1 DZoZo - ngzl - 272021 DZozl) + O(I’),

!
det(%) = Y2020 Dz1z1 + Ca920Caizy + Y2120 Dzgzg — Cfozl — 222 Dzyzy =0

2
Y2020 Dmzy + Cap20Carzy + Y21z Doz — €5z
2’)/2021

= Dy, =
C2, = CzzCayzy-
In order to determine the various coefficients in the falloff conditions, we require that the Bondi metric should
satisfy the Einstein equations
G = Ry — %ng, =38nGTyy.

Upon restricting to the vacuum case T = 0, in the limit as  approaches oo in the Einstein tensor, first looking at
Gyr, and neglecting the terms of order O(r™4), we get

Gy = —%—‘r@(?’i‘l) ;0:>,31 =0.

Upon looking at G-, and Gy, respectively, we get lengthy relations for U3' and U5’, compared to the stereographic
coordinates case, which depend on other coefficients. However, we still manage to solve directly for U;O and U;l.
On studying G,4 = 0 we find

uZO _ 2Z()Zl (Czlzl Ugl + ’)/ZOZI Ugo + ')’zlzl U?Z,l) __ C2121 u;l + 2’)/zozl U?Z)O (40)
2 Z%(l + 7)C2121 + Z%(l - r}/)CZOZO Caoz

and
g 2020 (Can US4 v U 4025 U5) _ Cam U5 4272 U )
z Z%(l + ’)/)Czlzl + Z%(l - 'Y)CZOZO CZozl ’
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where we recall that C,,,, is given in Eq. (3.8). By virtue of Egs. (3.12) and (3.13) we find eventually the metric in
the form

2m
s2 = —du® — 2dudr + 2(1’272021 + rCZUZl>dzod21 + TduZ + (7'272020 + rCZUZ(J)dZ%

+ 7’Z'YZ1Z1 + rCZ121 ) dz%

2 2 2 727 92 73 ' 9

C22021 u;g + CZ2121 u§1 _|_ 722021 U§O + ,)/22121 u§1):| dud21

['YZZDZD U;O + ’)/zzozl U;l + % (CZOZU u + Caozy Uz + Y2020 uz + Yzom U;l):| dudzg

d
+

72021 Z0 'YZlZl Z1 1
SR+ u2+r(
+0(r72). (42)

Now we are ready to evaluate the BMS generators in homogeneous coordinates in order to determine the
supertranslations.

4. Asymptotic Killing Fields

After finding the most general Bondi metric in homogeneous coordinates satisfying the asymptotically flat
spacetime falloffs, our aim is to find the most general vector fields ¢ satisfying the Bondi gauge condition and the
asymptotically flat spacetime falloffs. As is well known, the Killing vectors solve by definition the equations

(£e8)

Moreover, the preservation of the Bondi gauge condition yields [26]

(‘Cég)rr =0, (['ég)rA (ﬁgg)AB

From these relations one can calculate the four components of ¢¥. At this stage, instead of repeating the detailed
calculations already available, for example, in Ref. [26], we can compute the asymptotic Killing fields in homoge-
neous coordinates by using the familiar transformation law of vector fields. In other words, the work in Ref. [26]
has defined the stereographic variable (we write ¢ rather than z used in Ref. [26], in order to avoid confusion with
our { in Eq. (1.1))

= 0p&uv + &updvG’ + updulf = 0.

=0 and gAB (43)

; 0 1
=e'? t =~ = =, 44
p=cruany = (44)
and has found, in Bondi coordinates u,r, 8, ¢, the asymptotic Killing fields é; where the components depend on a
function f and on the Bondi coordinates. On denoting as usual by Y;" the spherical harmonics on the 2-sphere,
one finds [26]

9
+ = — 45
gT f:yo au/ ( )
+ _ -9y (7 ) $o 9o 16
T oy T (A4yg) \ou or T azp r P’ (46)
+ ¥ (9 9y, ,¥0 12
ér v T 0+9p) (a or ) 2r oy 2raP’ 47)
X _ 9 (o 0 10 zﬁz )
Sl = @5 g < 8r> oy 2 ap (48)
Now by virtue of the basic identities
0 900 om0
o AP dzg 0P 0z1’ 49)
0 _ 000  0m 0
op 9P azg 0P ozy’ (50)
and upon exploiting the formulae (A7)-(A10) in the Appendix, we find
2[00 9 z0(2—7) 9 z1(24+7) 0
s Z_Z 0 g4
T F=Y0 - (au Br) + 2r ¢ 9z + 2r ¢ 9z’ 1)
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ot _ (=20 9\ 1@ _ 1 3
Ty 2z1 ou oar)  r z; \4 (v+2)/)az
o 1 (y+2)) 9
* 3an T)an 2
& _ oa+2) (9 9\ a1 (v=2)) 9
Ty 2z9 ou oar) 2r\(y-2) 2y ) dzo
1(z)*(1 1 9
rozg \4 q(y—2))0z" (53)

Now we denote by (o, &1, 2, 3 the vector fields (4.3), (4.9), (4.10) and (4.11), respectively. Nontrivial Lie
brackets among them involve &1, ¢, {3 only. With our notation, we can re-write Egs. (4.9)-(4.11) in the form

d d d d

¢1 —A11<£—$) +A12%+A13E’ (54)
d d d d

G2 = An (5 - §) + Azzﬁ + ABE' (55)
J 0 d d

3 —A31<£*5) +A32%+A33E' (56)

where the values taken by the A;; functions can be read off from (4.9)-(4.11). At this stage, a patient evaluation
proves that such vector fields have vanishing Lie brackets:

[81,82] = [£2,83] = [83,81] = 0. (57)

The result is simple, but the actual proof requires several details, for which we refer the reader to Appendix B.

5. Flow of Supertranslation Vector Fields

In order to appreciate that the familiar geometric constructions are feasible also in projective coordinates, we
now consider the flow of supertranslation vector fields (4.9)-(4.11). For example, by virtue of (2.7), and defining
p = (u,7,29,21), the task of finding the flow of the supertranslation vector fields (4.9), (4.10) and (4.11) consists
of solving a system of nonlinear and coupled differential equations. For this purpose, we denote by o,%, x,
respectively, the appropriate flow, and define

5, p) = 1= 4(Wo (e pyW(r, ) 68)

where W = 7, %, x, respectively, with components W1, W2 W3 W% Hence we study the following coupled
systems of nonlinear differential equations:

‘%1 =6(o;7,p), "
LZL: = —8(c;T,p), -
% - ;jz((rfl,p;) (ot p) = 1), "
% - 2(;42((1,;;7))(5(0%10) +1), -
% = f;{;f;)) (1-6(Z7,p)), "
2 (1,p) (1-56(%1,p)), "

dt T 2%A(t,p)

dx? (Z(,p))?

ax’ (%, p)
dt  432(t,p)Z4(1, p)

1—5(Z;T,P)+m '

(65)
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=t P (r,p) [ 6(ZT,p) .

Fr T 52(n,p) Ty o). (€6)

dx!  x*(t.p) .
g = m(1+5(%‘07’))/ (67)
x*  x*p) .
e —m(l +o(x; T, p)), (68)

d*  xX'up) [ dxTp) .

T T e p) oy H1- ), (©)
ax* — (x*mp)? [1 stxvir ) ST p) } 70
dr o peop ORI T T s ) 70)

with the initial conditions
W0, p) = u, W(0,p) =r, W?(0,p) = zo, WH(0,p) = z1. (71)

The resulting equations can only be solved numerically, to the best of our knowledge, and such solutions are
displayed in Figures 1-9. Since the desired solutions are complex-valued, we have displayed both real and
imaginary parts, with three choices of initial conditions.

g
0.8}

Re(03)
0.6

Re(04)

0.4
021 Re(on)
Im(a1)
0.1 0.2 0.3 0.4 05 0.6 Im(02) 07
P AR L LT LT EET U Im(c4)

Figure 1. Numerical evaluation of the integral curve for the supertranslation vector field (4.9). The
initial conditions (5.14) are takentobe u = 0,7 = 1,z9 = ¢'% cos %,zl = ¢ % sin %.
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b3
15} me..
1.0 \ Re(22)
Re(23).- =" "';:-'--'.'.‘._
o5 o e L Im(z3)_
34 Re(24) _;"’ _—
- S ———
== 1 1 1 1 Da(?’l) 1 t
T 1 2 3 4
05} el
e Im(z4)
-1.0F ..'~.__.. -------------
IRRRETI . Im(z2)
-15[

Figure 2. Numerical evaluation of the integral curve for the supertranslation vector field (4.10). The
initial conditions (5.14) are taken to be u = 0,7 = 1,z = ¢'§ cos 5= ¢~ % sin 5

X
§ Im(')€2_)_.
» -'____.-...
10 LREU2) e
\ N -.=--: --------
Re(x3) ..--=="""" =
0_5;____;"_"’7‘ = Re(x4)
-~ 1 1 1 y Re(X1) : t
e T 2 3 4 5
ol ......._ -
-1.0f Tl
"'~.._.._. |m(X1)
-15F N

Figure 3. Numerical evaluation of the integral curve for the supertranslation vector field (4.11). The
initial conditions (5.14) are taken tobe u = 0,r = 1,z9 = ¢'% cos 5= e '% sin 5.
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g
10 Re(o1) Re(02)
0.8+
Re(o3) Re(d4)
0.6+
0.4+ Im(a3)
0.2+
Im(a1)
0.0001 0.0002 0.0003 0.0004 |m(g2) 0.0005
-0.2+ Im(c4)

Figure 4. Numerical evaluation of the integral curve for the supertranslation vector field (4.9). The
initial conditions (5.14) are taken tobe u = 1,7 = 1,z = ¢'§ cos Tz = ¢~ % sin z.

2
. Im(z1).
. ___..........
11 Re(22)
J jﬁ" Re(24)
— e
— — Im(23)._.
-
.._._." 1 2 3 4 5
------ o -’*51::-------
~...... ------------------------------------ I-m(Z4)
| .....__._
e Im(22)
2l

Figure 5. Numerical evaluation of the integral curve for the supertranslation vector field (4.10). The
initial conditions (5.14) are takentobeu = 1,r = 1,z9 = ¢'s cos T2 = e~ % sin z.
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Figure 6. Numerical evaluation of the integral curve for the supertranslation vector field (4.11). The
initial conditions (5.14) are taken tobe u = 1,7 = 1,z = ¢'§ cos Tz = ¢~ % sin z.

o
10 Re(02)
Re(03)
0.5}
Re(o4)
Re(a Im(a) _Im(a3)
0.2 04 0.6 Im(02) 0.8 t
________________________ Im(c4)
or T

Figure 7. Numerical evaluation of the integral curve for the supertranslation vector field (4.9). The
initial conditions (5.14) are takentobe u = 0,r = 1,z5 = e'T cos %,zl = ¢ T sin 1—”2 In this particular
case, the real parts meet at a single point.
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-1.0F Im(24)

Figure 8. Numerical evaluation of the integral curve for the supertranslation vector field (4.10). The
initial conditions (5.14) are taken tobe u = 0,7 = 1,2y = ¢’ cos 15,21 = e~'% sin .

-1.0+F

Figure 9. Numerical evaluation of the integral curve for the supertranslation vector field (4.11). The
initial conditions (5.14) are takentobe u = 0,r = 1,z9 = e'1 cos 15,21 = e~'% sin .

6. Concluding Remarks and Open Problems

As far as we can see, the interest of our investigation lies in having shown that homogeneous projective
coordinates lead to a fully computational scheme for all applications of the BMS group. This might pay off when
more advanced properties will be studied. In particular, we have in mind the concept of superrotations [21,22,26]
on the one hand, and the physical applications of the Segre manifold advocated in Ref. [19]. In other words, since
our Eq. (1.15) contains Eq. (1.12), which in turn is just a re-expression of the BMS transformation (1.2), one might
aim at embedding the study of BMS symmetries into the richer mathematical framework of complex analysis [27]
and algebraic geometry. Our paper has tried to prepare the ground for such a synthesis.

Acknowledgments: The authors are grateful to Professor Patrizia Vitale for encouraging their collaboration. G.
Esposito is grateful to INDAM for membership.

Appendix A. The Use of Homogeneous Coordinates
By virtue of Egs. (1.10) and (2.7), we find

ip (14 cosf) e 2(z0)%>  2(z0)%y

2 _
(z0)" =e 2 " (1+cosh)  (y+2)’ (A1)
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and hence the variable ¢ in Eq. (4.2) can be re-expressed in the form
2
po 20y A=cos0) _ 2y (174) _z0(r-2) "
(y+2) siné (Y+2) 22021z (y+2)’
while ,
— Z1
= - = —. A3
i (49
Moreover, we need the identities
(1 — cos? %) 0 1 0 Vi
f=-——""7—F =C05; = —F——,sinz =/ ——, (A4)
4 cos? § 2 /(1 +yp) 2 (1+99)
1 N
el = <£>4 et = (f)4 (A5)
¥ 4

which, jointly with the definitions (1.10), lead to

() e B :
& (¢ e 7 \) aew (46)

At this stage, we can evaluate the partial derivatives occurring in Egs. (4.7) and (4.8) by patient application of Egs.

(A2), (A3) and (A6), i.e.,
2
dz; _ zo (v +1) (A10)

W 2 a4
and we find eventually the asymptotic Killing fields in the form (4.9)-(4.11). Our homogeneous projective
coordinates zg and z; have also been considered in Ref. [28], but in that case, upon writing

_ tiy)
one finds that the x, y, z coordinates for the embedding of the 2-sphere in three-dimensional Euclidean space are
given by
2Re(g) _ (2071 +Zo71)
— = i (A12)
A+121?) (20l +[z11?)
2Im(¢) (2021 — Zoz1)
- _ ) Al13
T+ 6P~ ol + 1) )

_ (2P =1) _ (=P~ =)
FEWERD T (PP (A14)

The global spacetime translations of Minkowski spacetime can be first re-expressed in 1,7, ¢, ¢ coordinates,
and read eventually, in terms of the asymptotic Killing fields (4.9)-(4.11),

Xo = _C]JC , X1 = _C]J"r - C]J"r ’
=% = =yt

iXo=8p| =8| Xs=—Cp| . (A15)
=Yy f=Yi =0
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Explicitly, we find
- (B2
2 _
aln () (5 el
s G (e ()
[ H G (5 )l
; 2
~ 5w Grmen) (5 )l )

2/ 2 2 1 2, (r+2) 9

The boost (K;) and rotation (J;;) vector fields for Lorentz transformations in Minkowski spacetime can be
written in u, 7, &, ¢ coordinates as is shown, for example, in Refs. [21,26]. At that stage, by using again Eqs. (4.7),
(4.8) and (A7)-(A10) we find

o = a3 R )

n
u
- (u;f) {(2201)2 (é - 7(72+2)) _21(% i (7%))] 3870

B i
e AR
R L
Ks:%(_%ﬂum%)+zir<u+r>(zoaio_21@%), (A21)

b= é{(*(ggizwlzﬁzl(%*(712)))}%
el e
b= ‘%K(igfwlzﬁzle‘w%)ﬂa%
(B atm el ore))a N
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Appendix B. Lie Brackets of Asymptotic Killing Fields
Given the vector fields (4.12) and (4.13), the evaluation of their Lie bracket shows that
0 0 o) 0
[C1,62] = p1 (a - g) JFPza ersal (B.1)
where, upon defining the functions
2(z0)%z (1 1 )
_ 1 ) B.2
“ r "4 (12 ®2)
21 (z)? <1 1 )
_ =1 Z , B.3
2T T 0 ®3)
(z0)°z1 [ 1 (r+ 2)}
- - ) B4
s r (vy+2) 2y (B4)
1 1 (v+ 2)}
_ %0 _ , B.5
“ ’Y”Z{(V‘FZ) 2y (B-2)
_2(2 g\ L(_2 2
a2 S -]
(20)* (2 2
= ——1 B.7
6 4er2 ¥ ’ ( )
(20)*21(8 + (v —2)7%)
= B.8
(z0)*z1y[ 1 (r+2)
- - , B.9
BT |(v+2) 2y (B9)
2(,.\2
o= 2 (2-1) [l - 2 e Pren) 510)
42 \y (r+2 27y (r+2)

Z0Z1 2 ) |: 1 ( 2) 2 :|
wppg=——|—-"4+1||——5(1——)+2(z , B.11
=22 (211) |- (1-2) 2 B11)

_ A (4
“11 - 472 <,)/2 1)/ (B].Z)
(z0)°z1 (2 ) [ 1 (1 1 ) 2(20)27(7+1)}
_ 24\ L ) B.13
= G Tara e ) T e e
(z0)°(z1)*y (1 1 )
_ 1_ ) B.14
X3 ") i 2 +2) (B.14)
20(8 — (v = 6)7%)
X4 = 161292 , (B.15)
we find that

p1 =01+ a3z +as+ag =0, (B.16)
2 =ap+ag+a7+ag+ap =0, (B.17)
P3 = &g + ag + a11 + a3 +agq = 0. (B.18)

In the course of performing the calculation, the definition (2.7) leads to the useful identity

2(,.\2

iz — 4(20) (Zl) . (B19)

0 (72 —4)

An analogous procedure shows that

[C2,G3] = [C3,61] =0, (B.20)
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with the help of two additional sets of 14 nonvanishing functions, one set for each Lie bracket in (B20). For
example, in the Lie bracket among ¢, and ¢3, the coefficient of % is a function

= - (1Z6Or)22 (1 - 7(74+2))2Z°(Zl)27(1 - ﬁ)
+ 1617 (1 + ﬁ) {220 (1 - ﬁ) 2(20)3(21)27(h;y_22)2 - 1)}
2
* 5(-5mm) [(amr) e (G )]

v oA (et (g ) e (- )]
_ (B.21)

References

1. H. Bondi, M.G.J. Van der Burg, A.W.K. Metzner, Gravitational waves in general relativity. VII. Waves from
axi-symmetric isolated systems, Proc. Roy. Soc. London A 269, 21 (1962).

2. RK Sachs, Gravitational waves in general relativity. VIII. Waves in asymptotically flat space-time, Proc. Roy.
Soc. London A 270, 103 (1962).

3.  RK. Sachs, Asymptotic symmetries in gravitational theory, Phys. Rev. 128, 2851 (1962).

4. S.W.Hawking, M.A. Perry, A. Strominger, Soft hair on black holes, Phys. Rev. Lett. 116, 231301 (2016).

5. S.W. Hawking, M.A. Perry, A. Strominger, Superrotation charge and supertranslation hair on black holes,
JHEP 2017 5, 161 (2017).

6. S.Haco, S.W. Hawking, M.A. Perry, A. Strominger, Black hole entropy and soft hair, JHEP 2018 12, 98 (2018).

7. PJ. McCarthy, Representations of the Bondi-Metzner-Sachs group I. Determination of the representations,
Proc. Roy. Soc. London A 330, 517 (1972).

8. PJ. McCarthy, Structure of the Bondi-Metzner-Sachs group, J. Math. Phys. 13, 1837 (1972).

9.  PJ. McCarthy, Representations of the Bondi-Metzner-Sachs group II. Properties and classification of repre-
sentations, Proc. Roy. Soc. London A 333, 317 (1973).

10. PJ. McCarthy, M. Crampin, Representations of the Bondi-Metzner-Sachs group III. Poincaré spin multiplici-
ties and irreducibility, Proc. Roy. Soc. London A 335, 321 (1973).

11.  PJ. McCarthy, M. Crampin, Representations of the Bondi-Metzner-Sachs group IV. Cantoni representations
are induced, Proc. Roy. Soc. London A 351, 55 (1976).

12. G. Barnich, C. Troessaert, Finite BMS transformations, JHEP 2016 3, 167 (2016).

13. F. Alessio, G. Esposito, On the structure and applications of the Bondi-Metzner-Sachs group, Int. J. Geom.
Methods Mod. Phys. 15, 1830002 (2018).

14. M. Henneaux, C. Troessaert, BMS group at spatial infinity. The Hamiltonian (ADM) approach, JHEP 2018 3,
147 (2018).

15.  G. Barnich, K. Nguyen, R. Ruzziconi, Geometric action of extended Bondi-Metzner-Sachs group in four
dimensions, JHEP 2022 12, 154 (2022).

16. C.Chowdhury, A. Anupam, A. Kundu, Generalized BMS algebra in higher even dimensions, Phys. Rev. D
106, 126025 (2022).

17.  O. Fuentealba, M. Henneaux, ]J. Matulich, C. Troessaert, Bondi-Metzner-Sachs group in five spacetime
dimensions, Phys. Rev. Lett. 128, 051103 (2022).

18. D.Prinz, A. Schmeding, Lie theory for asymptotic symmetries in general relativity: The BMS group, Class.
Quantum Grav. 39, 065004 (2022).

19. Z.Mirzaiyan, G. Esposito, On the nature of Bondi-Metzner-Sachs transformations, Symmetry 15, 947 (2023).

20. D.A. Weiss, A microscopic analogue of the BMS group, JHEP 2023 4, 136 (2023).

21. A. Strominger, Lectures on the Infrared Structure of Gravity and Gauge Theory (Princeton University Press,
Princeton, 2018).

22. S.Pasterski, Implications of superrotations, Phys. Rep. 829, 1 (2019).

23. E.Himwich, Z. Mirzaiyan, S. Pasterski, A note on the subleading soft graviton, JHEP 2021 4, 172 (2021).


https://doi.org/10.20944/preprints202406.0126.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 June 2024 d0i:10.20944/preprints202406.0126.v1

18 of 18

24. G.Compere, S.E. Gralla, An asymptotic framework for gravitational scattering, Class. Quantum Grav. 40,
205018 (2023).

25.  ].M. Stewart, Advanced General Relativity (Cambridge University Press, Cambridge, 1990).

26. X.Kervyn, BMS Symmetries of Gravitational Scattering, https:/ /arxiv.org/abs/2308.12979, gr-qc (2023)

27.  G. Della Sala, A. Saracco, A. Simioniuc, G. Tomassini, Lectures on Complex Analysis and Analytic Geometry
(Scuola Normale Superiore, Pisa, 2006).

28. R. Penrose, W. Rindler, Spinors and Space-Time. 1: Two-Spinor Calculus and Relativistic fields (Cambridge
University Press, Cambridge, 1984).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://arxiv.org/abs/2308.12979
https://doi.org/10.20944/preprints202406.0126.v1

	Introduction
	Homogeneous Coordinates on the 2-Sphere
	Bondi-Sachs Metric in Homogeneous Coordinates
	Asymptotic Killing Fields
	Flow of Supertranslation Vector Fields
	Concluding Remarks and Open Problems
	The Use of Homogeneous Coordinates
	Lie Brackets of Asymptotic Killing Fields
	References

