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Abstract: The use of didactic and interactive materials is essential in generating interest among
students and teachers in utilizing mathematical models and digital technologies for the educational
process. These materials create a dynamic and engaging learning environment that promotes a
deeper understanding of complex concepts and fosters a passion for learning. Additionally,
integrating interactive materials into pilot courses can assist teachers in better assessing student
learning and adjusting the teaching strategies accordingly and the teachers can receive valuable
insights into students’ strengths and weaknesses, allowing them to provide targeted support and
intervention when needed. In this context, the purpose of this paper is to introduce an approach for
solving mathematics problems embedded in technical scenarios within the defense and security
fields with the aid of digital technology. In this way, students can visualize abstract concepts,
experiment with different scenarios, and receive instant feedback on their understanding. This
paper helps to reinforce key concepts and enhance problem-solving skills, sparking curiosity,
creativity, and encouraging active participation and collaboration. Throughout the development of
this proposal, good practices are adopted, and advice for improvement is collected while having a
wide range of wusers, giving feedback, discussions, and testing (pilot) short-term
learning/teaching/training activities.

Keywords: student/teacher aid tools; digital technology; predictive and learning analytics; digital
mathematics

1. Introduction

Due to advancements in technology and teaching methods, education has become more diverse,
accessible, and personalized. The emergence of online learning platforms, interactive tools, and
virtual classrooms has revolutionized how students can engage with and absorb information. There
is also a greater emphasis on holistic education, including social-emotional learning, critical thinking
skills, and cultural competency. Nevertheless, besides memorizing facts and figures, education now
aims to equip students with the necessary skills to succeed in a fast-changing world.

In light of the events of recent years, online teaching and learning have become a new reality [1].
The circumstances created by the COVID-19 pandemic have forced schools to adapt and find
alternatives to the usual face-to-face teaching. Thus, most classes were conducted online [2], and the
Internet and online platforms facilitated new learning experiences across various fields of study [3].
On the one hand, digital readiness has rapidly become a unique opportunity for students with fewer
possibilities to participate in the learning process and expands their chances of success in the labor
market. On the other hand, teachers in certain disciplines face challenges when using digital
technologies.

While the teaching community has demonstrated a remarkable ability to innovate and embrace
new approaches, many challenges, such as insufficient connectivity and digital infrastructure, have
also become evident [4].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Although technology continues to be an unknown for many, the consensus among teachers is
that it has proven to be an invaluable and indispensable tool, providing essential support in the
educational process. Through collaborative efforts, students and teachers showed the efficacy of
technology in conjunction with the sciences while also showing how passion and a desire for growth
can make a significant impact.

In higher education, the process of adapting courses to the digital environment has presented
specific challenges that may impede the effectiveness of the didactic act. However, universities have
demonstrated their ability to overcome these obstacles and successfully adapt their courses to the
online environment [5].

Progress has been made in online teaching and learning due to the availability of online tools
and the determination of teachers and students. As a result, students are encouraged to learn and
work independently, which is particularly beneficial during difficult and tense times [6]. This
behavior supports the continuation of online learning and meets the real needs of students.

An essential component in the transfer of knowledge and competencies within higher education,
whether in military academies or civilian universities, is Mathematics. During practical experience, a
gap has been identified between teaching and learning mathematics [7]. Various courses such as
Algebra, Calculus, or Special Mathematics are based on mathematical models. However, in many
mathematics-related courses, a lack of connection between the required knowledge and its
application has been identified [8].

Mathematics, a critical field in technical sciences, presents particular difficulties. It is often too
abstract and theoretical. Moreover, presenting real-world applications or use cases to students can
sometimes be an issue if the teachers have no practical expertise in that specific field. By using a
dedicated digital solution and having the appropriate skills, teachers and specialists can better
explain how mathematical models, theorems, and other concepts apply to real-world phenomena.
This approach strengthens the connection between mathematics and its practical applications in the
related fields.

Teaching mathematics in a contemporary digital environment seems to be inadequate among
young audiences [9]. The traditional method of teaching mathematics involves presenting problems
and formulas on a whiteboard using an ink marker, which is familiar and intuitive to teachers [10].
However, this approach is not easily replicable in an online teaching environment. Furthermore, the
lack of skills in writing mathematical formulas presents a significant challenge. To provide adequate
and engaging examples, careful consideration and selection of the best software for teaching and
learning is crucial.

Since there are challenges in presenting equations, theorems, and concepts, the scope of this
paper is to enhance interest in studying mathematics, to make mathematics problems and
applications more understandable and accessible via the power of digital tools, and to develop
students” problem-solving skills by leveraging specialized digital solutions.

The paper begins with an analysis of a series of surveys of best practices among partner
institutions and stakeholders [11]. These surveys provide a list of directions in defense and security
education. Further, the paper introduces a scenario-based methodology for teaching mathematics on
specific scenarios within the defense and security fields and it explores how various digital
environments can be combined. In this context, a mixed approach between the traditional method of
teaching mathematics and the alternative method based on digital technology appears to be the
optimal solution. The expected outcomes of the mixed approach include improved performance in
math-related tasks, better problem-solving skills, and enhanced analytical thinking among students.
As aresult, there is a need for teaching competencies in digital applied mathematics and for students
to be able to work on problems within a digital environment. There are also limited opportunities for
students and teachers from different disciplines to communicate using a common language, which
could be digital (software) mathematics.
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2. Theoretical Framework

The use of digital technology can enhance integrated mathematics education by providing
interactive and engaging tools for learning and practice. Below are several ways in which digital
technology can be integrated into mathematics education:

- Online resources: Students can access a variety of online resources, such as video tutorials,
interactive simulations, and practice exercises, to supplement their classroom learning.

- Educational apps: There are numerous applications available that allow students to gain
mathematics skills in a fun and engaging way [12]. These apps offer instant feedback and help
students monitor their progress.

A series of surveys were conducted to analyze students’ digital competencies in mathematics
learning for technical systems within the defense and security fields before and during the COVID-
19 pandemic. The research was carried out on the territory of the European Union in several research
centers and universities. The survey involved 1.047 students in the security and defense fields,
subdivided by age and gender, as presented in Figure 1. Most of the students had different countries
of residence than the countries of study. Additionally, a few students were from France, Greece,
Hungary, Lithuania, Portugal, and Slovakia as countries of residence and study. Furthermore, some
students were originally from countries outside the European Union, such as Afghanistan, Saudi
Arabia, Burkina Faso, Cameroon, Mali, Moldova, Montenegro, and Senegal.
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Figure 1. Distribution of students over age, gender, and country of residence and study [11].

The majority of the students studied in the institutions taking part in the DIGICODE project [11]
but with some exceptions and variability, especially for Romanian students. While most students
were pursuing military and/or engineering studies, others were enrolled in diverse fields such as
economics, information technology, health, humanities, languages, law, or social sciences. Their
distribution concerning the course year shows that many students attended from the third year of
their bachelor’s, thus ensuring the capability to confront the pre-pandemic situation with those
during and after COVID-19 for most of the sample. The ratio between military students (cadets) and
civilian students was about 4:1 (Figure 2).
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Figure 2. Various distributions of students [11].

According to the analyzed surveys, the majority of students had a positive perception of their
digital skills. Only a small percentage (5.6%) rated their skills as “low” or “very low,” while a
moderate portion (22%) expressed caution (Figure 3). Further, the technology and software used for
learning resulted in a balanced distribution of satisfaction levels: 27.3% of students reported strong
satisfaction, while 28.9% expressed being essentially unsatisfied. In education, technology serves as
the means and not the end goal (which is learning), making methodology even more important.
Therefore, proper attention must be given to technological aspects, such as the software used.

Most students also recognized the importance of technology in learning during pandemic times,
with only 14.2% of them deeming it only “slightly” important or even “not at all” important. They
are generally aware of the pivotal role it played during COVID-19, which is also possessed in remote
learning apart from that emergency.

Students privileged “independence and self-direction” on the one hand and “collaboration and
teamwork” on the other, putting a bit more aside “critical thinking and problem-solving skills” and
“creativity and innovation,” probably because they perceive the two as less relevant to their learning
(Figure 3).

@ Not at all satisfied

@ Sightly satishied
Moderately satisfied

@ Very satisfied

@ Extremely satisfied

@ Not at all important

@ Shightly important
Moderately imporiant

@ Very important

@ Extremely important

Independence and seli-direc 559 (53,4%)
Critical thinking skills and pr.. 409 (39,1%)
Collaboration and teamwork 523 (50%)

Creativity and innovation 275 (26,3%)

Figure 3. Various answers report [11].

3. Methods

Education in defense and security fields is crucial for preparing individuals to address evolving
challenges in the public sector, private sector, or non-governmental organizations. By equipping
learners with practical skills and knowledge, this type of education helps strengthen our collective
ability to protect against threats and safeguard the well-being of communities and nations.

It is important to ensure a balance between different learning methods, with an emphasis on
understanding the content, critical selection, focused attention, organizing concepts logically, and
training and practicing skills with broad applicability.

Consequently, this paper proposes a methodology for teaching specific scenarios or use cases
belonging to a technical discipline with the aid of digital technology. The proposed methodology for
solving a scenario with a mixed approach is organized into three parts. The first part offers a
background description of the analyzed scenario, the subsequent part provides the mathematical
modeling of the scenario, and the final part involves a software implementation of the scenario in a
virtual environment (Figure 4).
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Mathematical
modeling

Figure 4. The basic structure of the proposed methodology.

By using the software implementation part, the proposed methodology can offer graphical
capabilities, allowing students to visualize mathematical concepts more intuitively and offering them
a deeper understanding of abstract mathematical ideas. Since the computer algebra system can
perform calculations much faster than traditional pen-and-paper methods, the students can spend
less time on routine calculations and more time understanding and analyzing mathematical concepts.
Another argument for using a software implementation is that it can help reduce calculation errors
by providing step-by-step solutions and allowing students to check their work more efficiently,
which can also build confidence in students’ mathematical abilities. Finally, a software
implementation can handle mathematical problems that may need to be more complex and time-
consuming to solve by hand. This allows students to tackle more challenging problems and develop
problem-solving skills. In conclusion, a digital tool is valuable because it can enhance mathematics
learning by increasing efficiency, providing visual representations, reducing errors, enabling
exploration and experimentation, and facilitating complex problem-solving.

With regards to the engineering side of mathematics, a series of areas of interest (Figure 5) have
been identified, in which scenario-based teaching can be a great tool for learning mathematics as it
provides real-world context to mathematical concepts. By incorporating scenarios into learning, the
trainees can understand how mathematical concepts are applied in practical situations, making
mathematics more engaging and relevant, as they can see the value and purpose of their acquired
skills, which also fosters a sense of accomplishment, creating a positive learning environment. In
addition, scenario-based learning can also be an effective way to develop critical thinking and
problem-solving skills. By working through scenarios and making decisions, the trainees must
analyze information, evaluate options, and consider the potential consequences of their choices,
which can lead to a deeper understanding of the subject matter and enhance retention.

Mathematics —
<« topics

Kl\

Figure 5. Lists of mathematics topics.

Moreover, scenario-based learning can also be a valuable tool for professors looking to create
engaging and effective learning experiences for their students. By presenting students with realistic
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scenarios that require them to apply their knowledge and skills, this approach can enhance learning
outcomes and prepare students for real-world challenges.

Regarding a mathematical scenario, one way to handle and learn from it is to analyze the
problem and understand the concepts involved carefully. This may require breaking down the
problem into smaller parts, identifying essential information, and applying appropriate
mathematical principles to solve it. Practicing problem-solving techniques, such as working through
similar scenarios, seeking help or guidance from teachers or peers, and persisting even when faced
with challenges, is also essential and helpful. Additionally, reflecting on the solution and considering
different approaches or strategies can reinforce learning and enhance understanding of the
mathematical concepts involved in the scenario.

Going further, a series of mathematical-based scenarios specific to defense and security fields
are presented and solved through the mixed approach, composed of 2 methods: the clean
mathematical method and the software-based implementation method.

Scenario 1 - Automatic analysis of the motion of an aerospace vehicle

The flight of an aerospace vehicle (projectile, bomb, and missile) is a process based on a
mathematical model with a high complexity [13]. A series of very important but, at the same time,
very complex problems are represented by the determination of the behavior of the aerospace vehicle
during the flight, the determination of the flight performances, and the determination of its general
motion, considering the whole system of forces and moments acting on it. In the scenario of general
motion in actual flight conditions, a series of difficulties appear, making it difficult to draw up the
differential equations of motion in a form that is as complete as possible.

Target marking
point

Acceleration
point ) ; \
Launch Markmg and \
point lallnghmg \

pomt '

N \
\ \
\ \

\
Accelerated Y Non-accelerated

\
\
)
launch - - launch

Figure 6. Delivery of the aviation bombs.

Therefore, the analysis of the motion of an aerospace vehicle is done by adopting a series of
hypotheses designed to simplify the physical model of the phenomenon according to the purpose
and reduce the complexity of the equations that describe the phenomenon. Thus, in the case of small
incidences, the hypothesis of the independence between the longitudinal motion (and the motion
from the launching plane) and the lateral motion is admitted.
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Figure 7. Launching lift aviation bombs.

Mathematical solution for Scenario 1

Trajectory calculation can be a difficult task, depending on the level of knowledge of the firing
context and the level of detail implemented in the mathematical model of the trajectory. As in any
modeling process of a physical phenomenon, in the case of trajectories, there will also be a
compromise between the complexity of the model and the ease of obtaining results, as well as in
terms of the agreement of numerical results with experimental ones. Reasonable results can be
obtained with the help of simple trajectory models, especially to illustrate the application of the
principles of the weapons use planning process. Subsequently, the model must be completed and
developed to obtain accurate results that are as close as possible to reality.
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Figure 8. Launch of lateral impulse aviation bombs.

In the trajectory models presented below, the equations describing the motion of the
projectile/bomb are developed based on the hypothesis that the motions in the vertical and horizontal
planes are independent. Also, the components of the initial velocity in the two directions are
considered to be known.

The coordinate axis systems, as well as the variables that define the position of the aerospace
vehicle and its state of motion, are chosen to not limit the generality of the studied problem and lead
to equations that, after appropriate transformations and simplifications, can be integrated by known
methods [13].

The general laws of mechanics will be used to establish the general dynamic equations that
express the motion of an aerospace vehicle’s center of mass and its motion around the center of mass.
Also, the aerospace vehicle is considered to be a body with six degrees of freedom and absolute
rigidity, thus excluding the influence of the structure’s elasticity.

Defining the ¥,® and F vectors through the components on the axes of the mobile system

connected to the body of the aerospace vehicle, O¢nC the vector equation of motion of the center of
mass of the aerospace vehicle will be [14]:

md—V—m i+co><V F 1
dt ot )

oV
where m represent the mass of the aerospace vehicle, > is the local (relative) derivative of

velocity, and F is the result of external forces acting on the aerospace vehicle.
Projecting the vector Equation (1) on the axes of the velocity-related system OXYZ , the scalar
equations of motion of the center of mass are obtained [15]. These equations are:
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m(dstX+c0YVZ—mZVYj:mt—It/:FX (2)
m(%+wZVX—mXVZJ=deg—7:FY 3)
m(%+mXVY—mYVXj=de§—tV=FZ (4)

Considering the aerospace vehicle to be a symmetrical body of revolution (geometrically and in
terms of mass distribution) [16] about the longitudinal axis OC, it turns out that the axes O, On

and OC are the main axes of inertia, and the kinetic moment of the vehicle concerning the center of

mass, O, will be written:
Ko = Jeogi +Jnonh +Jeoc i (5)

where IE, 21 si % are the unit vectors of the axes 0%, Orm and OC.

The vector equation of motion of the aerospace vehicle around the center of mass will be written

as below:
dk, oK, _ - -
—=—+0xKy =M, 6
o 0 =M, (6)
where is the local (relative) derivative of the kinetic moment?

Due to the longitudinal symmetry of the aerospace vehicle [17], the moments of inertia relative
to the transverse axes will be equal, Jg =Jy=J.

Projecting the vector Equation (6) on the axes of the O&n{ system, the scalar equations of

motion of the aerospace vehicle around the centre of mass are obtained:

J d&—M ?)
do
J—2 (g —J =M 8
=T Jogop =M, ®)
do
J—=+(J =T ) oo, = M; ©

dt

Based on the above, considering an aerospace vehicle with its own fast rotational motion having
the center of pressure in front of the center of mass and using the following notations for
simplification of writing [18]:

_PSCx e _pSAC _pSdAG . pSEAG,

K , ’ ’
X om 2 amda "t 2mda’ T 27 da (10)
pS dC, pS dC,
=B , K;, =——L 11
Zo 2m do Lo 2m do an
_pse dCy, K _pSt dc,,,. K _pStdc, 12

”’“_2JC do ' m““’_zJC do "™ 2J do
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N e L's ije (19)
The following forces and moment indices are taken into account [19]:
- Force of gravity:
G =mg (14)
- Thrust:
T =mag (15)
- Drag force:
R=mK V> (16)
- Lift force:
P=mK,V?oy (17)
- Lateral force:
F; =mK Vo (18)
- Additional lift due to the pitching motion:
Fy=mKzVo, (19)
- Additional lateral force due to yawing motion:
Fro=mKpglV og (20)
- Main aerodynamic moment (pitching moment):
My, = TV 2oy (21)
- Yawing aerodynamic moment:
Mp, = JK V2 0ur 22)
- Axial moment:
Mg =JeKmaV e (23)
- Additional axial moment due to rolling motion:
Mpaw =7, QKmamg Vo (24)
- Damping moment due to gas jet:
Mgme, = —K’J-JQQ)Q (25)

MamE_, = —Kj.]o)EJ (26)
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Mamm =-KjJom (27)

Using the forces and moments presented above, the following equations are obtained that
describe the motion of the aerospace vehicle:

dv :
E=aR —KXVZ—gsmGV (28)
do
d_tV =KzVoy —Kz,0y —%cos 0, (29)
do
AT I (30)
d(l)q 2 !
F = KmaV €, _Kma(D(V(DG _Kj(")c, (31)
do
d_tn - (I_JC /J) g 0 _KszaV ~ Kot Vo =K oy (32)
do
d_f:(l_JC /J)mgoon—KmVZOCH—KmmEV(”F,_Kj(D@ (33)

To complete the system of Equations (28)—(33) a series of kinematic ratios are introduced:

doy _
a o (34)
doy _
a0 (35)
dy _
a7 (36)
& V cosOy cosby (37)
de
dy _ V cosOp sin@y (38)
de
dz
—=Vsin®
L, = Vsinéy (39)
oy =@y =0y (40)
oy =9 —Oy (41)

The Equations (28)-(29) form a system of 12 nonlinear first-order differential equations,
representing the complete system of equations of general motion of the aerospace vehicle, which

provides by integration time variation of parameters (unknown functions) v, o , O , o, CH

O O O
, v, C’, n a, ¥ Y and Z which determines both the motion of the center of mass and the
motion around the center of mass of the studied aerospace vehicle [20].

The digital solution for Scenario 1
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The spatial motion around the center of gravity is currently analyzed on short trajectory arcs,
without taking into account the overall variation of the center of gravity velocity vector. The
calculation of the trajectory is made considering the corresponding variations of the incidence angle
and the drift angle, obtained by the separate study of the longitudinal motion and of the lateral
motion; most of the time, however, to determine the trajectory, the well-known hypothesis of ballistic
motion is admitted, without incidence, thus disregarding the effect of lift, the variation of which is
conditioned, through incidence, by the motion around the center of gravity. To determine the
trajectory a solution is to use Matlab [21] for modeling the equations of the trajectory [22].

[ @] sistarmay = a] x|

SOLVING THE TARGETING PROBLEM AT AIR-TO-GROUND FIRING

DATA MANAGEMENT AIR-TO-GROUND FIRING
Name: R2C080V200H1000T-2

DATA TION

UPDATE ‘ OPEN ‘ RESULTS

FIRING CONTEXT

'WEAPON PARAMETERS
AIRCRAFT PARAMETERS
TARGET PARAMETERS

COMPUTE

CLOSE

Figure 9. Matlab computing software for determining the trajectory.

The interface developed in Matlab [23] offers the possibility of choosing different characteristics
of the projectiles and the possibility of defining the parameters of aircraft. These parameters can be
defined in terms of their physical characteristics, performance capabilities, and operating limitations
(Figure 10). Establishing these parameters is important for ensuring safe and efficient operations, as
well as for regulatory compliance and maintenance planning (Figure 11).

& param T - o x [ par_avion -~ o x
WEAPON PARAMETERS AIRCRAFT PARAMETERS
t
WEAPON TYPE AIRCRAFT VELOCITY
(O ARTILERY WEAPON OROCKET ) BOMB Vav 200 mi/s
'WEAPON PARAMETERS
Rocket initial velocity 20 mis Ocx slaccl AIRCRAFT ALTITUDE
Rocket calibre 80 mm Ocxa3 Ha 1000 m
Rocket initial mass 1185 kg Oex 30
Weapon tilt 2 grade ooy
{ Fuel mass for the rocket engine 34 kg AIRCRAFT PITCHING ANGLE
Rocket engine time 16 s Teta_av 2 degrees
Tractiunea maxima 8060 N
| T ueAE QUPDATE
CLOSE CLOSE
A

Figure 10. a) Matlab computing software for determining the trajectory; b) Matlab software menu for
defining the parameters of the firing aircraft and the target on which the firing is performed.
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& par_tinta
TARGET PARAMETERS
TARGET VELOCITY

vt [ mis

TARGET ALTITUDE
HT 0 m

DIRECT DISTANCE TO THE TARGET

oT 10000 | m

AIMING ANGLE OF THE TARGET
T 2 degre

UPDATE
IESIRE

Figure 11. Matlab software menu for defining the parameters of the firing aircraft and the target on
which the firing is performed.

Figures 12-14 present the evolution of the main parameters that describe the motion during the
trajectory.
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Figure 12. Longitudinal trajectory of an aerospace vehicle.
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Figure 14. Pith motion during the trajectory.

In 40 seconds, the aerospace vehicle travels a horizontal distance of about 9 km. During this
period, the speed first increases (corresponding to the active period when the rocket engine is
running). This period is followed by the active period, where, up to 25 s, the speed decreases due to
the effect of the drag force, after which it shows a slight increase as an effect of the gravitational
acceleration. The angle of incidence (as the difference between @ ( and 0y ) has an oscillating
damped evolution. The damping of the oscillation takes place in about 1 s (Figure 15). The pitch
angular speed has an evolution similar to that of the angle of incidence.
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Figure 15. The angular speed of the pitch rotation during the trajectory.

Scenario 2 - Determine the velocity of a projectile using a ballistic pendulum

A ballistic pendulum is a device used to measure the speed of a projectile by capturing it in a
pendulum and measuring the height to which the pendulum swings. It is often used in physics labs
to demonstrate the principles of conservation of momentum and energy. The ballistic pendulum
works by allowing a projectile to strike and become embedded in a large block of wood or other
material attached to a pendulum. The change in momentum of the projectile can then be used to
calculate its initial velocity.

Mathematical solution for Scenario 2

The bullet is fired into the pendulum, which then moves upwards a certain distance and at an
angle that will be measured. From the height reached by the pendulum, its potential energy can be
calculated. This potential energy is equal to the kinetic energy of the pendulum at the bottom of the
swing immediately after the collision with the bullet. The bullet is fired into the pendulum, which
then moves upwards a certain distance and at an angle that will be measured.

The approximate method assumes that the pendulum and the ball act together as a point mass.
This method does not take into account the rotational inertia. It is slightly faster and easier than the
second method but not as precise.

The potential energy of the pendulum at the final position can be calculated as bellow:

APE = MgAh (42)

where M is the combined mass of the pendulum and the ball, g is the gravitational acceleration, and
Ah represents the change in height. Further, height is computed:
Ah=R(1-cos0)
APE :MgR(l—cos 6) (43)
APE =0,0206

The momentum of the pendulum after the collision is:

Py =My, (44)

Which is substituted into the previous equation to obtain:
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2
P,

Solving this equation for the momentum of the pendulum, we get:
P, = 2M (KE) (46)
This momentum is equal to the momentum of the ball before the collision:
By =mvy (47)

Equating these two equations and replacing KE with the known potential energy, is obtained as
it follows:

mv, =\2M>gR (1~ cos ) (48)

The digital solution for Scenario 2

To validate the result obtained through the analytical method, Simulink and SolidWorks
environments were used to simulate the behavior of the ballistic pendulum.

SolidWorks allows students to design and create 3D models for their projects and assignments.
The Student Edition of SolidWorks is a valuable tool for students studying engineering, design, and
other related fields, allowing them to gain hands-on experience with a leading CAD software
program. Using SolidWorks, students can design and analyze complex mechanical systems,
structures, and components. They can learn how to apply engineering principles to solve real-world
problems and optimize designs (Figure 16).

Using SolidWorks for teaching students can enhance their technical skills, creativity, problem-
solving abilities, and collaboration skills, preparing them for careers in engineering, design, and other
related fields.

Figure 16. Ballistic pendulum and its components.

The weight of the bullet and the weight of the projectile resulted from the calculation
automatically performed by the Solidworks program (Figure 17).
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Figure 17. Bullet mass (left), pendulum mass (right).

As an optional extension of the MATLAB software package, SIMULINK provides a graphical
user interface for modeling and simulating dynamic systems. It provides access to various block
diagrams, which allows quick and straightforward system modeling, simulating, and deployment
without the need to write any simulation code.

Simulink’s interface is easy to use and understand, making it a great tool for students new to the
field. It also provides access to a wide range of built-in blocks and libraries for students to create
complex models without writing code from scratch. Additionally, Simulink has built-in support for
real-time simulation and hardware-in-the-loop testing, allowing students to interface their models
with physical systems for hands-on learning experiences (Figure 18). Overall, Simulink is a valuable
tool for students looking to gain practical experience in the field of engineering and learn through
hands-on experimentation.
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Figure 18. Simulation schema of the pendulum in Simulink.

Scenario 3 - Automatic people detection within an established perimeter

The proposed scenario for detecting people is integrated into a video surveillance system that
performs real-time perimeter monitoring around a firing range and generates an alarm when people
are detected inside this monitored area. Thus, the role of this system is to trigger the alarm to notify
the human decision-maker responsible for the monitored area. When the alarm is triggered, the
system presents the scene where a person was detected.

Mathematical solution for Scenario 3

The people detection will be done through facial recognition, using Principal Component
Analysis (PCA) [24], by reducing the number of variables for representing a face, a technique used in


https://doi.org/10.20944/preprints202406.0295.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 June 2024 d0i:10.20944/preprints202406.0295.v1

16

computer vision and pattern recognition. PCA is a method that reduces the dimensionality of data
while retaining most of the variation in the data set.

In facial recognition, PCA is used to extract the most important features from a facial image [25].
These features are then compared to a database of known faces to determine a match. The process
involves capturing an image of a person’s face, identifying key facial features such as eyes, nose, and
mouth, and then using PCA to extract the most relevant information from these characteristics.
Through this method, the system can accurately detect and identify individuals in real-time, making
it a valuable tool for security and surveillance applications. Additionally, PCA can also help improve
the speed and accuracy of facial recognition systems, making them more reliable and efficient in
various environments [26].

We will consider that we have several images of the same size available for several people in a
database, and we can have one or more poses for the same person. We will consider that the person’s
face is centered in any facial image. Thus, each pixel of an image can be considered a variable, and a
face is thus represented as a vector of P variables (where P represents the number of pixels). Given
the considerable number of variables involved, we can reduce the complexity of comparing two faces
by approximating a face through a smaller number of variables. An image of n pixels can thus be
considered a point in image space (n-dimensional space).

The image matrix turns into a line vector such that the line vector p, = (iy; ip; ... iy)
where iy,i,, ... represents the grey level of pixels. The vector is formed by transforming the image into
a line vector; thus, for a 128x128 image, we will have the size n = 16384 (16K):

150 --- 151

144 ... 67

[150 ...151, ....,144, ...,67]

Figure 19. Steps of image transformation [27].

Given N images, each of n pixels, the entire set of images can be represented asa (N X n) matrix
D, where each image represents a line:

150 152 .-- 255 ... 252
D= i i i i i | Nxn (49)
144 171 --- 245 ... 223

The first step of the PCA method is to move the origin of the data to the middle of the n variables,
an operation that is equivalent to subtracting the average value of the variables in each image. In our
case, the average image (average face) is calculated by averaging over all the columns of the matrix
D. This average face is to be extracted from each image of the data set D. The obtained difference
matrix is denoted by U. In the considered example, the average is:

[120 140 --- 230 230 --- 240] (50)
30 ... 12

D=|: "-. : [|Nxn (51)
24 ... -17

The first step in determining the principal components of the D matrix is to calculate the
covariance matrix of the U matrix. It can be easily seen that, due to the extraction of the average value
from each column of the D matrix, the n X n covariance matrix C can be expressed as:
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Cc=cov[u]=uTxu/n (52)

The rank of the matrix U (N x n) is max N, so there are max N nonzero eigenvalues for COV[U]
then it can be calculated the eigenvectors of the transposed matrix. Thus, if ¢ is an eigenvector of the
transposed matrix, then ¢ =U" ¢ is an eigenvector of the initial matrix € = COV[U]. The
eigenvalues are the same as for the transposed matrix. Following the normalization of the
eigenvectors, their set forms a basis in the RN space:

0,ifi#j

0, ifi= (53)

VWiV WY ={

We will now express all the lines of the U matrix (the former faces from which the average face

was subtracted) in the base formed by the eigenvectors. Each eigenvector corresponds to an

eigenvalue that represents the variation of the U matrix data along the corresponding eigenvector.

Therefore, instead of using all N eigenvectors, we will only use M representatives that correspond to

the largest M eigenvalues. Typically, for the facial recognition problem, the value of M is quite small

(between 20 and 50). Thus, we will express the lines of the matrix U in the M-dimensional basis
formed by the M vectors chosen:

Ve ={WLV2, Wy | (54)

Each line will have M coefficients that are obtained by projecting that line (scalar product) onto
each of the chosen vectors. Thus, an image p, = (i3; iy; ... i) is expressed in the new space of the
chosen vectors (the space of the principal components) as follows:

Py =Py —12)Vpca (55)

We thus managed to reduce the image representation from an n-dimensional space (n=128x128)
to an M-dimensional space. The original image can also be roughly reconstructed from the M vectors
by applying the inverse transformation:

T
Dx = PyVpcq +Hy (56)

It can be shown that by choosing the M eigenvectors corresponding to the largest M eigenvalues,
the squared error of the reconstruction of the matrix D is minimized (any other vectors lead to a larger
error). The choice of M, however, depends on the data set D; for this, an M value can be chosen that
allows a reconstruction superior to a given Peak signal-to-noise ratio (PSNR), or the following
method can be adopted. Given that the sum of the eigenvalues is equal to the sum of the variations
in the N directions given by the eigenvectors, one can calculate the percentage of “variation”
preserved by choosing K principal vectors as follows:

k
n =100 *—z’;lxi (57)
1 A

i=17vi

Kis chosen so that the percentage is at least equal to a given threshold (e.g., 95%).

Given a testimage p,, the average image will be subtracted from it and then it will be expressed
(projected) into the M-dimensional basis of the chosen eigenvectors, resulting in a set of coefficients
W = {w;,w, ...wy}. The closest image to the test image will be determined by evaluating a distance
(e.g., Euclidean [28] or Mahalanobis [29]) between the W vector and the W’ vectors calculated for the
other images of the database.

Euclidean distance between X = {x;,%, ...x,} and Y = {y;,y, ...y} is

d(X.Y)= |3 (x-») (58)

T

Mahalanobis distance between X = {x;,x, ...x,} and Y = {y;,y, ..., } is
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_ & (xi_yi)2 _ & (xi_yi)2
d(X,Y)= X=X . (39)
izl ©Oj i=1

i

where o/ represents the variation along the component with index i, and in the present case, it is
equal to the eigenvalue 4; corresponding to the eigenvector ;.

In a real system, an acceptance threshold T is chosen for the minimum distance between the test
image and the database image. If the calculated distance is lower than T, then the person is
recognized, and otherwise not. For this purpose, two types of errors are defined as follows:

e  False positives (false alarms): a person in the database is not recognized.
e  False negatives (missed alarms): an external person is recognized by the system.

The digital solution for Scenario 3

Python is a great programming language for education because it can be used for a wide range
of applications, including web development, data analysis, artificial intelligence, and more. This
makes it a versatile language that can be applied to many different fields. Programming in Python
encourages students to think logically and analytically to solve problems. This can help develop
critical thinking skills that are valuable in many different fields. Python is also widely used in the
tech industry, meaning that students who learn Python in an educational setting will have valuable
skills that can help them in their future careers.

Overall, Python is a great language for education because of its simplicity, versatility, and the
skills it helps students develop. That is why Python was the digital environment in which face
recognition was implemented. The digital solution was developed and tested on The Olivetti faces
dataset.

The algorithm assumed the following steps:

v Database initialization: Each entry in the dataset is composed of a person’s image, a vector of
labels (a number is associated with each person), and a vector of strings (the name of the person
appearing in the image).

v Splitinto a training and a test set by keeping 25% of the data for testing.

v" Compute a PCA (eigenfaces) on the face dataset (treated as an unlabeled dataset): unsupervised

feature extraction/dimensionality reduction.
v" Each image is considered a vector in a R™ space dimension.
Eigenno.1  Eigen no.2 Elgen no.3 Elgen no. 4 Eigen no.5

Eigenno.6  Eigen no.7 Elgen 10.8 Eg 10.9 Eigen no.10

Figure 20. Application for viewing EigenFaces.

v" The PCA algorithm is applied over these vectors, reducing the size of the vector space to a
smaller number.

E

SHR

40 features 35 features 30 features 25 features
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E B E

20 features 15 features 10 features 5 features

Figure 21. A different perspective of Eigenfaces was obtained.

v' The reduced vectors are introduced into a machine learning algorithm (support vector machines
or logistic regression).
v Quantitative evaluation of the model quality on the test set.
The first classification algorithm tried is SVM. At the end, the classification report is displayed
as a report of some performance parameters that are automatically computed for a predictive

analysis.
Precision Recall F1 score Support
Person 1 0.23 0.14 0.18 70
Person 2 0.00 0.00 0.00 30
Person 3 0.48 0.78 0.60 165
Person 4 0.00 0.00 0.00 36
Person 5 0.17 0.10 0.13 41

Figure 21. Results obtained with SVM.

Repeat the previous experiment for the logistic regression algorithm.

Precision Recall F1 score Support
Person 1 0.21 0.17 0.19 70
Person 2 0.09 0.13 0.11 30
Person 3 047 0.47 0.47 165
Person 4 0.09 0.08 0.09 36
Person 5 0.07 0.07 0.07 41

Figure 22. Results obtained with logistic regression.

4. Discussion

Digital technology offers students access to virtual manipulatives such as geometric shapes,
number lines, and graphs, allowing them to explore mathematical concepts interactively and
practically. When instructing mathematics to students within the defense and security education
system, it is essential to utilize real-world applications and practical examples. This article proposes
first to ensure that students have a strong foundation in fundamental mathematics topics such as
algebra, calculus, and trigonometry, then connect these topics with engineering subjects relevant to
their field. This approach aims to demonstrate the practical relevance of mathematics, fostering
critical thinking and analytical skills in students when addressing mathematical challenges.

The future of education methodology is expected to be more personalized, flexible, and
technology-driven, with a greater emphasis on skill development and lifelong learning. In this
direction, virtual reality and augmented reality can create immersive learning experiences, enabling
students to engage and interact with concepts more effectively [30]. In this sense, Augmented Reality
(AR) holds the potential to transform the way mathematics is taught and learned by offering an
interactive and engaging platform for students to explore mathematical concepts in a more
immersive way. By combining virtual elements with the real world, augmented reality can enrich the
learning experience and assist students in comprehending and visualizing abstract mathematical
equations and theories. One approach to integrating augmented reality into mathematics education
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is through interactive apps and tools that allow students to manipulate virtual objects and visualize
mathematical concepts in 3D [31]. For instance, students can use AR apps to graph equations, explore
geometric shapes, or visualize vectors and matrices in a more tangible manner. This hands-on
approach can aid students in gaining a better understanding of complex mathematical concepts by
providing a more intuitive and interactive learning experience [32].

Artificial Intelligence (Al) learning tools are also a promising direction as they can provide
personalized feedback and support to students, enabling them to progress at their own pace and
identify areas where they may require additional assistance. Some of the key benefits of using Al
learning tools include personalized learning [33], accessibility, immediate feedback, data-driven
insights, and engaging [34] and interactive learning experiences [35]. Moreover, Al-driven learning
tools have the potential to revolutionize education by providing personalized, accessible, and
efficacious learning experiences that can assist students to attain their academic objectives and thrive
in the rapidly evolving digital landscape.

Further, using game elements in education can also increase student engagement and
motivation, making learning more enjoyable and effective [36]. Numerous educational games and
applications can help students practice their math skills in a fun and interactive way. These resources
serve as a valuable supplement to traditional classroom instruction, reinforcing fundamental
concepts and affording students additional practice opportunities [37]. By framing mathematical
lessons as quests or adventures, students can perceive themselves as embarking on a mission to
conquer problems and attain specific objectives. This approach can make learning more exciting and
immersive as students confront and surmount challenges and obstacles in their quest to enhance their
mathematical abilities. Students are also encouraged to work collectively to solve problems and
engage in friendly competition through mathematical games, which can foster a sense of camaraderie
and teamwork while motivating students to strive for improvement [38].

Blockchain technology also has the potential to establish secure and transparent credentialing
systems, such as digital diplomas and certificates, streamlining the process of verifying academic
achievements. Additionally, it can securely store and track students” progress and achievements in
math concepts and exercises [39], enabling educators to assess individual performance and provide
targeted support. Furthermore, this technology can facilitate peer-to-peer learning by allowing
students to share and verify math solutions with each other, promoting collaboration and the
exchange of ideas within the classroom [40].

Personalized learning platforms are also a valuable option because they use adaptive technology
to track students’ progress and provide recommendations for additional resources based on their
performance [41]. They can also utilize personalized learning algorithms to propose courses aligned
with students’ interests and objectives [42].

Internet of Things devices can be used to create smart classrooms that are equipped with sensors
and connected devices, allowing for more efficient and interactive learning environments [43].

3D printing technology offers the capability to create physical models and prototypes of
concepts, allowing students to visualize and understand complex ideas tangibly. Visualization of
geometric shapes such as cubes, spheres, and pyramids enhances students” understanding of their
properties and interrelations [44]. Creating manipulatives for hands-on learning, such as fraction
bars, number lines, and base ten blocks, can help students better understand mathematical concepts.
Furthermore, exploring complex equations and functions allows students to visually explore how
changing variables affect the shape of the graph [45]. Customizing learning materials can be used to
create custom learning materials tailored to individual students’ needs. For example, teachers can
create tactile graphics for visually impaired students or custom puzzles for students who learn best
through hands-on activities [46]. In this way, 3D printing technology also holds the potential to
revolutionize mathematics education by making abstract concepts more concrete and compelling for
students.

Overall, digital technology advancements are anticipated to revolutionize mathematics
education by making it more personalized, interactive, collaborative, and data-driven. These
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transformations have the potential to improve student engagement, comprehension, and
performance, ultimately leading to enhanced outcomes for students in mathematics education.

5. Conclusions

Analyzing the curricula of certain partner institutions [11], students in defense and security
fields can greatly benefit from an innovative, practical-oriented approach to learning math. This
teaching methodology can be beneficial for students in 1st and 2nd grade. Furthermore, educators in
the defense and security sector can enhance their skills and competencies through this innovative
approach to teaching applied math.

The use of digital tools for learning mathematics can be applied algorithmically, provided that
it is not considered contradictory, as algorithmization should not be opposed to heuristic learning.
Therefore, it is important to develop an algorithm, namely a unique sequence of operations, starting
from a heuristic search process for solutions, so that heuristic and algorithmic approaches are not in
opposition but in a dynamic and continuous relationship.

The general aim of the applied research described in this paper is to achieve the optimization of
teaching and learning mathematics in higher education within the defense and security fields
through the predominant use of problematization both as the main didactic method and as a teaching
procedure within other teaching methods.
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