Pre prints.org

Article Not peer-reviewed version

On Mittag-Leffler Function and

Consequent Fractional Integral Operator
Inequalities

Yonghong_Liu , Ghulam Farid , Abaker A. Hassaballa , Jongsuk Ro i , Mnahil M. Bashier, B. A. Younis

Posted Date: 11 June 2024
doi: 10.20944/preprints202406.0619.v1

Keywords: Mittag-Leffler function; fractional integral operators; convex function

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/2639942
https://sciprofiles.com/profile/547951
https://sciprofiles.com/profile/3559719
https://sciprofiles.com/profile/721479

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 June 2024 d0i:10.20944/preprints202406.0619.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
On Mittag-Leffler Function and Consequent Fractional
Integral Operator Inequalities

Yonghong Liu 17, Ghulam Farid 2(%, Abaker A. Hassaballa 3, Jongsuk Ro ***{, Mnahil M.
Bashier ¢ and B. A. Younis ’

1 School of Computer Science, Chengdu University, Chengdu, China; cdulyh@hotmail.com (Y.L.)

2 Department of Mathematics, COMSATS University Islamabad, Attock Campus, Attock 43600, Pakistan;
ghlmfarid@ciit-attock.edu.pk (G.E)

Department of Mathematics, Faculty of Science, Northern Border University, Arar, Saudi Arabia; abaker.abdalla@nbu.edu.sa
School of Electrical and Electronics Engineering, Chung-Ang University, Dongjak-gu, Seoul 06974, Republic of Korea
Department of Intelligent Energy and Industry, Chung-Ang University, Dongjak-gu, Seoul 06974, Republic of Korea;
jongsukro@gmail.com (J.R.)

Department of Mathematics, Faculty of Science, Northern Border University, Arar, Saudi Arabia; mnahil.elradi@nbu.edu.sa
Department of Mathematics, Faculty of Arts and Science, Elmagarda, King Khalid University, Saudi Arabia;
byounis@kku.edu.sa

*  Correspondence: jongsukro@gmail.com

Academic Editor:
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1. Introduction

Fractional calculus composed on fractional derivatives, fractional anti-derivatives and special
functions. The Mittag-Leffler (ML) function, gamma function, beta function and other such functions
are used in defining mathematical models for real world problems. The exponential function is unique
in the sense of its existence and properties, and it has very important place in the theory of differential
equations. The ML function is a generalization of exponential function and is equally important in
solving fractional differential equations. Gosta Mittag-Leffler introduced this function in [1]. There are
plenty of mathematical concepts, equations, and models in different subjects of science which were
extended and generalized with the help of this ML function. The ML function is given in the following
equation:

0o XN

where v, x € C and R(v) > 0, and I'(.) is the gamma function.

The ML function defined in (1) involves one parameter, and there also exist many extended and
generalized ML functions in literature. For more information and detail about ML function one can see
[2—4], and references therein. ML functions are frequently utilized in defining operators of fractional
derivatives and fractional integration.

It is also presented in generalized form by using generalized beta and gamma functions along with
pochhammer symbol. Currently, so called unified ML function is introduced in [5], and given in the
following definition. Here we assume all the convergence conditions are satisfied and exclude the
detail, one can see [5].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 1. The unified ML function is defined by;
0 1
Ao.6km [Tisy By (bi,a;:)(A)p1(0) iz
M zabcp / 2
a,ﬁ,%ﬁ,y,v( ) ; [T B(ci, az) (Ve ()il (al + B) @
where T () = [, e *z"1dz, (0) = r(lf’(zgk),
! -1 -1 _<r(1pi7)>
Brloy) = [ vt a—ple (07 ar, ©

and p, is the extension of well known beta function.
The unified fractional integral operators containing the above ML function are defined as follows:

Definition 2. (see[5]) Let ¢ € Ly1[¢1,G2]. Then ¥ o € [§1, Ca), the fractional integral operator containing the

unified ML function Y

& By o ,(z;a,b,¢,p’) along with all the convergence conditions is defined by;

Aok, ¢ —1p A0k
(Yg,afyﬁ,yif,s,ﬂ,vllf)(e;@bc, p)= / (0= D) M5 (e =) abep)p(ndr, (4
1

3]
A0k, —1 4 ;APK,
(Yg,afﬁ,775,y,vw)<e;@@c, P)= (- MR (@ - e b )p@an. 6

By setting a; = I, p’ = 0 and R(p’) > 0 in above definitions, one can get the generalized Q

function l
QMR (g by = i i1 B(bi, 1) (A) o1 (0) a2
Pty 0 T Blag, 1) (7)1 () u T (al + B)

is the generalized Q function defined in [6] and the fractional integral operators

ks ¢ 1AM,
Vel ¥ ) @0 0) = [ (@ =0T (wle — T by (e, ©
& By v & By,

&
APk, —1 APk,
(ng,a;,;w,vlo (¢ab)= /Q (T=0o)f lQa,g/rZ,ﬂ,v(w(T — )" b)p(r)dr @)
as given in [7]. Next, we give the following definition of integral operators.

Definition 3. [8] Let ¢ € L1[¢1,&2], 0 < &1,8n < oo be a positive function and let © : [&1,82] — Rbea
differentiable and strictly increasing function. Also let % be an increasing function on [&1,00) and ¢ € [&1, &2
Then the unified integral operator is given by;

A,0,0k, ¢ A0k,
Gyttt o) = / AL (MRS 0;9)p(1)d(0(7)), ®)
A,0,0k, A0,0k,
(gyé" L ) / AL MBS 0;9)p(T)d(O(1)), 9)
where
e apelkn o 9(0(0) —O(1)) ) Apokn _ ", '
Ao My €)= “5 00y —om) Mubmop@(O(0) —O@)5a b p). (10)
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By setting a; = I, p’ = 0 and R(p’) > 01in (8) and (9), one can get the integral operator associated
with generalized Q function given in [7]:

O~ P.w,Ap,0,kn . _ Q Y AMpKN .
(Btirmony) @) = [ AUQUET . @9 (O(), (an

b
O~ Pw,A,p,0,kn . _ Y ANk .
(Biieot = [ 4@, Opy@aew), @

where

o0k, ©(g) —O(7)) Apbk . . .
AZ(Q%EI%;;:,/ ©:¢) = %ngm&;v(w(@(g) —0(1))*,a,b,p"). If © and % are increasing functions,

Ap,0,k,n

one can note that for u < 7 < v,u,v € [y, &), the kernel A%(M O; ¢) satisfies the forthcoming inequality:

lX,,B,'Y,H,V’ 7
A,0,0,k, A,0,0,k,
ALMEE ©;9)6 (1) < ALMLED" 0;9)6 (7). (13)

Moreover, the forthcoming inequalities hold which will be utilized to prove the results of this paper:

Ap,0.k, Ap0.k,

A (MR @ 9)0 (1) < AT (MR, ©;)0 (1), 7 € (G1,0), (14)
Ap,0.k, Ap0.k,

AU My s ©9)0'(T) < AL (MG, 0:0)0'(7), T € (0,82), (15)
A0k, Ap0k,

AS (Mg 0:0)0 (0) < AZ(MREYE |, 0;9)0'(0), ¢ € (81,62), (16)
Aofk, Ap0k,

Agz (MK,‘g,W,ﬁ,’;,y/ ®; ¢)®/(Q) g Ag; (MKr,g/‘f,‘errV/ ®; (P)@/(Q)/ Q € (gll 62)' (17)

Convex functions have wide range of applications in various subjects of different fields including physics,
mathematics, statistics, optimization, graph theory and economics. In mathematical analysis, integral and discrete
versions of classical inequalities are studied very frequently. A celebrated Jensen’s inequality is an analytic
approach to define a convex function. Many classical inequalities are straightforward consequences of the Jensen
inequality. Because of analytical representation of a convex function, the notion of convexity is extended and
generalized in many terms. For instance -, s-, h-, and many other convexities were defined by preserving an
analytic inequality satisfied by a convex function, see [9-12].

New defined convexities along with fractional integrals have been utilized to obtain generalized and refined
versions of classical inequalities by Hadamard, Ostrowski, Minkowski, Chebyshev, Griiss etc. One of the most
extensively studied inequality is the Hadamard inequality. Many researchers have studied it for new classes of
convex functions. For a detailed study on Hadamard inequalities for different types of convex functions, one
can see [13-19]. Our aim in this paper is to establish some integral inequalities for refined (a, h — m) — p-convex
functions.

The definition of refined (a, h — m) — p-convex function is given as follows.

Definition 4. [20] Assume that ] C R, I C (0, c0) are intervals with (0,1) C J, and h : ] — R is a non-negative function.
A function ¢ : I — R is called refined (x,h — m) — p-convex function if the forthcoming inequality holds

P((Te? +m(1—T)y")P) < (L~ T (p(e) + my(y)), (18)
where p € R\{0}, (to? +m(1 — T)y”)% €It e (0,1),(a,m)ec[0,1]>

From the above definition, one can obtain the definitions of refined («,h — m)-, refined (p, h)-, refined
(s,m)-, refined (a, m)-convexities along with many classes of refined convexities. Let we denote class of refined
(a, h — m)-p-convex functions defined over I by R’;*mCP (I). A function ¢ € Ri‘f"‘Cp(I ) satisfies the forthcoming
inequalities which will be applied to establish the main results of this paper in the forthcoming section:

¢(r%)gh<%)“h(1_(§:;>“) <¢(§1’1’)+¢<Q’j>>, (19)
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w(r%>§h(§2__%)ah(1f (g; Q) )<¢(¢2)+mw< )) (20)
w00 () (pebem(d))

In upcoming Section 2, we prove Theorem 1 by applying the inequalities (19), (20), (14) and (15). In the same
section Theorem 3 is established by using inequalities (21), (16), (17) and the Lemma 1, Theorem 2 is established
by using inequalities (14) and (15). Consequences of each result are explained at the end of proofs. In Section 3,
we give some Hadamard type inequalities. Throughout the paper we assume that all the notions described in
Section 1 are valid.

‘c\»ﬂ

2. Estimations of operators with unified ML Kernels
Theorem 1. Let ¢ € Rﬁ’f’”CP(I) be a positive and integrable over [&q, &), where &1, &, € 1. Then for operators (8) and (9)

we have:
¢ A w,Ap,0,kn . ¢ A w,A,7,0,0,kn
(NYepmams #ox) (@) + (RYgp i v o x) (o) (22)
1
Ap,0,k, o’
< A (MG 0:) (0 — a)( (& >+m¢( ))N?(r“,h;@v
1
Ap,0,k, o’
+A‘?2<Ml9,§,7,5,’;4,v,@;¢><¢ze)(np(é >+mw< ))Né'%z“,h;@'»
where Ni (u®, h;0") = fo h(1—u*)® (0 — u(o — x))du and x(t) = £,

Proof. The following integral inequality can be obtained from inequalities (19) and (14):

[ A ese(rh(e(n) < AT (ML 030) *
1 v Q - ¢ — ’
« (w(c{) +m¢<fﬂ)>/ h<eg—gl) h(l B (5—5) )dT'
.

g in right hand side while in the left hand side by using Definition 3, the
— 61

In above inequality by setting r =

forthcoming inequality is obtained
,A0,0,k, Ap.0.k,
(Rt pox) (@ip') < AF (MG ©:9) (0 — &) (24)
7 Q G ! /
<) +mp| ) [ r00n0 -6/ (o~ rlo - c)ar
Hence the following estimate of left sided integral operator is yielded:

¢ A w,Ap,0,kn o, & Ap,0,kn .
(AYK,,;,%,;M@ po x) (@p) < NG (Mg s O 9) (25)

1
1 v
x (e —¢1) (4)(6{’ ) +my (fn) > N§' (%, 1;©").
On the other hand following integral inequality can be obtained from inequalities (20) and (15).
b ywApBk, o (MK )
(Aygﬁ,%g,,,,zg;l/f © X) (e;p ") < A ( 0 g 9, (;r;, O $)(&2— o) (26)

; Q% L e Y=Y
<) +mp| 5 )) [ rER0 -0 0+ 2(E - @)


https://doi.org/10.20944/preprints202406.0619.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 June 2024

d0i:10.20944/preprints202406.0619.v1

50f11

Hence the following estimate of right sided integral operator is yielded:
¢~ w,Ap,0,kn 0 Ap,0,kn .
(RYgpt sz vox) (@:p) < AL (MyEY |, 0:9) @7)
; 1
_ v Qor N2 (2% b @'
% (62— )| w(@) +my( &5 ) | NG 10,

By adding the inequalities (25) and (27), one can get the required inequality (22). [J

Remark 1. By settingn =1,y =A+1ka; =0—A,c; =

A, p=v=_0in(22), then [21, Theorem 2.1] is obtained. If
0 < h(t) < 1, then one can get [22, Theorem 1].

Corollary 1. By setting x = @& in (22), the following result is obtained

¢ A w,Ap,0kn . ¢ w)\’ypf)kn L
(et oo+ (LI ven) o)

1

s ; ’ L

<A (ML 0;) (0~ ¢1>(¢<§f> + my (Qm)) NG (r*,1;0)
Bk, 3 ’ 2

+ AQZ(MQE,?”&Z,V,@;QI?)(CZ - Q)(lP(C;) + mp (an)) NG (2%, h;0"),

Corollary 2. By taking h(t) = T in (22), we get the inequality for functions belong to the class RE="C,(I):

AL0,0,k, AL7,0,0k,
(et vex) @)+ (ST pen) ) < -2
1
Aok, 1 G 1
x A <MK,,§,7,5,Z,V,@;¢><¢<¢{> +myp (1)) /0 (110 (g - r(g — &1))dr

Ap,8,kn

1 5 1
+ AQZ(Mﬂ,’B:'y,,zS,,y,v’@;(P)(':Z-Z - Q)(#’(@zp ) +my (Qm>>/0 ) (1 =)0 (¢ —r(e —&1))dr

Theorem 2. Let i be differentiable function such that |¢'| € RL="C,(I). Then for integral operators (8) and (9) we have:

,A,0,0,k, ,A,0,0.k,
Ryt pen)ox) (@) + (Agatasr (peA)ox)(@r)

4))erne
Q% o 1.0
(s

(28)

A0,0,k, n
< (0—G)AF (MY, 0;9) (lw’@{’ )| +m

A0,0,kn

+AG My O ) (62 — e)(lw’(f:; )| +miy’

where
08k, e Aobk, 1
(Rt e m ox) @) = [*As0ng0n o9 (07 ()
Ap0k, & Aok, 1
(¢ Y;jﬁﬁp,&#ﬂjgz (s A)e X) (o) = /g Ag(Mﬁ,gszZt,v,’ ;)¢ ((T) v)d(@(r)).

Proof. Itis given that [¢/| is in the class RL~"C,(I), therefore one can have

(e (g (- (5) ) (wehremy

R
3=

)
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The inequality (29) can takes the following form

*h(j__g)ah(lf (QQ__;)) (w’(c;’ﬂ +m ¢(‘fn) D <y () (30)

1

(2 ) (- (e) ) (v om

1
From the inequality (30), we have

() <n(gg) v (F8) ) (weedem

Integrating the product of inequalities (14) and (31) over [{7, 0], one yield

@) -

e Aok, 1 A0.0k,
Jo Mg @009 (0)7 )(O() < AT (MFLS, ©:9)
1
1 E Q Q —T 19 Q —T [
s (' @) +m|y' [ & /h( )h(1—< ))dr.
('lp(gl) lp(’“)‘) 1 \e—G1 0—2a1 2
Which gives
A0k, A,0,0,k,
(iYZﬁ,,}f&,y,Sg{r (llJ * A) © X) (Q’ PI) < Agl (Mx,g,'y,é,i;l,v’ @; (P) (Q - él) (32)
s 7
x <|¢'<§f>| +m w’(i) DN&' (", 1:6).
Similarly, from other part of inequality (30), one can have
Ap,0,k, A0,0,k,
(R (s A) o x) (0ip) = —AG (MY, ©:9)(0—&1) (33)
1
1 g
x <|¢’(§{’ )|+ miy’ (fn) D NG, 1;0).
From (32) and (33), forthcoming inequality is observed
‘ (q> Yw,/\,p,e,k,n

N oepmopner (N x)(e:p)

%,B,7,0, 4,V CZ (P) (34)
. / Q% S1a /

<to—an(Wehnly (L) )N o e,

Now, [¢/| € RE=™C,(I) hence we have

(e ) =n(224) (- (£22)) <|¢'<c§>|+m

S Agl (M)\/P/G/k/n

e}
==

Go—0

Now, similarly for (14) and (29), from (15) and (35), one can have
¢ A w,A00kn L 0 Ap,0.kn
‘ (A,Yﬂ,ﬁ,’y,ts,]l,mg (llJ * A) © X) (Q’ P ) ’ S Agz (M

/(%))
x <|¢’<é§’>|+m

oprsuy ©:0) (G2 —0) (36)
l”(i) DN?(r“,h;@’).

The inequality (28) is the sum of (34) and (36).

3|

O

Remark 2. By settingn =1,b; = A+1lk, a1 =60 —-A,c; = A, p=v =0in(28), one can get [21, Theorem 2.1]. If
0 < h(t) < 1, one can get [22, Theorem 1].
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Corollary 3. By taking x = ¢ in (28) one can get the forthcoming inequality:

¢ ~w,Ap,0,kn . ¢~ w,Ap0kn .
‘ (AYK,ﬁ,M,u,v/CT (yxa)e X) (o) + ( Y BrOYEy (yxa)e X) (o p’)‘

1
,,) D N (%, 1 0))
m

A0,0,k,
< (@ - E)AF (M, 0;9) (lw &1 +mlyp

Ap,0,k,n

AL (M 059) (62 — e)(lz//(c; )| +m|y’

Next, lemma is necessary for the proof of upcoming theorem.

Lemma 1. [21] Let p € RL7™"Cp(I), and m € (0,1], 0 < & < m&,, where &1, & € L If

1
1 é’p + é’p —0 »
ylor) —¢(<1 - : (37)
then the forthcoming inequality is valid:

(832 ) (2P0

The following theorem gives the Hadamard inequality.

Theorem 3. Let i € Rk‘mcp(l) be a positive and integrable over [&1, &o], where &1,&» € I, and (37) holds. Then for
operators (8) and (9) we have:

y ( (Ci’ +3 ) ’17)

2
h( 1 )h(za = 1) mt D) ((Ave ,2?;”;,9;’2" 1)(@p) +(ﬁ¥}jf%;f’;’fg111)(g2; 7)) (39)
20 e )lm+

,A,0,0,k, ,A,0,0,k,
< Ryt wox) @) + (N ptimne wox) Cup) < (G2 — &)

Ap,8,kn

X (S (MEEPR"  0;0) + AS (MyR" | 6;9)) (w(@ )+ mp (51 ))NCl( 156).

Proof. The kernel (10) satisfies inequality (16), and ¢ € Rﬁ_’”Cp(I ) satisfies the inequality (21). From inequalities
(21) and (16), one can get the forthcoming inequality:

9,B8,7,0,u,v’ 9,B,7,0,u,v’
[oehrsme () AR () e

and using Definition 3, in the aforementioned inequality one can get

52 n 1 1 n
S A M (@)D )A ) < AL M 0:0)

0—&

By setting r = P
y & G —¢1

¢~ w,Ap0 k1 L & Ap,0,kn .
(AYl‘),ﬁ,%J,V,VICZ* Yo X) (Cup) < ACz (Mg,/g,%(s%y/ 0;¢)(52 — ¢1) (40)

. S\ WL )
X (4](52)4‘"11/1( - ))/0 h(r*)h(1 —1*)0' (&1 +1(82 — &1))dr
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From aforementioned inequality one can get the forthcoming inequality:

¢~ w,Ap,0,kn & Ap,0,kn .
( Yﬂ,ﬂmé,y,v,é‘ lIJ © X) ((:l/ ) < A (Mﬁ,‘g,%g,ylw ®/ ¢) (41)

x (62— ¢1) (4’(@2’1’) +m¢(§1 ))Ngzl( ;0.

Similarly, the forthcoming inequality can be yielded from (17) and (21):

¢ A w,Ap,0,kn . ¢ Ap,0,kn .
(Y ¥ o) @) < AGMETEL €30) (42)

x (Cz—él)(lP(é )+m¢(51 ))Nél( h;0").

By adding (41) and (42), we get the forthcoming inequality

,A,0,0k, ,A,0,0k,
((P Y;jﬁ,’yfi(s,y,:,frlpox)(éz; p/) (Aywlg ,ngﬂfg l)b OX)(CU P/) < (gZ - Cl) (43)

X (AL (MBS 0;) + AZ (MY ,0;¢))) (w(g; )+ myp (‘f;))
x NE (%, 1;6).

Ap,0,kn

Now, we multiply inequality (38) on both sides by Agl (M) B0, 1,07

obtain the upcoming inequality

I AR ;

y ((gzg> ) Ji AR 0i)(0(0) < (1 m)
1Y), /2%—1 62 n 0

x (h(z—a>h( o )) /1 Agl(MQ/’,,{’,’Z:';,‘;W,®;<P)1P(Q”)d(@(Q))-

Definition 3 is used to get the forthcoming inequality:

(659

¢~ A0 kN 47 Ap,0,kn L
1 2% —1 (AYK/%.B’%‘S/H:V/g )((31/ P ) - (A K070V, po X) (gl' P ) (44)

0;$)0’(0) and integrate over [¢1, 2], to

Ap,0,kn
KB 0,0

()

¢ A w,A0,0,kn o
1\ /21 (AYM,@W;W@l) (C2:p") (45)
h h —5a— (m+1)

Now, multiplying both sides of (38) by AQ2 (M
[Cl/ CZ]/ we get

0; $)@’ (o) and integrating the resulting inequality over

2u
AL0,0,k,
((p Ylﬁ:ﬁﬁﬁ&%:? l/) o X) (52/ p/)
From (43), (44) and (45), inequality (39) can be achieved. [

Remark 3. By settingn =1,by = A+1lk,a; =60 — A, ¢c; = A, p=v =0in(39), one can get [21, Theorem 2.4]. If
0 < h(t) < 1, then one can get [22, Theorem 2].
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Corollary 4. By setting k = @& in (39), the forthcoming inequality is obtained:

{(5)

e (%) — (g @ + () @)
m

2u 20
¢ A w,A00kn . ¢ A w,Ap,0,kn Wi
( Yxﬁyéyv@'*lpox)(cz’p) ( YK,B’YJ]H/@' IPOX)(CLP)

<2& - )AL (M L 0;9) (w(g )+m¢(51 ))Ng(r"‘,h;@’).

3. Some deduced results

We deduce some particular cases for classes Rﬁ’fmcp(l), RI=mC,(I), and RI1C,(1).

Theorem 4. Let 1 is in the class of functions Ri‘fle (I). Then from (39) one can yield:

(5

¢~ w,Ap,0,kn L ¢ ~w,Ap,0,kn o
Zh(l)h (2“ -1 ) ((AYﬁ,ﬁz%tf,}t,v,C; 1)(51, P+ ( O 1) (Esp ))
2% ou

@ A w,A0,0km w,A,p,G,k,n .
< (Rt g) @) + (Argati ) @up) < (@ - &)
Ap,0,k,n Ap,0,kn

<AL 050+ MRS 00 (w(e) + v (e N (% o),

Theorem 5. Let 1 is in the class of functions le_mcp(l ). Then from (39) one can yield:

#(<ﬁ+£)v
2
((<p Yw,/\,p,e,k,n 1) (gl; p/) + ( Yw,/\,p,G,k,n 1) (52} Pl))

1 AT S8y AT Bro vt
COIET |

A0k, ,A0,0,k,
< (Rygpeite ) @ip) + (A¥gptnne ¥) @ip) < (G2 = &)

1
Ak, Aok, 1 ¢y
X (AS (MU 0;0)+ AL (MEYY" 6;¢)) (w(c; ) + my (,}1)) N (r, 10,

Theorem 6. Let 1 is in the class of functions RL=C,(I). Then from (39) one can yield:

. CP+§P %
22lp<< 12 2) )

¢ ~w,A00,kn L ¢~ w,Ap0 k1 o
2% —1)(m+1) (s Yopronvis @i+ (4 Yeprouuit! ) @)
¢~ w,Ap,0,kn A ¢ ~w,Ap,0,kn X ¢ Ap,0,kn .
( Yﬂ,ﬁ,%fs/ﬂﬂ/, l/]) (61/ Pl) + (AYK,ﬂ,%g,%V,érlp) (§21p ) (A ! (Mx,ﬂ,'y,é,y,u,’@ (P)

Ap,0,k,n

1
+ AL MBS 0:0)) [ (=Y (G (e — e

4. Conclusion

We investigated fractional inequalities for unified ML functions by utilizing fractional integral operators.
These inequalities were analyzed for the class of functions denoted by RZ*’”C,, (I). In particular cases, refinements
of well known integral inequalities that had been published in recent past can be deducted. We presented some
deductions for specific classes R’ffme(I), RI=mC,(I), and RI-1C,(I).
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