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Abstract: A mathematical procedure enabling the transformation of an arbitrary tessellation of a
surface into a bi-colored complete graph is introduced. Polygons constituting the tessellation are
represented by vertices of the graphs. Vertices of the graphs are connected by two kinds of
links/edges, namely, by a green link, when polygons have the same number of sides, and by a red
link, when the polygons have a different number of sides. This procedure gives rise to a semi-
transitive, complete, bi-colored Ramsey graph. The Ramsey number was established as
R;rans(3,3) = 5. Shannon entropies of the tessellation and graphs are introduced. Ramsey graphs
emerging from random Voronoi and Poisson Line tessellations were investigated. The limits { =
Ng

llvim o where N is the total number of green and red seeds, N, and N,, were found ¢ =0.272+0.001

(Voronoi) and ¢ = 0.47+0.02 (Poisson Line). The Shannon Entropy for the random Voronoi
tessellation was calculated as § = 1.690+0.001 and for the Poisson line tessellation as S =1.265+0.015.

Keywords: tessellation; graph; Ramsey theory; transitivity; Voronoi tessellation; random Voronoi
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1. Introduction

A tessellation (also called “tiling”) is covering a surface with a pattern of flat shapes so that there
are no overlaps or gaps [1-3]. Tessellations are important for physics [4], materials science [5] and
engineering [6]. Theory of tessellations plays a key role in the explaining of the structure of quasi-
crystals [7-10]. In our paper we propose the mathematical procedure enabling converting the
tessellation into bi-colored complete graphs [11-13]. Thus, the methods of graph theory became
applicable to the analysis of tessellations. Results supplied by the Ramsey theory become useful for
the study of tiles [14-16]. Transformation of the tiles into graphs enables the calculation of the
Shannon entropy of the emerging graphs [17-19]. We exemplify the suggested transformation with
Voronoi tessellations converted into bi-colored, complete graphs [20-23]. We also applied the
introduced transformation to the analysis of the Poisson line tessellations.

2. Results

2.1. Converting of Tessellations into Bi-Colored, Complete Graphs

Consider the 2D tessellation shown in Figure 1. The tessellation is built from five polygons,
numbered {1,2 ...5}. The tessellation is constructed by two triangles, numbered “3” and “4”, two
quadrangles, numbered “1” and “2”, and a pentagon, numbered “5”. The polygons form a rectangle,
which is the fundamental region for the suggested tessellation. We introduce the following procedure

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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enabling converting the tessellation into a complete, bi-colored graph. Polygons are represented by
vertices of the graphs, as shown in Figure 2. Vertices of the graphs are connected by two kinds of
links/edges, namely, green links when polygons have the same number of sides, and red links
otherwise, i. e, when the polygons have a different number of sides. In other words, green links
connect homomorphic polygons while red links connect heteromorphic polygons.

The bi-colored graph depicted in Figure 2 emerges from the tessellation shown in Figure 1. It is
emphasized that the introduced procedure gives rise to bi-colored complete graphs for any
tessellation. Note that the “green relation” between the vertices of the graph is transitive, whereas
the “red relation” is not. Consider three polygons labeled “a”, “b”, and “c”. If pairs of polygons “a”
and “b” and “b” and “c” have the same number of sides, the polygons “a” and “c” necessarily have
the same number of sides. Hence, green links represent a transitive relation between the vertices of
the graph. This is not true for the red links. Consider three polygons labeled “a”, “b” and “c”. Assume,
that pairs of polygons “a” and “b” and “b” and “c” have a different number of sides. It is still possible
that polygons “a” and “c” have the same or different number of sides thus making the red relation
non-transitive. This observation is of primary importance for the analysis of the addressed graphs.
These graphs, emerging from 2D tessellations, may be labeled as semi-transitive graphs.

" 1
C

Figure 1. Tessellation of the plane with five polygons is depicted. Polygons “4” and “5” are triangles;
polygons “1” and “2” are quadrangles; polygon “3” is a pentagon. .

1 5

Figure 2. A complete bi-colored graph emerging from the tessellation shown in Figure 1. The vertices
of the graph represent polygons, shown in Figure 1. If polygons have the same number of sides/edges,
the vertices of the graph are connected by a green link; if polygons have a different number of
sides/edges the vertices are connected by a red link.

Let us take a close look at a graph, shown in Figure 2. Triangles “135”, “234”, “235”, and “134”
are monochromatic (red ones). It turns out that at least one monochromatic triangle will necessarily
appear within the complete bi-colored graph, comprising five vertices, when at least one of the links,
represents the transitive relation. We proved it with a method of “brute force” by searching through
all possible graphs, comprising five vertices in which at least one of the links is transitive. Regrettably,
the method of brute force remains the only method for establishing the Ramsey numbers.

Let us introduce the semi-transitive Ramsey number Ry,qns(m, n), which is defined as a positive
integer, for which every green-red edge coloring of the complete graph on Ryq,s(m,n) vertices
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necessarily contains a green clique on m vertices or a red clique on n vertices, when the colored links
represent the transitive relation between the vertices. We demonstrated that Ryrqns(3,3) = 5. Recall,
that for the complete bi-colored graphs, which do not contain transitive links R(3,3) = 6.

It is possible to create a semi-transitive bi-colored complete graph, containing four vertices in
which no monochromatic triangle is present. This graph is shown in Figure 4. Again, green links
represent transitive relations between vertices, and red links represent non-transitive relations.

2 3

1 4

Figure 3. A semi-transitive graph built of four vertices is depicted. Green links represent transitive
relations between the vertices; red links relations between the vertices which are non-transitive. No
monochromatic triangle is recognized in the graph.

Arbitrary monohedral tiling necessarily gives rise to the mono-colored completely transitive
graph.

2.2. Shannon Entropy of the Introduced Graphs and Tessellations

Quantification of the “orderliness” of the tessellation shown in Figure 1 may be carried out with
the Shannon measure/entropy. The Shannon entropy (denoted S) of a given set tessellation is
introduced with Eq. 1 [10,17,18]:

S =—-XiPinP; D

where P; is the fraction of the polygons possessing i edges in the tiling. The summation in Equation
1is performed from i = 3 (the smallest possible polygon, a triangle) to the largest coordination number
of the polygon, e.g., for a hexagon, the largest value of i is 6. Tessellation presented in Figure 1
contains two triangles, two quadrangles, and one pentagon, thus, the Shannon Entropy of tessellation
is calculated withEq.1as § = — (g ln% + éln% + %ln i) = 1.065. This measure may be also introduced

for bi-colored graphs, such as that shown in Figures 2 and 3 [19]. Shannon entropies of the graphs in
introduced by Egs. 2-3 (compare with the classical definition of the Shannon entropy defined by Eq.
1):

Sy = —YnPnglnP,,,n >3 @)

g

Sr = _Zipirlnpir (3)

where P, is the fraction of monochromatic convex polygons with n green edges, and P, is the
fraction of monochromatic convex polygons with i red edges in a complete bi-colored graph.
Sampling of polygons is carried out separately from the green and red subsets of convex polygons.
Thus, a pair of Shannon entropies (S,,S,) corresponds to any bi- or mono-colored complete graph.
The introduced Shannon entropies (S,,S,) are completely defined by the given distribution of
monochromatic polygons in the addressed graph. Let us illustrate this idea with the complete graph,
presented in Figure 2.

For this graph, we establish P,, = 0 forany n > 3 (no monochromatic green polygons appear
in the graph); P;,, =1 for i = 3; P;3 =0 forany i > 3 (only red triangles are present in the graph).
Thus, according to Egs. 2-3, the both of the Shannon entropies S, and S, equal zero. Now we
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introduce the following notation: S, = 0, S, = 0 [19]. This notation enables distinguishing between
zero Shannon entropies emerging from the situations when P, = 0 and P, = 1 appearing in Eqs.
2-3 take place; namely § = 0 when P, = 1fora given n >3, and § =0 whenP, = 0 for any n >
3. For the graph, presented in Figure 2 we establish

(S4.5-) = (0,0) (4)
For the complete bi-colored graph, depicted in Figure 3, we establish: (S,,S,) = (0,0). The

tiling shown in Figure 1 is edge-to-edge tiling, however, the introduced converting of the tiling may
be also introduced for the tiling, which is not edge-to-edge.

2.2. Transformation of the Voronoi Tessellation into the Bi-Colored Complete Graph

A Voronoi tessellation or diagram of an infinite plane is a partitioning of the plane into regions
based on the distance to a specified discrete set of points (called seeds, nuclei, or generators) [20,21].
Voronoi tessellations, also known as Voronoi diagrams, are a type of tiling in which the plane is
subdivided into #n polygonal cells enclosing a portion of the plane that is closest to each of n points
[20,21]. The Voronoi pattern can be found in nature and engineering, including architecture,
materials, and computer science [22-27]. Voronoi tessellations were exploited recently for the
analysis of biological images [28]. Voronoi diagrams were introduced as early as 1644 by René
Descartes and were used by Dirichlet in the study of positive quadratic forms [23].

Consider the random Voronoi tessellation depicted in Figure 4. The random seeds were
generated with the Mersenne twister. Calculations were carried out with Wolfram Mathematics.

Now we imply the procedure enabling converting of the Voronoi tessellation into the bi-colored
complete, graph, introduced in Section 2.1. We connect seeds generating the tessellation (shown with
blue points in Figure 4) with two kinds of colored links: green and red.

Figure 4. Voronoi tessellation generated by a set of N=30 points. Seeds are shown with blue points.

Now we exploit the suggested procedure enabling the transformation of the Voronoi tessellation
into the graph, namely: green links connect polygons with an equal number of sides, whereas red
links connect polygons with different numbers of sides. The procedure gives rise to the semi-
transitive graph, as explained in detail in Section 2.1. Let us illustrate this procedure, with the Voronoi
polygons, shown in Figure 5.
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Figure 5. Five Voronoi polygons extracted from the Voronoi tessellation, shown in Figure 4. Blue
points depict the seeds/generators.

Polygon 1 in Figures 5 and 6 is octagon; polygons “2”, “3” and “4” are pentagons, polygon “6”
is hexagon. Figure 6 depicts bi-colored complete graph, emerging from polygons {1, ... 5}.

Figure 6. Bi-colored complete graphs generated by polygons {1, ...5}. Polygon 1 is octagon; polygons
“27,“3” and “4” are pentagons, and polygon “6” is hexagon.

Recall that the semi-transitive Ramsey number was established in Section 2.1 as Ryqns(3,3) =
5. Indeed, the triangles “234”, “135”, “125” and “145” appearing in Figure 6 are mono-colored.
As is seen from Figure 6, the red polygons include 3 triangles and 3 quadrangles. Thus, the

. . 3,3, 3,3
Shannon Entropy of the red graph is supplied by Eq.(3) as: S, = — (g In-+2in E) = 0.6931e green
graph consists of one triangle only, which necessarily implies a zero Shannon entropy value S, = 0.
Thus, the pair of the Shannon entropies for the graph shown in Figure 6 is (S,,S,) = (0,0.6931).

2.3. Statistics of Voronoi Tessellation

The Voronoi tessellation of a random set of point at an infinite plane is of particular interest. It
is believed that the entropy of the Voronoi tessellation given by Eq. 1 referred to as the "Voronoi
entropy," Sy, can be used as a measure of orderliness of the [10]. For a perfectly ordered set of points
on a plane, Sy = 0, while for a randomly distributed points the experimental values close to Sy =
1.7 have been reported [23].

For many characteristics of the Voronoi tessellation of a random set including the statistical
distribution of the relative number of polygons with the given number of edges, P», there is no known
analytical formula in the closed form. Instead, Monte Carlo and other simulation methods are used
to obtain these parameters from numerical experiments. While analytical solutions have been
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suggested by Hayen and Quine for #=3 [29], and Calca for the general case of any integer n=3 [30],
these solutions are in the integral form, which requires numerical integration. Some of these
numerical results are summarized in Table 1. As far as accuracy, Calca [30] estimated an error of 106
forn =3, 4, 10° for n =5, 6, 7, and 10* for n = 8, 9 [30]. The Voronoi entropy of the tessellation is
calculated from Eq. 1.

The number of green links (i.e., links between polygons of the same number of edges) is given
by the sum of the squares of the numbers of such polygons.

Ny =252 4P, )

where N is the total number of polygons. The number of red links (i.e., links between polygons of
different number of edges) is given by

2
N, =1 - % 3(Py)? (©)
Consequently, the ratio of the two numbers is given by

N o 2
_ Zn—3(Pn) (7)

—-_9
=N, TSP

In the matrix form, for vector PT = (P, Py, ... Py), the number of links is given as the trace of a matrix
P - PT, whose diagonal contains squared probabilities P,

2
Ny = N7Tr(P -PT) (8)
NZ
Ny =— [1—-Tr(P-PT)] )
Tr(P-PT)
“1-Tr(P P (10)

The results are presented in Table 1 for the literature data [30-36].

Certain statistical features of random Voronoi tessellations have been reported. Thus, theoretical
studies suggest that the distribution of the number of sides is provided by a generalized three-
parameter Gamma (3P) distribution [31,32]. The Lewis law states that for a random pattern, there is
a linear relationship between the number of edges and the mean area of polygons [37]. The Desch
law states a linear relation between the perimeter of polygons and the number of their edges [38]. For
a Voronoi cell that neighbors another n-sided cell, the Aboav—Weaire law relates the average number

of sidesmnof as m,, = a + g, where a2 and b are constant [37].

Table 1. Probability distribution of polygons for Voronoi tessellation of a set of random points from
literature sources [32] .

Authors Crain, Hinde & Miles, Kumar & Calka, 2003 [30] Tanemura, Brakke,

1978 [33] 1980 [31] Kurtz, 1993 [34] 2003 [35] 2005 [36]
Number of 57,000 2,000,000 650,000 Monte Carlo 10,000,000 208,969,210
polygons, N numerical

integration was used

Ps 0.011 0.01131 0.011 0.01124 0.01125  0.01125
P4 0.1078 0.1071 0.1071 0.106838 0.10685  0.10683
Ps 0.2594 0.2591 0.26 0.25946 0.25946  0.25945
Ps 0.2952 0.2944 0.294 0.29473 0.29473  0.29471
Py 0.1984 0.1991 0.199 0.19877 0.19877  0.1988
Ps 0.0896 0.0902 0.09 0.0897 0.0897 0.09012
Ps 0.0296 0.0295 0.03 0.0295 0.0295 0.02964

P1o 0.00751  0.00743 0.007 0 0 0.00745

d0i:10.20944/preprints202407.0494.v1
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Pu 0.00142  0.00149 0.0015 0 0 0.00148
P12 0.000175 0.00025 0.00023 0 0 0.00024
P13 0.000053  0.00003 0.00004 0 0 0.00003
Sv 1.68927  1.69066 1.68902 1.64087 1.64092  1.69031
0.273072  0.272438 0.272718 0.27251 0.272515 0.272729

We therefore conclude that based on the literature data, the ratio of green-to-red links (transitive
homomorphic to non-transitive heteromorphic relations) in a random Voronoi set is within the
interval 0.2724 < { < 0.2731 while the value of the Voronoi Entropy is in the interval 1.689 < S» < 1.691
(excluding values calculated from Refs. [30,35] as insufficient number of polygons, 3 <n <9, were
considered).

2.4. Statistics of Poisson Line Tessellation

Another type of random tessellation is the Poisson line tessellation, which is obtained by the
tessellation of an infinite plane by randomly placed and oriented straight lines. The statistics of such
tessellation was obtained by Tanner [40] and is given by Ps =0.355066, P+ =0.381466, Ps =0.1895, Ps
=0.05870, P7 =0.01275, Ps =0.002082, Py =0.0002712, P10 =0.000018, P1: =0.0000028, P12 =0.0000004 [40].
The values for Ps and P« are calculated from theoretical considerations, while for higher number of
edges in polygons the values are obtained from numerical experiments [40,41]. The Egs. 1 and 7
immediately yield the Shannon entropy of S =1.2779 and the ratio { = 0.4516.

2.5. Numerical Simulation

2.5.1. Random Voronoi Tessellation

To investigate the dependency of the ratio { upon the number of polygons, we conducted a
numerical simulation was conducted for up to N=6,000 polygons.

The dependency of the ratio of the number of green and red links denoted N, and N,
correspondingly on the number of polygons N is presented in Figure 7(a). The yellow line indicates
the limit ¢ = 0.272+0.001. The value is consistent with the value 0.2724 < { <0.2731 obtained from the
distribution calculations found in the literature, as discussed in the preceding section. The envelope

orange curves are drawn in accordance with the expression 6(N) =0.272 (1 + %)

18+ -
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Figure 7. (a) The ratio of the number of green and red links and (b) the Voronoi entropy depending
on the number of seeds N.

We also calculated the Shannon entropy of the tessellation (the Voronoi entropy) as a function
of the number of seeds Sy(N) calculated with Eq. 1 (Figure 7b). The limiting value was close to Sv
=1.69. This value is close to the limiting value calculated for the Shannon Entropy of the random
Voronoi tessellations using results reported by other groups, 1.689 < Sv < 1.691 [39], as discussed in
the preceding section.

d0i:10.20944/preprints202407.0494.v1
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2.4.2. Random Polygons Produced by Straight Lines (Poisson Line Tessellation)

In many situations, random tessellations are not generated by randomly placed seed points, but
by randomly placed straight lines oriented under arbitrary angles. Such a situation is typical in
materials science when micro/nanofibers are placed under arbitrary angles forming a network-like
structure, for which Voronoi entropy is sometimes applied [42].

The lines were generated with the origin at random points and with a random orientation. The
number of lines from Ni=10 to Ni=70, with the increment of 10, were tested (Figure 8a). For every
number of lines five simulations were conducted. The distribution of the number of edges in
polygons (Figure 8b) is consistent with the literature results, as discussed above (P3 =0.3550, P«
=0.3814, P5=0.1895, Ps =0.0587, P7 =0.0127, Ps =0.0002).

200 3

Number of polygons
g

4 s 6 7 8 9

Number of edges of a polygon

(b)

Figure 8. The (a) Poisson line tessellation and (b) the distribution of the number of polygons (a) for
N1=50 lines.

The dependency of the ratio of the number of green and red links N4/N, on the number of
polygons N is presented in Figure 9(a). demonstrating the limiting value of { = 0.47+0.02. The value
is consistent with the literature value { = 0.4516, as discussed in the preceding section. The
dependency of the Shannon entropy on the number of seeds S(N) is shown in Figure 9(b). The
limiting value was close to S =1.265+0.015. This value is close to the limiting value calculated for the
Shannon Entropy of the Poisson Line tessellations calculated from the data reported by other groups,
5§=1.2779, as discussed in the preceding section.

065

. § 3 °

) ] { ; . i t 1.0.5

045

e
Shannon entropy
Z ©

04 0 500 1000 1500 2000 2500

[ 500 1000 1500 2000 2500
Total number of polygons Total number of polygons

(a) (b)

Figure 9. The (a) Poisson line tessellation and (b) the distribution of the number of polygons (a) for
Ni=50 lines.

4. Discussion

Tessellations (or tiles) are widespread in mathematics, engineering and arts [3,4,24-28]. We
introduce the mathematical procedure enabling transformation of the arbitrary tessellation into
complete, bi-colored, semi-transitive graph. Thus, application of the Ramsey theory becomes possible
for the analysis of tessellations. We illustrate the idea with the analysis of Voronoi tessellations. In
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our future investigations we plan to apply the suggested mathematical framework for the analysis of
a diversity of natural and engineering patterns.

The bi-colored graph obtained by the proposed procedure has a number of remarkable
properties. For an infinite plane tessellation, the number of edges scales as N2. The quantity of green
graphs depends on the number of types of polygons present and the number of edges in each graph
is equal to {PxN%/2 for n-th type of green polygons. The red graph is only one and the number of
edges is (1- {)N2/2. The degree distribution, clustering coefficients, and features related to percolation
and resilience can further be calculated [43,44]. Introduced mathematical technique is well expected
to be useful for the analysis of properties of composite materials [45,46].

5. Conclusions

Arbitrary tessellation of a plane may be transformed into the complete, bi-colored graph, with the following
mathematical technigue: polygons are represented by the vertices of the graph, which are connected by two
kinds of links/edges. Green links are between vertices representing polygons with equal number of
sides, while red links are between vertices representing polygons with a different number of sides.
The green links constitute a transitive relation between the vertices, while the red links constitute the
relation which is not transitive. Consequently, the procedure gives rise for a semi-transitive, bi-
colored, complete graph. The Ramsey number for such a graph Ry,qns(3,3) = 5 was established. This
means, that the monochromatic triangle will necessarily appear within the graph built of five vertices.
The Ramsey number was established by searching through all possible graphs, containing five
vertices. The degree of order of the original tessellation is quantified with the Shannon Entropy. The
degree of order of the emerging graph is quantified with a pair of the Shannon entropies, supplying
the averaged probability to find the monochromatic polygon within the given graph.

We illustrate the suggested technique with the transformation of the Voronoi and Poisson Line
tessellations into the semi-transitive, bi-colored, complete graphs. We investigated the graphs emerging from
the random distribution of the seed points on the plane. We calculated the limit { = 0.272+0.001 emerging
from the random Voronoi tessellation and ¢ = 0.47+0.02 emerging from the random Poisson Line
tessellation. The limit value of the Shannon Entropy for the random Voronoi tessellation was
calculated as § = 1.690+0.001 and for the Poisson line tessellation as S =1.265+0.015.
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