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Abstract: This research article provides an unconditional proof of an inequality proposed by Srinivasa Ramanujan
involving the Prime Counting Function 7(x), (7t(x))? < % (%) for every real x > exp(547), using specific
order estimates for the Mertens Function, M(x). The proof primarily hinges upon investigating the underlying
relation between M(x) and the Second Chebyshev Function, (x), in addition to applying the meromorphic

properties of the Riemann Zeta Function, {(s) with an intention of deriving an improved approximation for 7r(x).
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1. Introduction and Motivation

The motivation for investigating the distribution of prime numbers over the real line R first
reflected in the writings of famous mathematician Ramanujan, as evident from his letters [23][pp.
xxiii-xxx , 349-353] to one of the most prominent mathematicians of 20" century, G. H. Hardy during
the months of Jan/Feb of 1913, which are testaments to several strong assertions about prime numbers,
especaially the Prime Counting Function, 7t(x) [cf. Definition (2.1.1)].

In the following years, Hardy himself analyzed some of thoose results [24] [25][pp. 234-238], and
even wholeheartedly acknowledged about them in many of his publications, one such notable result is
the Prime Number Theorem [cf. Theorem (2.1.1)].

Ramanujan provided several inequalities regarding the behaviour and the asymptotic nature of
7(x). One of such relation can be found in the notebooks written by Ramanujan himself has the
following claim.

Theorem 1.0.1. (Ramanujan’s Inequality [1]) For x sufficiently large, we shall have,

2 ex x
(7e(x))” < logxn(z> @

Worth mentioning that, Ramanujan indeed provided a simple, yet unique solution in support of
his claim. Furthermore, it has been well established that, the result is not true for every positive real x.
Thus, the most intriguing question that the statement of Theorem (1.0.1) poses is, is there any xg such
that, Ramanujan’s Inequality will be unconditionally true for every x > xo?

A brilliant effort put up by F. S. Wheeler, ]. Keiper, and W. Galway in search for such xy using tools
such as MATHEMATICA went in vain, although independently Galway successfully computed the largest
prime counterexample below 10!! at x = 38 358 837 677. However, Hassani [22, Theorem 1.2] proposed
a more inspiring answer to the question in a way that, 3 such xy = 138 766 146 692 471 228 with (1)
being satisfied for every x > xq, but one has to neccesarily assume the Riemann Hypothesis. In a recent paper
by A. W. Dudek and D. ]. Platt [2, Theorem 1.2], it has been established that, ramanujan’s Inequality
holds true unconditionally for every x > exp(9658). Although this can be considered as an exceptional
achievement in this area, efforts of further improvements to this bound are already underway. For
instance, Mossinghoff and Trudgian [27] made significant progress in this endeavour, when they
established a better estimate as, x > exp(9394). One recent even better result by Axler [26] suggests
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that, the lower bound for x, namely exp(9658) can in fact be further improved upto exp(3158.442)
using similar techniques as described in [2], although modifying the error term accordingly.

This article shall provide in detail, a new proof of Ramanujan’s Inequality, using a completely
different technique by introducing the notion of Mertens Function [12] [13]. We shall utilize one of the
most significant order properties of M(x) [15], namely, M(x) = O(y/x) in order to find an improved
estimate for 77(x) [cf. Section 3.3]. Thus in turn, we shall verify the inequality in the final part of the
article [cf. Section 4]. As an application to this method, we shall be able to refine the lower bound for x
even further in order for Theorem (1.0.1) to hold true without any further assumptions.

2. Arithmetic Functions

As for definition, Arithmetic Functions are in fact complex-valued functions on the set of Natural
Numbers N.

For the convenience of the readers, let us first introduce some notations, under standard assump-
tion that, x € R.

~n

Definition 2.0.1. We say f(x) is asymptotic to g(x), and denote it by, f(x) ~ g(x) if, lim (x) _ 1,

x 500 8(%)

Definition 2.0.2. (Big O Notation) Given g(x) > 0 Vx > g, the notation, f(x) = O(g(x)) implies
that, the quotient, % is bounded for all x > a;i.e., 3 a constant M > 0 such that,

f)l <Mg(x) ,Vx>a.

In this section, we shall discuss about a few specific important such type of arithmetic functions
pertaining to the context of the paper and the proof of the original result.

2.1. Prime Counting Function

Definition 2.1.1. For each x > 0 ,we define,
71(x) :=The number of primes < x.

The most important contribution of 77(x) is undoubtedly to the Prime Number Theorem [8] [18],
which can be stated as follows.

Theorem 2.1.1. For every real x > 0, the following estimate is valid.

x
) ~ o @
Equivalently,
Jim T()108Y _ 3)
X—r00 X

For an elementary proof of above, readers can refer to [20].

2.2. Chebyshev Function
Chebyshev 1 Function [7] has the following definition.

Definition 2.2.1. For each x > 0, we define,
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Where,
logp, ifn=p" p" <x, meN

A = 4
() { 0, otherwise . @)

A(n) is said to be the "Mangoldt Function" .

An important observation is,
px) =) Am)=), Y A" =) log p (5)
n<x m=1p,p"<x m=1 Pﬁx%

In fact, one can use the ¢ function in order tosimplify the statement of the Prime Number Theorem
(2.1.1). In other words, one can deduce that, proving the theorem is equivalent to proving the following
statement [6],

P(x) ~x as x — oo. (6)

2.3. Mobius Function

We start with the formal definition.

Definition 2.3.1. (Mdébius Function) u : N — {0, £1} is defined as follows:

k
(-1 ifn= Qpi“i such that, gcd(p;, pj)) =1 V i#]j

i) =9 4 if,n =1

0 otherwise.

One can in fact use definition (2.3.1) to deduce the following property regarding the Mdbius
Function.

Proposition 2.3.1. [17][Theorem 2.1 , pp. 25]

Dt(d)—H— Lo )
dln " 0 otherwise.

2.4. Mertens Function
Definition 2.4.1. The Mertens Function [15] M : N — Z has the representation,
n
M(n) =Y u(d) 8)
d=1
Remark 2.4.1. In general, there’s a notion of the Extended Mertens Function,

M(x):= Y u(n), VxeR

1<n<x

In his paper [4], Mertens conjectured that, for all M(n) with1 < n < 10*, we shall have,

[M(n)| < Vn ©)

This is also known as the Mertens Hypothesis. [ Interested readers can refer to [3][Theorem 14.28,
pp. 374] ]

d0i:10.20944/preprints202407.0759.v2
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Extending Mertens’ results further upto n = 5 x 10°, Sterneck [5] conjectured that,
|M(n)| < 3y, ¥V n>200.

The primary objective for Mertens behind introducing the function M(x) (As defined in (2.4.1))
was its underlying relation to the location of the zeros of the Riemann Zeta Function {(s), the reason
being largely due to it’s consequences for the distribution of the primes, also hailed as one of the most
important unsolved problems in Analytic Number Theory. We shall be working with a particular order
estimate of M(x) in later sections of the text, although readers are encouraged to consult [9,11,15,16]
for further details.

2.5. Some Necessary Derivations
Proposition 2.5.1. The Dirichlet Series Representation [3][Theorem 3.13 , pp. 62] for u(n) is given by:
1

o p(n)
n;l ) ,R(s) > 1. (10)

{(s) denoting the Riemann Zeta Function.

Proposition 2.5.2. The following order estimates hold true:

@ L1 =)

d<x

(i) Y 1) IOg 4 _ =0(1)

d<x

(i) . p(d) = M(x) = O(y)

Proof. (i) Near s = 1, we have the expansion for {(s):

{(s) = 5 +7+0(s—1)

Where, v denotes the Euler Constant. Thus,

——=(s-1)—9(s—1)24+0((s - 1)%)

Using Perron’s Formula, we have:

c+iT
u(n x° xlog® x
Lo zm/v?d ( r ) ay

n<x

where ¢ > 1 and T is a parameter to be chosen later.
We evaluate the integral using the following steps.
Step 1: Integral around s = 1

Consider a small semicircle I (say) of radius € around s = 1 having the following parametrization,
s=1+ee —m/2<0<m/2.

In this region,

1 , ,
O e’ — ye2e? 1 0(€%)
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and,

s x1+ee’9 xeei" . .
L oy T =y logr(] g +0(e?)
s 1+eet 1+ eet?

_ x(1 +ee® log x + 0(62)) (1 — ee'? +O(62))
= x(l +ee(logx — 1) + O(ez))

Thus, the integrand becomes:

s .
Lx? — x(ee — ye2e? 4 O(e3)) (1 +ee?(logx — 1) + O(€2)>

¢(s)
x(ee +e2e¥ (logx —1— ) + O(e3))
Therefore,
1 s 7T/2
/ - / x(ee +e2e¥ (logx —1— ) + O(e3)>iee19 a6
¢(s) s
r —/2
/2 /2
= / x<e2e2i"<1ogx -1-7)+ o(e?’))iei" do [ / e?% dg = 0]
—7/2 —7/2
/2
=ex(logx —1—1) / i€ dg + O(e?)
—7/2

Again, the integral of ¢3 over a symmetric interval around zero is zero. Therefore, the integral

around the small semicircle contributes a negligible amount of O(e3x).
Step 2: Integral along the vertical line s = c + it
For the part of the integral along the vertical line, say, L: s = c+it, =T <t < T, wherec > 1, ie,
+iT
Jn=
s) s
c—iT g( )

It can indeed be verified that, g( 5 is bounded on L as, {(s) does not have any pole for Re(s) > 1.
Specifically, for s = ¢ + it with ¢ > 1, {(s) is bounded away from zero, so C( HO) is bounded.

An appropriate choice of T = /x gives us a bound on the integral:

c+iT 1 xc+1t y oT

< Kx® Nkl
/Tg( i /‘g i) c—l—zt * /N/C2+t c
c—1

Since ﬁ is bounded by some constant K and |xif‘ = 1. Subsequently,
c+iT

Sincec > 1,c— % > %, and for large x, this term is small.

Step 3: Error term from the integral
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The total error term combining both parts is:

xlog? x xlog? x /272
= = 1
O< T ) O( Wz O(x"“log” x)

It can be observed that, the residue term around s = 1 contributes to x, and the error terms
contribute to = O(e3x) + O(x!/21og? x).

Choosing € small enough (such as € = x~1/9),
0(e3x) = O(x'712) = O(x'/?)

Thus, combining all terms and dividing by x to normalize, we obtain.

Z@ = x+0(x"%10g” x) :O< ! )

= log x

(ii) As for the proof, we can use Perron’s formula for any arithmetic function a(n),

c+iT © i(n e © 1a(n x
Eu(n):zlm/T<’1Z:l ij)sdsw(z';)' i (1,T|s)> (12)

n<x

where ¢ > 1 and T be a suitably chosen parameter.

Consider the Dirichlet series involving y(d) log d:

= j(n logn
Rh?
Applying this to (12):
! S
ZH b@{_ 1 H®7d+o ZhWM%ﬂmm141
d<x 27” gZ(S) a—1 dc T| |
c—iT -

We thus study the following integral,

1 C()s
2mi Cz(s) ds

c—

using following steps.
Step 1: Integral around s =1

Consider a small semicircle I' (say) of radius € around s = 1 having the following parametrization,
s=1+ee?, —r/2<60<m/2 and a priori from the fact that, nears =1,

ag:§%7+7+0@—m

and,
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Thus, on T', we have,
/ — @ T0) .
g et 4 0(
(ee%+v+0(e)>
Hence, the integrand becomes,
" ) Lree®
_% <_€ e +O(€))ml€€ d@
—7/2
/2
__ b 1,0 i6 2 _ 00 2\ i6
=5 / ( € e —|—O(e)).x(1+ee logx + O(e ))(1 e’ +0(e ))zee de
—/2
/2
__ 1 1,0 i6 _ 2\ i6
=5 / ( € e +O(e))<x€e (logx —1)4+O(e ))zee dae
—/2

= O(e’x(logx — 1))
( Expanding and simplifying, the leading term integrates to zero due to symmetry of the integrand
around zero ).
Step 2: Integral along the vertical line s = c + it
For the part of the integral along the vertical line, say, L: s = c+it, =T < t < T, wherec > 1, i.e,,

c+iT é”(s) xS
—ds
/c—z'T g%(s) s
It can be checked that, %(ss)) is bounded on L. Specifically, for s = ¢ + it with ¢ > 1, both {(s) and
{'(s) are bounded, so ¢6) is bounded by some constant K. Hence,

22(s)

ctiT ! c-+it T c
2T
JRECE YL S
.TC(S)C+1f ) c
c—1

Choosing T = /x,

c+iT , s

c—iT

Sincec > 1,c— % > %, and for large x, this term is small.
Step 3: Error term from the integral

The total error term combining both parts is:

xlog? x - xlog? x - 1/21.2
O< T )-O( v = O(x"/“log” x)
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Important to note that the residue term around s = 1 contributes negligibly as = O(e2x(log x —
1)), and the error terms contribute upto O(x!/21log?x) = O(x!/3(logx — 1)). (This can be
achieved by considering e small enough (such as € = x~1/¢). Therefore, we conclude that,

y Hallosd _ o)
d<x

(iii) A priori from the definition of M(x) and applying Perron’s Formula for a(n) = u(n) yields,

M—lcwlxd o v L min(1, > 13
©=5a | @t L e min (1775 =

n=1

As for computing the integral in (13) over the vertical line L: s = ¢ +it, =T < t < T, wherec > 1
,our aim is to try shifting the contour of integration to a vertical line closer to the critical strip.
For our convenience, we choose ¢ = 1 + € where, € > 0. Using the fact that {(s) has no zeros for
R(s) > 1, we intend on obtaining a suitable bound for z ( j in this region.

Observe that for R(s) = 1 + ¢, {(s) is bounded away from zero, implying ﬁ is also bounded.
Specifically, for s =1+ € +it,

1
— <A
o
for some constant A. On the other hand,
Ite+iT X yltetit 1 A yl+e
/ 0y p——
_Z(s) T+e+it ((1+e+it) (1+e2+12
1+e—iT —-T

A.lere T :O(x1+e)

1
/—dt:
JoVA+e2+ l+e

Subsequently, the error term from the vertical line integral can be estimated as, O(x!*€), for any
small e > 0.

Hence, we need to choose T appropriately to control the error term in Perron’s formula. Using
the Cauchy Residue Theorem [21, Chapt. 5.1, pp. 120] and estimating the integral, we set
T = v/x and consider the main term and error terms:

14e+iyx

xS

L) s
1+e—iy/x

ds = O(x1/%7¢)

This ensures that the main contribution comes from the vertical integral and the error terms are
bounded appropriately. Accordingly,

M(x) = O(x1/%*€)

By choosing € > 0 sufficiently small, we can make the bound as close to O(+/x) as desired.
O

3. Order Estimates Involving M(x)

In this section, we shall apply the definitions of Chebyshev ¢ Function, i(x) in order to come up
with a suitable estimate for 77(x) in terms of the Mertens Function, M(x).
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3.1. Relation between (x) and M(x)
Theorem 3.1.1. The following holds true for the Chebyshev i function, P (x):

px) =x— ¥ M() +0(vx) (14)

n<x

Proof. A priori from the definition of ¢(x) involving the Von Mangoldt Function, A(n), we apply the
Mobius Inversion Formula [17, Section 14.1, pp. 30] on A(n) to obtain,

:(;y( log( ) Zzy log(g) (15)

n<xﬂn

=Y ud) ) log(k) [ Interchanging order of summation | (16)
d<x k<

U=

Remark 3.1.2. Here, we set n = dk, so that the inner sum is over k with k < ﬁ

We approximate the sum of log(k) by integrating the logarithm function from 1 to %, and then
applying Integration by Parts.

Y- log(k) = [ log(t)dt + O(1og(5)) = [t1og(t) —]{ +O(1og(

X
k<2

)

QU=

= glog(g) - g +1 +O(log(§)) = glog(%) - g +1+0O(log(x))

[ Since log( %) is of the same order as log(x) for large x |

Subsequently, from (16) we get,

= ¥ u(d)(Flog(5) — 3 +1+0(log(x)))

d<x

Distributing u(d) and separating the main terms from the error term,

E# )(F108(3)) - Zu ()+Zu( 1+de4 O(log(x))
<x
EVT (*) ZL—FZV d) +O(xlog(x)) Y u(d)
d<x d<x d<x d<x
A priori using the results obtained in proposition (2.5.2)
HA) oo (X p(d p(d)log(d)
xy “—Flog(=)=xlog(x) ) —+ (17)
dg d (d) dg d ; d
Furthermore,
1
xlog(x) .O(logx> O(1) =0(x) —x =0O(x)
Hence,

O(xlogx) Y u(d) = O(xlogx) - O(v/x) = O(x*/*log x) (18)
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Combining (17) and (18) yields,

Ppx)=x—) M(%) + 0(x) + O(x*%log x)

n<x

Since O(x%/?1og x) dominates O(x), we conclude that,

p() =x— Y M) +0(R)

n<x
And the proof is thus complete. [

3.2. An Important Approximation for (x)
A tricky application of the famous Prime Number Theorem (2.1.1) yields the following estimate,

P(x) =x+ O(xe_c\/@> (19)

or some constant ¢ > 0. However, it is indeed possible to obtain a simpler, and more effective bound
for the Chebyshev ¢ Function.

Lemma 3.2.1. We have,
P(x) =x+0 (x”z log2 x) (20)

Proof. This proof thouroughly utilizes results from Analytic Number Theory, specifically the properties
of the Chebyshev function i (x) and the distribution of primes. We shall also leverage results from the
analytic properties of the Riemann zeta function {(s).

Important to note that, the proof relies on properties of the Riemann zeta function {(s) and its
non-trivial zeros. However, we do not assume the Riemann Hypothesis (RH) here explicitly.

The explicit formula for ¢(x) involves the zeros of {(s):

xP
Pp(x) =x—) = —log(2m),
o P
where the sum is over the non-trivial zeros p of {(s), and the term log(27) arises due to the existence
of poleats = 1.
The critical line R(s) = 1 plays a key role. Let p = f + i be a non-trivial zero of {(s) with
B=R(p)and 1 = 3(p).
The zeros are symmetric about the real axis, so we consider only the upper half-plane. For each

2P

0 contributes to ¥ (x). To estimate the error term, consider the sum over the

zero p of {(s), the term
non-trivial zeros p:

y

o P

In addition to above, we use the fact that the zeros p have g < 1. The contribution of each such p can
be bounded by,

xP
- S xﬁ -1
‘ P ’ vl
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For zeros with f = %, xP = x1/2.. Hence, the number of zeros with |y| < T is O(T log T). We choose
T = x to cover the relevant range of zeros.

1\2 12 1
Yo lol Tt =) <<2) +72> < o O(log x)
71<x l71<x In=x |7
Combining these estimates, we obtain,
xP 172
Y i O(x'/?1og x) (21)
o

Including the logarithmic term from the pole at s = 1, the error term in {(x) becomes,
9(x) = x + O(x/log x)

Since we know that the error term actually involves log? x due to the density of the zeros of {(s) and
more refined estimates, thus, we can further improve our estimate to,

P(x) = x + O(x%1og? x)
O

As the title of this section suggests, we shall now proceed towards understanding how we can
approximate 77(x) using properties of {(x).

Theorem 3.2.2. The following holds for the Prime counting function, rt(x):

t(x) = If)(gxa)c + O<(logx)2> (22)

Proof. Before we delve into the proof, notice that A(n) is zero except when 7 is a power of a prime,
specifically n = pk. We can hence rewrite (x) as,

ot = % togp- (11252 )

px log p

Further simplification yields,
p(x)= ) logp=) logp+ ) logp+ ) logp+--- =} logp+), ) logp (23)
pr<x p<x pr<x pi<x p<x k=2 p<x1/k

The error term in (23) comes from the higher powers of primes,

[e9)

Y, ) logp

k=2 pgxl/k

For k = 2, the sum is,

Y logp~ %\/Elogx
p<Vx
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Whereas, for higher values of k, the sums are even smaller,

Y. ) logp <) Vxlogx=0O(vxlogx)
k=3

k=3 p<x1/k

Therefore, the error term is dominated by the term corresponding to k = 2, in other words,

Y ¥ logp = O(vxlog).

k=2 péxl/k

Combining the main term and the error terms,

¥(x) = ) logp +O(Vxlogx) (24)

p<x

On the other hand, applying the statement of Prime Number Theorem, we can have the following
approximation,

Y logp ~ m(x)logx

p=x

More precisely,

Y logp = m(x)logx +€(x) (25)

p<x
Given our earlier discussion, the error term, e(x) can be bounded by,
e(x) = O(V/xlogx).

To isolate 77(x) from (25), we divide both sides by log x,

_plx) el
m(x) = logx logx

Substituting the error term bound:

= s 0t ) <o ()

From (20) in Lemma (3.2.1), we can further refine,

P(x) x Vxlog? x X
logx  logx log x log x

+O(v/xlogx)

Combining the error terms, and applying Theorem (2.1.1) again enables us to assert that,

7 = gt + )
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3.3. An Improved Estimate for 7t(x)

First, let us recall that, (14) in Theorem (3.1.1) gives us an order estimate for (x) in terms of
M(x), whereas, we have derived a unique representation of 77(x) applying properties of 1(x), and
analytic properties of the Riemann Zeta Function {(s), as mentioned in (22) in Theorem (3.2.2).

We substitute (14) into (22) to obtain,

_ X = Yax M(5) +O(V7) x
m(x) = log x +O((logx)z)

x 1 2M(;)+O(ﬁ)+o< x >

B logx logx gt

Combining the error terms,

n(x)zlo};x_lo;x ZM(Z)—FO(l(\){;x) +O<(logxx)2)' (26)

n<x

Note that O (k‘gx) is asymptotically smaller than O (l()gxzx) , so the dominant error term is O ( 0 gx)z ) .

Therefore, we have the following improved estimate for 77(x) as follows.

Theorem 3.3.1.

m(x) = loj:;x B lolgx Z M(%) +O((lo;;cx)2> @7)

n<x

4. Proving Ramanujan’s Inequality

In order to prove Ramanujan’s Inequality, our primary intention will be to investigate the sign of
the function,
ex

X
G(x) = () = 157 (5) 28)

for large values of x using the relationship between 7(x) and the Mertens function M(x). Given the
complexity of the order relations an the extent of robust computations involving these functions as
discussed in the previous section, we’ll have to analyze the expressions and error terms cautiously.

4.1. An order expression for G(x)

A priori from (27) of Theorem (3.3.1), we have the following expressions for 77(x) and 7r(x/e) as,
X 1 X X
m(x) = logx logx n;cM<n) +0 < (logx)2>
and,

/e 1 x/e x/e
mx/) = foglx/e) ~ log(x/o) n;x/eM(”) +O<(10g(x/€))2>

_x/e 1 x/e x/e
T logx—1 logx—1 L M(n>+o<(logx—1)2>

n<x/e
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Subsequently,
ex _ex x/e 1 x/e x/e
logxn(x/e) ~ logx <logx -1 logx— n§/6M< ) +O<(logx— 1)2>>
x2 ex x/e x2
" logx(logx —1) logx(logx —1) n§/6M<n> + O(logx(logx — 1)2> @9)

Furthermore, squaring 7(x) yields,

2
S (10;6 B lo;x L M(%) +O<(10gxx)2>>

() 2() (e 2 )+ (e £ (D)) +0 )

log x n<x

x2 Z () 1)2<§M(z)>2+o((kj;)3) (30)

~ (logx)? aogx )2 = (log x

Therefore, using (29) and (30), we deduce that,

g(x)_( x2) logsz () +1 1ogx (ZM( )>2 O(“Oi‘;xﬁ»

(log x

2

( 2 - ex y M<x/e>+o(1ogx(lo}igx1)2>>‘

logx(logx —1) logx(logx —1) n<x/e

Simplifying each term:

2
2 e X . ZXM(%) + (1og1x)2 (;E M(;)>

- (logx)? logx(logx—1) (logx

ety 5, () ().

log x(logx — 1 nSae
(1)

. £ () o ()

" (logx)2(logx —1) logx ) =

a1, S M) (o) @

log x(log x nSive
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4.2. Asymptotic Behavior of Indivudual Terms

A priori using involving the Mertens function M(x),

LuG)-o(B i) -o(FE ) -owrvmom e

So, we can further approximate each term of (32) as follows,

i (£43)) (i)

ex x/e\ x?
log x(logx — 1) HSZX/EM(n) o O(logx(logx —1) )

Asa consequence,

G(x) =

~log S M)+ O foser) +©(iogrtiogr ) oy )

= g2 ZM(3) <(1o§x)z> (34)

n<x

For sulfficiently large values of x. Therefore, we conclude that, G(x) < 0, for large values of x, and this
concludes our proof of the inequality.

later, we shall try to establish a better range of the values of x for which Ramanujan’s inequality
does hold true.

5. A Modified Bound for 77(x)

The derivations which we’ve made in the previous sections yielded several order estimates
involving M(x), {(x) and especially 77(x). In this section, we shall discuss how this method enables
us to find more optimal bounds for 7r(x).

5.1. Upper Bound for 7t(x)

A priori from Lemma (3.2.1), we have that for some positive constant &« > 0,
¥(x) < x + ax'/2(log x)? (35)

Substituting this into the the estimate (22) of Theorem (3.2.2) involving 7(x),

1/2 2
x 4+ ax'/*(logx) +O<( x

_ X 1/2 X
< = ! .
m(x) < og x logx)2> log ¥ +ax'/*logx + O ( (logx)z) (36)

5.2. Lower Bound for 7t(x)
A priori using the estimate, M(x) = O(x!/2),

£ -o(207) ol )
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Using the approximation, ; # ~ 24/x gives,
n<x

y M(g) — O(x).

n<x

Thus,

lo;x L M(%) - O(lozrx)

n<x

Therefore, applying the above derivation to (27) in Theorem (3.3.1), we assert that,

X Bx X _ X X
mx) 2 logx logx +O((logx)z) = _ﬁ)logx +O<(logx)2>' 37

for some positive constant f > 0. Hence, (36) and (37) allows us to state the following.

Theorem 5.2.1. The following bounds on 7t(x) is valid for sufficiently large values of x :

X

x x 1/2 x
— R — ] < < Ao
(1 ﬁ)logx + O((logx)2> < m(x) < logx +ax/“logx + O((logx)2> (38)
for positive constants «, B > 0.

Remark 5.2.2. The result (38) in Theorem (5.2.1) provides an alternative justification to the validity of
the famous Prime Number Theorem. This can be observed from the fact that, 77(x) is bounded on both
sides by a constant multiple of @ plus an error term, which can be minimized for large values of x.

6. An Improved Condition for Ramanujan’s Inequality

A priori adopting Sterneck’s deduction [5], as mentioned in section 2.4 of this text, we shall
investigate the function G for its sign for large values of x, with every intention of improving the claim
made by Dudek and Platt [2, ref. Theorem 2].
6.1. Monotonicity of the Function G

Our aim in this section is to establish the following claim.
Proposition 6.1.1. The function G(x) as defined in (28) is monotone decreasing for x > 201.
Proof. We intend on verifying that, G(x +¢€) — G(x) < 0 for every large x and for every € > 0 arbitraily

chosen.
Observe from definition that the difference,

G(x+e€)—G(x) = [(n(x +€))? - (n(x))z} - [ltic(;(cx_*——kei) 7T<x _: e) - loegxn(x/e)] (39)

Now we evaluate,
(m(x+€))? = (m(x))? = (m(x +€) — 7(x)) (7(x +€) + 7(x)) (40)

Using the explicit forms (27):

o e  xe 1 xte __xte
n(x+€)—10gx+logx (logx)z Ing Z M( 7 >+O((log(x+e))2>

n<x+e
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Therefore,

€ xe 1 x+e€ 1 x
n(x+e)—nlx) = logx (logx)? logx nS;rGM( n > + log x L M(E)

xX+e x
(gt a7~ Tog)
For small €, we use the linear approximation:

xX+e€ X € xXe

log(x +¢€) ~ logx + logx  (logx)?

And,

1 R €
log(x +€) ~ logx x(logx)?

Thus, we can compute further in (41) as follows,

€ x€e 1 x+e 1 X xe

e =0 = oo~ oyt~ g, 2 M () + gz ZMG) O () “

Similarly,
X € xe 1 x+e€
m(x+e)+mlx) = 2logx * logx (logx)? logx n<zx:+eM< n >
1 X xe
- 4
+logxn;xM(n) +O<(logx)2> 43)

Combining (42) and (43) yields,

€ xe 1 X+e 1 x
(n(x+e))* = (n(x))* = <logx ~ (logx)?2  logx L M( n )+ log x L M(n))

n<x+e

, X e xe Lof e
logx  logx (logx)? (log x)?

2

-ty - 5 () e EG) <o) @0

IOgX)zi (IOgX)37 (IOgX) n<x-+e n<x

As for the second term in (39),

e(x+¢€) x+e\ ex (x/¢) ~ e(x+e) x+e _ex ( x >
lo (x+e)n< e > logx O g (x+e)<elo (x+e/e)) log x \ elog(x/e)
g g g g

[Using the earlier approximations for 71(*€) and 7r(2)]

(x+e€)? x? O<< xe > (x+€)2—x2+o(( xe >

(log(x +¢€))2  (logx)? * logx)?) ~  (logx)2 log x)3

2x€e + €2 X€
= logn)? O((logx>3> )
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Hence, substituting (44) and (45) in (39) and simplifying,

2

xe xZe x x+e x x
Glx+e)-G(x) = <2(10gx)2 _2(10gx)3 _2(logx)2 n§+eM( n > +2(logx)2 L M(n))
2xe + €2 xe
~(fegrr) + s

= ogaP <Z+M(+) n;xM(z)) aoiw(ao?x)s) (46

We utilize Sterneck’s conjecture,

1
IM(x)] < ﬁﬁ’ for x > 201.

to bound the difference as follows,

_z(l();x)z< y M<x+e> ZM( )) < (logx) ( m_f) (47)

n<x+e n<x

Subsequently, € > 0 enables us to conclude from (46) and (47),

€2 xe
G+ =0 = 2 (G076 v9)) ~ o+ (g )
= SVETE— VA - S +o< - ) (48)
B (log x)? rre (log x)? (logx)3
Since v/x + € — v/x > 0 for any € > 0 and the error term O( (log 1)° ) is smaller, it implies,

G(x+€)—G(x) <Oforeveryx+e > x,e >0

Thus, G(x) is monotone decreasing for large x such that, x > 201.
O

Remark 6.1.2. Note that, Sterneck’s Conjecture only establishes the fact that,

1
IM(n)| < 5\/ﬁ, for n > 200.

where, n € N. But in this case, since, we're dealing with x € R, hence, we’ve modified the lower bound
for x accordingly.

6.2. A better Range for the Values of x

Just to recall, Proposition (6.1.1) comments on the monotonicity of G for x within a certain interval.
Thus for every sufficiently large x > 201, we must have,

G(x) < g(logx) <0

log x
e

provided, > 201, i.e, log x > 546.3746475. Therefore, we have our following improved bound on
x in order to satisfy (1).
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Theorem 6.2.1. The Ramanujan’s Inequality (1) is unconditionally true for every x > exp(547).

6.3. Numerical Estimates for G(x)

A priori from Proposition (6.1.1), we have formally established that, the function G as defined in
(28) is in fact monotone decreasing for large values of x. Applying MATHEMATICA, we can indeed provide
ample numerical evidence in support of our claim proposed in Theorem (6.2.1).

In fact, using Table 1 we can observe and study the decrement in the values of G for increasing
values of x in [exp(547), exp(3247)] scaled appropriately. Another important comment to make is
that, (1) in Theorem (1.0.1) has been well established [26] for every x > exp(3158.442). Hence, it only
suffices to check the sign changes for G in the above chosen interval. Furthermore, we can assert from
the data given in the table (1) that,

G(exp(547)) = —5.03 x 10%8 < 0
which along with Proposition (6.1.1), establishes our result in Theorem (6.2.1).

Table 1. Values of G(x) at x = exp(547 + 100k), 0 < k < 27.

!II 5.03 x 10!!!

e —
7 | —1.32x10%%
e’ | —4.02 x 1051
e | —1.36 x 10718
Y | —5.04 x 10804
el07 1 —1.99 x 103!
471 —8.31 x 10°77
1247 1 3,63 x 101064
e | —1.65 x 101!
M7 1 776 x 101237
157 | 375 x 101324
e1647 1 —1.86 x 10111
747 | —9.43 x 10147
el847 | —4.88 x 101584
e —2.57 x 10171
20 | —1.37 x 1017%8
M7 | —7.45 x 10184
e?47 | —410 x 1011
P47 | 228 x 102018
247 1 128 x 1021
eV | —7.28 x 10211
e?47 | 418 x 102278
47 | —2.42 x 10236
X7 1 —1.41 x 102452
P47 | —8.27 x 1023
047 1 —4.89 x 10262
171 291 x 102712
247 | —1.74 x 10779

7. Future Research Prospects

In summary, we’ve utilized specific order estimates for the Prime Counting Function 7t(x), the
Second Chebyshev Function {(x) and the Mertens Function M(x) in order to conjure up an improved
bound for the famous Ramanujan’s Inequality. Although, one can derive other approximations for M(x)
in order to improve this result even further. It'll surely be interesting to observe whether it’s at all
feasible to apply any other techniques for this purpose.

On the other hand, one can surely work on some modifications of Ramanujan’s Inequality For
instance, Hassani studied (1) extensively for different cases [22], and eventually claimed that, the
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inequality does in fact reverses if one can replace e by some « satifying, 0 < a < ¢, although it retains
the same sign for every a > e.

In addition to above, it is very much possible to come up with certain generalizations of Theorem
(1.0.1). In this context, we can study Hassani’s stellar effort in this area where, he apparently increased
the power of 77(x) from 2 upto 2" and provided us with this wonderful inequality stating that for
sufficiently large values of x [28],

Y 21
(m(x))* < ﬁ(l _elk_l)znk(lo;x) 71(;”)
ogx

k=1

Finally, and most importantly, we can choose to broaden our horizon, and proceed towards studying
the prime counting function in much more detail in order to establish other results analogous to Theorem
(1.0.1), or even study some specific polynomial functions in 77(x) and also their powers if possible.
One such example which can be found in [29] eventually proves that, for sufficiently large values of x,

o (v(2) <)+ o (w(3) T e

Whereas, significantly the inequality reverses for the specific case when, n = 1 (Cubic Polynomial
Inequality) (cf. Theorem 3.1.1 [29]).

Hopefully, further research in this context might lead the future researchers to resolve some
of the unsolved mysteries involving prime numbers, or even solve some of the unsolved problems
surrounding the iconic field of Number Theory.
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