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Abstract: In this work, we propose a generalized partially functional linear regression model with an interaction
term between functional predictors. The estimators of the regression coefficient of scalar predictors and regression
coefficient functions of functional predictors and their interactions are obtained. The asymptotic property of the
estimators is established. Extensive simulation studies illustrate the asymptotic results. Finally, the proposed
model was applied to investigate the influence of air qualities, climate factors, medical and social indicators and
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1. Introduction

With the advent of the big data era, more and more functional data, providing information about
objects varying over a continuum, are collected.

Currently, functional data analysis is being applied in various fields such as medicine, envi-
ronmental science, and economics, and is receiving increasing attention. For details on functional
data analysis, see monographs Ramsay and Silverman [1], Horvéath and Kokoszka [2] and Hsing and
Eubank [3].

Variants of functional linear regression models have been proposed to investigate the influence of
functional and/or scalar predictors on functional or scalar response and therefore to make predictions.
Cardot [4], Tony [5] and others have utilized spline methods for estimation and prediction in functional
linear regression models. In 2007, Cardot et al. [6] extended the population least squares method
to functional linear models, proposing smooth spline estimates for model function coefficients and
providing asymptotic results for this estimation. In 2012, Delaigle and Hall [7] utilized partial least
squares to demonstrate the consistency and convergence of functional linear models. Tony and Ming
[8] studied the estimation and prediction issues of functional linear regression models within the
framework of reproducing kernel Hilbert spaces. However, these models cannot deal with general
responses such as binary, Poisson.

In 2002, James [9] proposed generalized linear models with functional predictors and applied
it to standard missing data problems. In 2005, Miiller and Stadtmiiller [10] proposed a generalized
functional linear regression model where the response variable is a discrete scalar and the predictor is
functional. In 2011, Goldsmith et al. [11] developed fast fitting methods for generalized functional
linear models which can be applied to various functional data designs including functions measured
with and without error, sparsely or densely sampled. In 2021, Xiao et al. [12] proposed a generalized
partially functional linear regression model where the response variable is general and the predictors
are scalar and functional. However, none of these models incorporate the interaction of functional
predictors.

In many practical applications, we need to consider the interactions between variables, and
failure to consider the interaction term may lead to the problem of missing variables in the model,
thus introducing inaccurate predictions and inappropriate interpretations. By introducing interaction
terms, the inaccuracy can be reduced and the model can be made more reliable, therefore, improving
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the prediction the model and providing more reliable decision support. Indeed, functional linear
regressions models with interaction between functional predictors have been proposed recently.
Examples are as follows. In 2016, Usset et al. [13] proposed a functional regression model with a scalar
response and multiple functional predictors which two-way interactions in addition to their main
effects. In 2019, Luo and Qin [14] proposed function-on-function regression models with interaction
and quadratic effects, together with an efficient estimation method which has a minimum prediction
error. In 2013, Yang et al. [15] introduced a class of nonlinear multivariate time-frequency functional
models that can identify important features of each signal as well as the interaction of signals. Some
models considered the interaction of two different time points of the functional data. In 2020, Matsui
[16] proposed a functional quadratic model which took the interaction between two different time
points of the functional data into consideration. In 2020, Sun and Wang [17] also considered a quadratic
regression model where the predictor and the response are both functional, estimated predictions for
the coefficient functions, unknown responses and asymptotics were demonstrated. However, these
models cannot be applied to general scalar responses. As far as we know, only Fuchs et al. [18] in 2015
considered general scalar response with functional predictors to include linear functional interaction
terms. However, one drawback of Fuchs et al. [18] is scalar predictors are not included, and the second
drawback is the asymptotic properties of estimated regression coefficients have not been established.

A practical motivation of this paper is the investigation of the influence of air qualities, climate
factors, medical and social indicators and the interactions on cancer incidence which is a binary
response. Cancer is one of the leading causes of death in humans, therefore, it is crucial to analyze
the factors related to the cancer incidence. Studying cancer incidence can help improve public health
and quality of life, reduce social medical costs, and promote human health and socio-economic
development. In 2022, Qiu et al. [19] pointed out that cancer incidence in China is much higher than
those in the United States and the United Kingdom due to the fact that China faces problems such as a
large population, uneven development in various regions, and a relative lag in cancer control strategies.
In 2014, Qin et al. [20] indicated that long-term exposure to air pollutants or short-term exposure to
high concentrations of air pollutants such as PM2.5 may be associated with increased incidence rates
of overall cancer, especially prostate cancer and female breast cancer. In 2022, Wu et al. [21] found
that areas with high green coverage have a lower risk of cancer. In 2023, Cao et al. [22] analyzed the
relationship between per capita GDP and cancer incidence in 55 regions of China showing that regions
with high GDP have high cancer incidence. In 2017, Xu et al. [23] conducted a statistical analysis of the
current situation of PM2.5 in Changzhou in China and considered an interaction between PM2.5 and
relative humidity during the same period, indicating a certain degree of interaction between the two.
In 2022, Yang et al. [24] used the generalized linear model to study the effects of PM2.5 and relative
humidity on visibility, and found a significant interaction between pm2.5 and relative humidity.

Therefore, we collected data on average daily PM2.5 concentration (from 1 January 2015 to 31
December 2020), average daily humidity (from 1 January 2015 to 31 December 2020), per capita
GDP, green coverage rate in built-up areas, the proportion of medical personnel (PMP) which is the
ratio of the number of licensed (assistant) doctors to the population in the locality and the binary
cancer incidence in 49 cities in China from the China Environmental Monitoring Station, the Statistical
Yearbook and the China Tumour Registry Annual Report. Our aim is to investigate the influence of
PM2.5 concentration, air humidity, per capita GDP, green coverage and PMP on cancer incidence with
the focus not only on the main effects but also on the interaction between PM2.5 concentration and air
humidity, and therefore make prediction.

Since existing models with interaction terms of functional predictors and general scalar responses
cannot deal with multiple functional and scalar predictors which is the case in our motivated datasets.
Moreover, the asymptotic properties of estimators have not been addressed in existing models. There-
fore, in Section 2, we will fully consider the combined influence of functional predictors, scalar
predictors, and interactions between functional predictors on general scalar response by proposing
a generalized partially functional linear model with interaction term. In Section 3, the asymptotic
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properties of our proposed estimators will be established. Extensive simulation studies will be given
in Section 4. Section 5 is reserved for the real data analysis.

2. Model and Estimation

2.1. Model Introduction

Suppose we have n subjects, and the data we observe for the i-th subject are {(Xj;(t1),H1 €
T1), (Xip(t2), t2 € Ta),Z;,Y;}, i = 1,...,n. For j = 1,2, the functional predictor Xl-]-(tj) is a random
curve which is observed for subject i and Xj;(t;) € L? (T;), where T; is a bounded interval of R. Notice
that, for the sake of simplicity in notations, we only consider the case with two functional predictors,
and the case with multiple functional predictors can be easily similarly established. The scalar predictor
vector Z=(Z1,2Z»," - -, Zq)T is a g dimensional random vector. The response Y; is a real-valued random
variable which may be continuous or discrete (e.g. binary, count, etc.).

We assume there is a known link function g(-) which is a monotone and twice continuously
differentiable function with bounded derivatives and is thus invertible.

We introduce the following generalized partially functional linear model with interaction between
the functional predictors:

Y; —8<“+/T Xil(fl)ﬁl(tl)dt1+/T Xio(t2) B2 (t2)dty
1 2 (1)
+//T - Xin(t1) Xin(t2) B(t1, t2)dt1dty +ZiT7> + &,

where & € R is the intercept, B1(t1), B2(t2) and B(t1,t2) are the regression coefficient functions
corresponding to the two functional predictors and the interaction term respectively, and v =
(Y1, 72, 'yq)T is the regression coefficient corresponding to the multiple scalar predictors Z. It is
assumed that ¢; has mean 0 and variance ¢ and ¢; is independent with gjifi # j.

Define the linear operator ¢

fza~|—/T Xl(tl)ﬁl(tl)dtl—l-ﬁ Xz(fz)ﬁz(tz)dtz

+ // X1 (fl)Xz(fz)‘B(tl, fz)dtldfz + ZT’)/.
T1><T2

We specify E(Y|X1(+), X2(+), Z) = 51 = g(£), Var(Y|X1(+), Xo(+), Z) = 0> ().

For simplicity, we assume that the predictors X;(t;) and Z are both centralized, i.e. E(X;(t;)) =
0,j=12and E(Z;) =0,/ =1,---,q. Based on Karhunen Loeve expansion, X;(t;) can be expanded
as

Xin(t) = Y xikgak(tr),
k=1

Xip(t2) = Y xi@ai(t2),
=1
where X1k, X2 are the functional principal component scores, @14 (1), ¢o;(t2) are the functional princi-
pal component bases, and le ¢ (t)dt =1,
sz gD%l(tz)di’z =1
Using the functional principal component bases, the regression coefficient functions B;(t;), B(t1, t2)
are expanded as

Bi(t1) = i birp1k(t1),

k=1
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B2(t2) = i by @i (t2),

=1
B(t1,t2) Z Z u @1x(t) par (f2)-
—1i=1

Plugging the above expansions into model (1) and truncating the predictors at p; which increases
asymptotically with n — oo, we can get the truncated model (2)

P1 P2
Y; = g(a+ Z Xitkbix + lezzbzl + Y Y piua+Zi ) +e;, )
k=1 =1 k=11=1

where pji; = X1k - Xiol-

2.2. Parameter Estimation

Define the parameter vector

Q :(bllr’ c /b1p1/b21/' e /przrull/' t /u1p2/u21/' o /u2p2/' Ty

T
upll/ o Upipa s Y0, Y1 /’)’q) ’

and
& & T T
bi=a+ Y xikbw+ Y Xt +0f u+Zi'y,
k=1 1=1
ni = g(li),
Wi :(Xillr' o Xipls Xi2ls s Xi2py Pills s Pilpys P2l 4 Pi2par ™" s
T
pipll/ to /Piplpzxzi();zilr to rziq) ’
T .
where b; = (bjy, - - - ,bjpj) J=1,2,u= (g1, U1p,, o1, Uzpy, -+, Upl

T o T _
A /uplpz) ;Y= (70/71/' o /')/q) PP = (Pillz' T /PilpZ/PiZl/' o /Pinzz' t /Pip11/

: /piplpz)T zjp = land 7o = a. .
The maximum likelihood estimate €2 of () can be obtained by solving equation (3)

u(Q) = i (Yi - 8(51‘).)8'(51')% _o, 3)

:(?711/' . ,Elpllfm, . /Bszzﬁllz' co 1y, o1, Ty,
R . A T
Upitrm s Upypys YO, V1, 'W) ’
where B] = (E]'l,' . ,B]‘p].)T,j = 1,2, 0= (1211,' . ,ﬁ1p2,ﬁ21,- . ,ﬁzpz, s ,ﬁp11
Lo, ﬁmpz) T, a=49and ¥ = (§o, Y1, - -, %)T are the estimates of bj, u, «, 7y respectively.
Introducing the following matrices:

V = diag(c?(n1),- -+, (),

W = diag(g'(1),8' (62),---, 8" (Ln)),

/ E)Z
An = A — (M) ,
0 n,q+1 o) /)1<i<n0<m<q

() Xijr :

) 1<i<n O<r<p]

SISV
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"(4)pi
A=A, = (8( i)Pit
12 nt o) J1<i<n1<t<pips,

A= An,q+1+p1+p2+p1p2 = diag(AL Ay, A1a, Ag),

and there are vectors Y = (Y1, - -, Yn)T, n=_0n,- -, 77n)T, then equation (3) can be written as
ATV=2(Y —g) = 0.

The estimation of () is usually solved iteratively using a weighted least squares method. By Taylor
expansion, we have

') =g ')+ g ) (Y —n)
— 0+ WY — ),

thus there is
ATH(g Y (Y)—0) =0,

where H = V2.
Simplify to obtain estimates of b;, 7, u
. -1 -
bj = (AfA)) AfHg H(Y),
-1
7= (Ang) AgHgH(Y),

-1
i=(AhAn) ALHg(Y).

Repeat the above process until convergence, then the estimate of (2 is obtained

Q :<bll/ T /b1p1/b21/ T /b2p2/ﬁll/ T /uAlpzluAZl/ e /MAZpZ/' Tty
~ ~ IS T
upllr e ruplpzf Y0, Y1, r’)/q) .

3. Asymptotic Properties

Considering the truncated model (2), we have the metric:

. . Te 2 o 7
dg (B Bj) = (bj— b)) Tj(bj = b))+ Y. Ap,b}j=12,
kl,kzzp]'-‘rl

where b; = (bj1,bpp, -+ -, bjpj),l"]‘ = (Aj,klkz) L <kika<p, is a symmetric positive definite matrix, A;x r, =

E { 720 Xk X]kz] . is an eigenvalue of the generalized self-covariance operator Ag; with kernel
(¢ 2
Gy(s,t) = E[S, 2((77)) X;(s)X;(1)],

-1 . T
and we have F]. = (gj'klkZ)lgkl,kzﬁpj and b]- = (bj(Pj+1)’bj(Pj+2)/' S
Combined with Corollary 4.1 of Miiller (2005) [10], we have

oo

R~ RN /]
Y ANkl = O(T)-
ki ky=p;+1
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We specify ||f[* =[5 f(s)%ds, f € L2(S), lIgll* = s Jyg(s,)*dsdt, g € L2(S x T) and (f @
xy) =fx)gly),xe X,y e Y where X, Y are the domains of f, g respectively.

Define C; as the covariance function of a random function Xj;, for j = 1,2. By Mercer’s theorem:

Cx, (t11,t12) = Y Akpre(t11) @i (t2),
k>1

Cx, (t21,t22) = Y 0192 (t21) @2y (£22),
1>1
where t11,t15 € Ty, to1,t € T, Ap and @y, k = 1,2, - -, are the non-negative eigenvalues and
the corresponding eigenfunctions of the covariance function Cy, (t11,t12), oy and @y, 1 = 1,2, -+,
are the non-negative eigenvalues and the corresponding eigenfunctions of the covariance function
Cx, (t21,22).

In order to derive the asymptotic nature of the regression coefficients, we have made the following
assumptions in addition to the basic conditions in Section 2:

(i)The connected function g(-) is monotonically invertible and has bounded second order deriva-
tives, the derivative of the variance function ¢2(-) is continuously bounded, and there exists an
o(:) >A>0.

(i) The scalar predictor variable Z and the functional predictor variable X;(t;) are independent of
each other.

(iii)When n — oo, p; satisfies p; — co and p;n

(iv)E fT {X;(t }4dt ] < oo.

(v)Define WX, k= n,yr; (Apy — Ak+1) Xy, = rrlur; (01 —0141), and px, x> 0, pix, 1 > 0.

1
1 — 0.

<2y} —1,Ly =min{l >1:0; <2d,,} — 1,

dy, — 0, Kn—>ooandLn—>oowhenn—>oo

Lemma 1. If the above basic conditions and assumptions hold, moreover p; < K,, p2 < L, and
p1 p2 1

ZZ +—5—) =0,

n yxl 1,0

we have || — ,B||2=Op <r;1_zplz (up — ﬁt)2>.

Proof.
P1 P2
Z Z U P1x @ Pop
P1 P2 P1 P2
=12 Y (o @ @21 — Pre @ Pou) + Y, Y (urg — ) Prxc @ Py
—11= k=11=1
P1 0 2
+ Z Z Uk @1k & P21 + Z Z Uk 91k @ P2
k=1 l>p2 k>p1 =1
P1 P2 P1 P2
<4(1Y Y u(@1 ® o — P ® Po1) +4 Z 2 (g — )
k=11=1
+42 Y up+4 ), Z”kz
=11>p; k>py 1=
pip2

=41, + 4 Z (uy — ut) +4Rﬁ(}71; Pz) ’
t=1
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1

2

where Rg(p1, p2)= (Z L uj RSPy ”kl) =0, [|BI* < o0 (p1,p2 — o0).
I>p2 >pyl=

From the Cauchy-Schwarz’s inequality and Yifan Sun (2020) [17] Lemma 1 and 2, we get

2
P1 P2
L= Z Z”kl P1k @ P21 — P1ic @ Pai)
1=
Pl p2 2
—// Euk1(¢1k®¢2z—¢1k®¢’zz) dsdt
LT [f=10=
Pl p2 ) pP1 P2 5
/ / Zukl Yo ) (91 ® 9o — P1c @ Poy)” | dsdt
T /T2 \k=110= k=11=1
5 P1 P2 )
<8l Z Z |91k @ @21 — P11 © o
— I pzlpzz ( . )
Wk V%Q,z '
Therefore we have
L =0 (pzl pzz ( +1>>—>0
P k=11= F‘xl ?‘iz,z

Thus we conclude that
1P2

o= = 0% a2

Therefore, Lemma 1 is proved. O

Theorem 1. If the above conditions and assumptions hold, then we have

nd% (B1,81)—p1
2;

nd?% (B2.82)—pa
\2p2

nd?(B,B)—p1pat

V2Pt 5 N(0,1),

V11O (70 — o)

V01 (11— 1)

SO, (7 — )

where @y — E |8l 72 | o p| L) 2 and Iis a unit matrix of (9 +14p1+p2) x (§+1+p1+p2)
" a2 (y;) “im |7 o2(n;) Pit q p1+p2) X (q p1+p2).

Proof. A Taylor expansion-based approach is used to prove the asymptotic normality of the estimates.
The Hessian of the proposed likelihood is Jo = AqU(Q2) and

T
A A= Zaz(q)wwl .


https://doi.org/10.20944/preprints202407.0875.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 July 2024

8 of 19

Thus we have
_auU(Q)  au(Q) oY
Jo=—=q" = FYARETe)
g2 () wiw'; wwz - () &) ()
; ) ;( A7) )(Y g(t;))wiw';
:—ATA+R.

The remainder term R can be ignored and using Taylor expansions, we obtain a Q) that lies between Q)
and ), we have

uQ) -u@y)
a-a Y
therefore . .
\/ﬁ(QO):[IJrMJrN]_l(A A) u\(/g)l

(AT Vg _ [ ATA ] ATA
where M = (££) 222 N=(£44) 022
From Lemma 7.1 of Miiller (2005)[10], it follows that

VRO A) ~ (AZA)‘1 u\(/fﬁ))_

(9]

Asymptotic convergence of the lower proof (#)

9

<ATA) u) _<ATA) ATV iy —y) <ATA) “lATe
n vn \ n vn S\ n N
where £ = ﬁ”) and follows a standard normal distribution.

Thus we have

Wy e
N
Since B;(t;), B(t1,t2) and 7y are of different data types, v/n(Q — Q) is divided into three terms, i.e.

Vi)~

n

]
7 :1/2/
Vi

. ATAN AT
\/ﬁ(bj—bj)'v<] ]>

n

AnTAR\ ' ApTe
Vil — ) ~ 12 A12 12

n N

-1
. AOTAO AOTé
Vi(y—9) ( ” ) N

where A jTAj are symmetric matrices and ApT Ag are diagonal matrices.
First we prove

]

N

=12

] ]

n

Let

=

d0i:10.20944/preprints202407.0875.v1


https://doi.org/10.20944/preprints202407.0875.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 July 2024 d0i:10.20944/preprints202407.0875.v1

9 of 19
Yy .= f‘% A]TA] _1'“%
nj = ] n j
Thus we have
ndg (B, B) = ZyTi 2, = X095 Xy
- XTX i + ZXT]-(‘I’nj — Iyj) Xy + XnT]-(‘I’n]- — Lnj) (¥ uj — Lnj) X,
From Lemma 7.2 of Miiller (2005) [10], it follows that
”dG(,B]rﬁ]) X”]
Then
T i il 1 & 771 X1]k2_ ?
XpjXnj = 2 Z Cikiks? Z
kl 1 kzil i=1
=E+F,
where ) 5 )
1 j s j 1 1
E==-Y& Y %Xijkzl?(ijkzu Y Gikiky 28k 2
ni= " =1 02 0n1) k=1
1 g ()8 (4) 3
F=— Eiy iy S Xinjky Xy Y Ciaky 2tk 2
niﬁg:l 111y 0.(17 ) (7712) 2/{% ) 11 ]k Adpjky 12_ J/K1K Jikiky
Since ¢ follows a standard normal distribution, we have
T . Ty | — .
E [anan} = pj, Var {X"J‘X"J} = 2p;.
Therefore ) a
nd% (B, Bi) — i
M — N(0,1)j=1,2.
A /2p]
The following proves that
A’ Ap 711‘\12TE
Vn(u—1) ~ " N
For the coefficient function of the interaction term, we have the metric 4>(8, ) = 18— B 2, SO

according to Lemma 1 we have

Let
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Thus we have

”dz(.B/B) = QZ;tht = A;];tfnztAﬂt
= AZtAnt + ZAZ;;} (-Fnt - Int)Ant + Az;t(-rnt - Int)(]:nt - Int)Ant/

From Lemma 7.2 of Miiller (2005) [10], it follows that

nd’(B, ) = AprAut.

Then 2
1P1P2 n g’(ﬂ-)p
-A .A — 1 zté
e t; (z; o)
Ly 2Rl o
ni= 5 o)
1 & gWy)§,) p1p2
+— £ & ,
n il%:l 111 0-(771'1) 0'(;712) t:zl plltpzzt
We have

E [AZkAnk} = p1p27, Var {A,kank} = 2p1p2T.

Thus there is 20 B
nd*(B, B) — p1p27 — N(0,1).

\/ 2}91]92”[

Next prove that
AOTAO ! AOT_
Vily =9 ~ | — —
Let .
T AT
z - (AO A0> Ao
n n

Then its matrix form is

Therefore, we have

-1
N g (0)? ¢ (0)Zim 5
Vi(ym = qm) ~ Vn <121 52((;7?) me) 1; g‘(7(77)i) &
Since
E[\/ﬁ(')’m - '?m)] =0,
-1
A ()’ -
Var[\/ﬁ(’ym - ’)’m)] = (E liz(;l) Z?m] > = ®m1
There is

Therefore, Theorem 1 is proved. O

4. Simulation

d0i:10.20944/preprints202407.0875.v1

10 of 19

In this simulation, we consider the case that has two functional predictors, three scalar predictors,
an interaction term between the two functional predictors, and binary response. For the functional
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predictors X;1(t1),t1 € [0,1] and Xj5(t2),t2 € [-1,1],i = 1,-- -, n, here n can be any positive integer,
in the latter sample size n takes the value of 50, 100, 500,and for each n we run 100 simulations. First
define two standard orthogonal bases ¢1(t1),t1 € [0,1] and ¢y (t2), t2 € [-1,1], satisfying

p1e(t1) = V2cos(2kmty), k=1, -- 4,

¢y (ta) = V2sin(2lnty), 1 =1,--- 5.

Two randomly generated functional principal component scores x;ix, Xi2; that satisfy
Xitk ~ N(O, M), k=1, 4,

Xi21 ~ N(O//\21>/Z - 1/' o /5/

FN

where A1 =8,A1p = 6,A13 =4 Ma =2, A1 =4, A =2, A3 = LAy = 3, A5 =
So we have

4
Xin(t) = Y xikg(t1),
k=1

5
Xip(t2) = ) X2 (t2).
=1

Fifty images of X1 (#1) and X»(t;) are shown in Figure 1.

o
o _| N
2
o _]
o _| -~
~ N ~
:\; = o
X  © 7 %4
o Q|
Ty T T T T T D | | | |
00 02 04 06 08 1.0 -1.0 -05 0.0 0.5 1.0
t1 t2

Figure 1. Functional predictors X (t) and Xp(t2)

For scalar predictors, we assume Z; ~ N(0,2), Z, ~ N(0,5) and Z3 ~ N(0,6).
We assume that the theoretical values of the regression coefficients are

v = (4,6,8)7,

4
Bi(t) = Y bugu(tr),

k=1
5

Ba(t2) = ) boga(t2),

=1

2
where by, = %,bzz = é—5

For the interaction term, its principal component score is denoted by p;;; and satisfies
Pikl = XitkXi2ls

P (t, £2) = eu(t) pa(t2),
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4 5

Bt 02) = Y Y uneie(t) @a(tz),

k=11=1
)2
where uy; = (—10) .

The corresponding response variable is generated by

P 2a) =2 </T Xia (t1)pr(tr)dt + /Tz Xin(t2)Ba(t2)dts
* //T xT, Xi1(t1) Xio(t2) B(t1, t2)dtydts + ZiT’Y),

exp(x)

where the link function g(x) = 5 e (™)

random numbers.

and Y (X, Z) ~ Bernoulli(p(X,Z)) is a sequence of pseudo

The principal component analysis was performed at n=50,100,500 respectively, and the running
results showed that the principal component scores of X; with 90% cumulative contribution were
3,3,3 for each sample size respectively and the principal component scores of X, with 90% cumulative
contribution were 2,2,2.

Table 1 shows how the standardised prediction error(SPE) varies with different sample sizes,
and the results show that the model’s predictions become more and more accurate as the sample size
increases. Here SPE is defined by ¥; |Y; — Y;|/ ¥ | Yil-

Table 1. Standardised prediction error for different sample sizes

n SPE
50 0.0156
100 0.0130
500 0.0106

Figure 2 shows B1(t1), B2(t2) and the corresponding 95% confidence interval bands for different
sample sizes, where the red curves are the theoretical values of B1(t1) and B2 (t2) and the black curves
are the corresponding estimates B1(t;) and f,(t,). From Figure 2, it can be seen that as the sample
size increases, the estimated value gets closer to the theoretical value. Figure 3 (t1,t;) shows the
visualized 3D plot with B(t1,t;) in the middle panel and the 95% confidence intervals for (t1,t,) in
the left and right panels.

Table 2 shows the estimated values of 4 and their corresponding standard deviations for different
sample sizes. It can be seen that as n increases, the standard deviation becomes smaller and the
estimated value of 7y becomes closer to the theoretical value, where the theoretical values of y are 4, 6
and 8 respectively. Table 3 shows the standard deviation and root mean square error for 1, B and
B(t1,t2) for different sample sizes. Here we use the coefficients of the basis expansion of the regression
coefficient function to calculate the root mean square error. For example, the root mean square error

of ﬁl is \/ Zﬁzl(fﬂlk — b1x)?. The results show that as n increases, both the standard deviation and
the RMS error become smaller, indicating that as sample size increases the prediction becomes more
accurate.
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Figure 2. Estimated regression coefficient functions f1(t1), B2(t2) (black curves) and their 95% confi-
dence bands (grey area) for difference sample size, where the red curves are the theoretical regression

coefficient functions B (t1), B2(t2).

Table 2. Estimates of the regression coefficients and their standard deviations

n | 7 Y2 Y3

50 | 3.912(0.193) | 5.902(0.068) | 8.053(0.045)
100 | 4.013(0.062) | 5.958(0.026) | 8.015(0.018)
500 | 3.998(0.022) | 5.993(0.006) | 7.996(0.007)
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Figure 3. B(t;,tp) and B(t1, to) are visualised in 3D.

Table 3. Standard deviation and root mean square error of the estimated values of the regression

coefficient function

n Sd RMSE

50 0.034 0.026

B 100 0.018 0.006
500 0.008 0.001

50 0.325 0.204

B2 100 0.126 0.044
500 0.043 0.004

50 0.137 0.094

B(ty,t2) 100 0.054 0.024
500 0.020 0.004

5. Application

To investigate the influence of the influence of air qualities, climate factors, medical and social

indicators and the interactions on cancer incidence using the proposed model, we collected data on
average daily PM2.5 concentration, average daily humidity, per capita GDP, green coverage rate in
built-up areas, the proportion of medical personnel (PMP) and the incidence of cancer in 49 cities
in China from the China Environmental Monitoring Station, the Statistical Yearbook and the China
Tumour Registry Annual Report.

There are two functional predictors, average daily PM2.5 concentration and average daily hu-
midity from 1 January 2015 to 31 December 2020; three scalar predictors, per capita GDP, greenery
coverage and PMP in 2020; and the response is the cancer incidence in 2020. The ratio of the number of
new cancer cases to the total number of people in China in 2020 is 0.3156%. The data of the cancer
incidence contain only 0 and 1, indicating high or low cancer incidence rate. When the cancer incidence
of a city was less than 0.3156%. The city was considered to have a low cancer incidence rate, denoted
by 0, otherwise, the cancer incidence is high, denoted by 1. Figure 4 shows average daily PM2.5

concentration and daily relative humidity in 21 cities selected from the 49 cities.


http://www.cnemc.cn/
http://www.stats.gov.cn/sj/ndsj/
http://www.chinancpcn.org.cn/home
http://www.chinancpcn.org.cn/home
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Figure 4. PM2.5 concentrations and average daily humidity in selected 21 cities in 2020.

We chose g(x) = %

nent analysis and then the number of principal components was determined based on the cumulative
contribution to obtain the number of functional principal components for PM2.5 concentrations and

as the link function. The model was first subjected to principal compo-

relative humidity are chosen as ppp2s = 7, PHumidity = 14 in order to explain 75% of the variation.

The prediction accuracy is shown by the Generalized Cross Validation (GCV) with value 0.0038.

The results of the regression coefficients for the scalar predictor variable 4 are shown in Table 4,
where we can see that the per capita GDP is positively correlated with the incidence of cancer, i.e. the
higher the GDP per capita, the higher the incidence of cancer in that city, which is consistent with the
findings of Cao et al. [22]. The reason for this situation is that the promotion of cancer screening, early
diagnosis and treatment in the more economically developed regions has to some extent facilitated
the detection of the disease. The greenery coverage is negatively correlated with the cancer incidence,
i.e. the higher the greenery coverage, the lower the cancer incidence, which is also consistent with the
findings of Wu et al. [21]. A high green coverage rate implies better air quality, which in turn reduces
the risk of cancer. Additionally, a high green coverage rate may provide more outdoor recreational
spaces, promoting physical activity and exercise, contributing to maintaining good physical health
and thus reducing the risk of cancer. The PMP is positively correlated with the incidence of cancer.
As we all know, cancer incidence is age-related, and older people are more susceptible to cancer. The
higher PMP, the better the medical conditions and the longer the average life expectancy of the people,
and therefore the higher the cancer incidence.

Table 4. Estimates of regression coefficients and their levels of significance

Estimate Std. Error | tvalue | Pr(> |t])
GDP 1.165e — 06 2.632e — 07 | 4.424 6.45e — 05***
Greenery coverage | —2.062e — 01 | 1.920e — 01 | -2.654 | 0.0378*
PMP 3.676e — 04 1.642e — 04 | 2.239 0.0491*

Remark: the proportion of medical personnel(PMP)

The regression coefficient functions 1 (t;) and By (t,) for the functional predictors are shown
in Figure 5. From Figure 5, we can see that the effect of PM2.5 concentration on cancer incidence is
generally positively correlated, i.e. the higher the PM2.5 concentration, the higher the cancer incidence.
This result is consistent with Qin et al. [20] in 2014. Regarding the effect of humidity on cancer
incidence, there is a more significant positive correlation between humidity and cancer incidence,
i.e. the higher the humidity, the higher the cancer incidence. In high humidity environments, there
may be a higher presence of mold and fungi, and the spores and harmful substances released by
these microorganisms may have negative effects on human health, increasing the risk of cancer. In
high humidity environments, pollutants in the air are more likely to adhere to suspended particles,
making them more easily inhalable by humans. These pollutants include PM2.5, organic compounds,
and heavy metals, which are believed to be associated with the occurrence of cancer. High humidity
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increases the survival time of bacteria and viruses in the air, increasing the chances of people getting
infected with diseases. Certain viruses such as hepatitis B virus and human papillomavirus (HPV) are
believed to be associated with the occurrence of cancer.
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Figure 5. Regression coefficient functions B1(t1), B2(t2) and their 95% confidence bands

The interaction surface estimate ﬁ(tl, f) (middle) + two times the estimated standard errors (left
and right) are given in Figure 6. Figure 7 shows the contour map of (t1, ), from which it can be seen
that (t,, t2) decreases and then increases with t; when t, € [0,1100] and increases and then decreases
with t; when t, € [1100,2192].

A
A

B(t1, t2)

B(t1, 2) - 28d(B(t1, 12))

B(t1, 12) + 28d(B(t1, 12))

A
A

255

1500

t2

0 500

0 500 1000 1500 2000
t1

Figure 7. Contour map of B(ty, t5)

In order to verify the necessity of considering the interaction term, we compare mod1 proposed
in this paper with mod2 which does not include the interaction term, i.e.
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modl : Y; =g <¢X +/T X (t)B1(tr)dty +/T Xip(t2)B2(t2)dtr

+ // Xi1(t) Xio(t2) B(t1, t2)dtrdts + Zf?) +eé;.
T]XT2

mod2 : Y; = 8(“ +/T Xil(fl)ﬁl(tl)dfﬁ/T Xia(t2)Ba(t2)dt + Z?V) +&j.
1 2

The general standards for evaluating model performance are AIC (Akaike Information Criterion),
residual, R-squared, RMSE(root mean square error), and MAE (mean absolute error). The smaller
values of AIC, residuals, RMSE and MAE indicate that the model’s fitting effect and generalization
ability are better. The R-squared takes the value between 0-1, and the bigger the value, the better the
model’s fitting effect is. According to Table 5 we can see that the AIC, residuals, RMSE and MAE
values of mod1 are smaller and R-squared is close to 1, which indicates mod1 has a better performance.
So including the interaction term between PM2.5 concentration and relative humidity will make the
research results more meaningful.

Table 5. Results of model comparison

AIC R-squared | Residual | RMSE | MAE
modl | 8.281 | 0.9287 0.7816 0.1263 | 0.1036
mod2 | 35.592 | 0.6465 3.2158 0.2562 | 0.1989

6. Discussion

This paper proposes a generalized partially functional linear model with interaction terms. We
first use principal component analysis to reduce the dimensionality of the functional data, followed
by maximum likelihood estimation to obtain estimates of the unknown parameters, then prove the
asymptotic property of the estimators, finally perform data simulations and apply our model to a real
data example.

As the incidence and mortality of cancer in China are increasing year by year, it is necessary to
study the influencing factors and formulate corresponding measures. The effect of PM2.5 concentration,
average daily humidity, per capita GDP, greenery coverage of built-up areas and PMP on cancer
incidence in 49 cities in China was investigated, which showed that the effect of PM2.5 concentration
and relative humidity on cancer incidence was generally positively correlated. The effect of greenery
coverage in built-up areas on cancer incidence is negatively correlated, while the effect of per capita
GDP and the proportion of medical personnel on cancer incidence is positively correlated. The
higher the economic level and the more developed the medical conditions, the longer the average life
expectancy of people and therefore the higher the cancer incidence. Comparing this model with the
model without the interaction term shows that considering the role of the interaction term leads to
more accurate and meaningful predictions.

Our research lays a foundation for further study on the generalized partially functional linear
model with interaction term and of unknown link function or variance function.
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