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Abstract: Bermejo Algebras, which consist of Algebra B and Treon Algebra, are non-associative and unital
algebraic structures that introduce new complex entities. Recently, a Hausdorff space associated with the space
where these algebras act was defined. We constructed a second-countable treon space utilizing a novel metric
derived from these algebras. We defined topological spaces and established a metric to prove the second-countable
property within Bermejo Algebras. Our findings contribute to the construction of manifolds in treon spaces by

defining a countable base using the density of rationals in the real numbers.
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Introduction

Bermejo Algebras (Algebra B and Treon Algebra) are two isomorphic, non-associative, and unital
algebraic constructions recently described by Alejandro Bermejo [1,2]. From these algebras, Lie and
Malcev algebras can be defined. Additionally, Bermejo Algebras give rise to complex structures distinct
from C2 and quaternions [1-3].

In the elements of the Treon Algebra, conjugate products can be defined, which allow the estab-
lishment of inner products and norms [4] within their real components, without the need to equip the
space with an inner product or a norm in the conventional manner. These quantities emerge simply by
defining these conjugate products.

The spaces on which Bermejo Algebras are defined are Hausdorff spaces, including a particular
quotient space defined with a norm structure as a fundamental element of the equivalence relation [4].
This analysis marked a starting point in the definition of manifolds in treon spaces.

However, for the definition of manifolds, besides being Hausdorff, the space must also be second-
countable [5,6]. In this work, we deduce a space that meets this property, thereby contributing an
element to the construction of manifolds for Bermejo Algebras.

Our study is based on the Zermelo-Fraenkel set theory with the Axiom of Choice (ZFC) [7,8].
This implies that the definition of the various numerical sets we use is grounded in ZFC. We define
topological spaces, bases of topological spaces, and perform deductions to establish a metric that
defines a topology, strictly based on well-defined numerical sets. With this, we demonstrate the
second-countable property in topological spaces within Bermejo Algebras.

1. Theoretical Framework

1.1. Natural Numbers N

The axioms of ZFC [7,8] enable us to construct a set with a structure that allows us to define the
set of natural numbers, N, as follows: N = {@, {@}, {{@}}, {{{D}}},...}, such that @ is the empty
set, 2 =0, {0} =1, {{®}} =2, and so on. Consequently, we define the successor mapping S such that
S:N—=N, nw~— {n}

Let N* = N\ {@}, and m € n, the predecessor mapping of n, P, is defined as P : N* — N, n +— m.
Let n € N*, the n-power successor mapping, S", is defined as §" = S o SP("), such that S! = S and
SY = idy, where idy : N — N,n — n. Thus, we define addition + in the natural numbers as
+ :NxN—= N, (m,n) — m+ n, such that m + n = §"(m) [9,10]. Note that the identity element of
addition +is 0,as n+0 = S%(n) = n.
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1.2. Integers Z

We define the set of integers Z as a quotient set Z = (N x N)/ ~, such that the equivalence
relation ~ is defined as (m,n) ~ (p,q) < m+q = n + p. Thus, we do not have N C Z, as N cannot be
expressed as (N x N)/ ~[9,10]. However, we can define a bijective embedding ¢ : N < Z,n — [(n,0)]~,
which allows incorporating N into Z to some extent. Note that (1,0) ~ (n +a,a),a € N. This also
allows us to define an inverse element for each n € N: —n = [(0,n)]~ € Z.

We define addition + in Z, +7, as +z : ZxXZ — Z,[(m,n)|~ 4z [(p,q)]~ = [(m+p,n+
q)]~ [9,10]. Thus, a sum of the form a +7 (—b), such that a,b € N, must necessarily be analyzed as
[(a,0)]~ 47 [(0,b)]~ = [(a,b)]~ for it to be well-defined.

1.3. Rational Numbers Q

We define the set of rational numbers, Q, as follows: Q = (Z x Z*)/ ~, where Z* = Z \ {®}, and
the equivalence relation ~ is given by (a,b) ~ (¢,d) < a-zd =b -z c[9,10].

Thus, we can define fractions a/b = [(a,b)]~. The product -7 is defined as -z : Z X Z —
Z,(a,b) -z (c,d)=(a-c+b-d,a-d+0b-c)[9,10], where - is the product in N and is trivially defined
from addition in N as a recursion m +m = S§"(m), that is, if we have 3-m = (m+m) +m =
S"(m)+m = S"(S"(m)) = (S" o S™)(m), ford-m = (m+m)+m)+m = (S"(m)+m)+m =
S"™(S™(m)) +m = S™(S"(S™(m))) = (8™ 0 §™ 0 §™)(m), and for n - m = (S™),_1)(m).

To include Z within Q, we similarly need a bijective embedding, which we define as { : Z —
Qz = [(z 1))~

The sum operation +q is defined as +q : Q x Q = Q,[(a,b)]~ +q [(c,d)]~ = [(a-zd +7b 7
¢,b-7d)]~, and the multiplication -g : Q x Q = R, [(a,b)]~ ¢ [(c,d)]~ = [(a-zd,b-7d)]~ [9,10].

1.4. Real Numbers R

Consider a sequence [[(a,b)]_],cy = (Pn)nen € Q, defined through the mapping 77 : N — Q,
n— pp. Ilf Ve > 03N € NVn,m > N : |py — pu| < €, we say that the sequence is a Cauchy sequence.
This sequence will be convergent if 3pyg € Q Ve > 03N € NVn > N : |p, — po| < €. In this case, py is
the limit of the sequence (pn),cn, and we say that the sequence converges to po, (Pn)neny — po [11-13].

We define the real numbers, R, as a field (R, +, -) equipped with a total order relation >, consid-
ering that: (1) R is constructed with the abelian groups (R, +) and (R \ {0}, ), (2) The order relation
> is compatible with the operations + and -, and with the Archimedean property ((1) and (2) are
properties of Q), and (3) Every Cauchy sequence is convergent, such that each element in R is uniquely
determined by a limit point of a Cauchy sequence of rational elements [11-13]. This means we have a
mapping 6 : Q — R.

We want each element r € R to be uniquely determined by a Cauchy sequence, but there are
different Cauchy sequences that converge to the same limit. For example, using traditional numerical
notation, the Cauchy sequences a, = 1+ % and b, =1— % converge to 1 as n — co. Therefore, we do
not have a one-to-one correspondence for the real element 1. This is solved with equivalence relations.

Let ((pn)nen)i be Cauchy sequences, which we denote as ((pn), ey ) ;cc- We define the set R =
{(Pn)nen € Q:Vn € N: py € QA (Pu)nen € ((Pn)yen) iec}- Denoting by superscripts a,b, ¢, . . . the
Cauchy sequences that are distinct from each other, for two arbitrary elements (p%),en, (Ph)nen € R
we define: (p?)uen ~ (Ph)nen € (% — ph)nen — 0. Understanding by 0 the rational equivalence class
[(0,1)]~. With this, we define the equivalence class [(Pn)nen]~ < {(P2)nen @ (P2)nen ~ (PE)nent,
which determines a bijective correspondence [(pn)nen]~ +— r € R. Therefore, we say that R is
defined as R = R/ ~= {[(pn)nen]~ : (Pn)nen € R}, where the operations and the order relation are

well-defined in the sense that [(pf,)sen]~ + [(Ph)nen]~ = (15 + Ph)uenl~, [(P)nen]~ - [(PR)nen]~ =
[(Pfy - PR)nen]~, and [(Ph)nen]~ < [(PR)nen]~ & 36 > 03N € NVn > N : pj; — pf; > 6 [11-13].
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1.4.1. Completeness of R

We say that a number a is an upper bound of a set U if a is greater than or equal to any element
of U [14]. On the other hand, a supremum of a set U is the smallest upper bound [15]. A field F is
ordered if it satisfies three properties Va, b,c € F: (1) Trichotomy: a > b¥a =b¥a > b (¥ denotes the
exclusive-or operator), (2) Compatibility with addition: a < b = a 4+ ¢ < b+ ¢, and (3) Compatibility
with multiplication: 2 < bAc > 0 = a-c < b-c[16]. Now, an ordered field is complete if any
non-empty subset that is bounded above (has an upper bound) has a supremum in the field [16].

The real numbers are a complete ordered field, therefore, if we have any subset of real numbers
that is bounded above, then that subset has a supremum in the real numbers. The rational numbers Q,
on the other hand, are not complete because there are subsets of Q that have upper bounds but do not
have a supremum in Q. For example, the set U = {y € Q : y? < 2} has an upper bound, can be any
element of Q greater than or equal to all elements of U. In our example, two upper bounds can be 1.7
and 2, as their squares are greater than 2. However, the supremum of U is a real number, in this case is
ﬁ, since \@ is the smallest real number greater than or equal to all elements of U. But, \@ ¢ Q. Thus,
although U is bounded above in Q, it does not have a supremum in Q.

The lack of a supremum in Q for certain bounded above sets means that QQ is not complete. In
contrast, in R, any non-empty subset bounded above has a supremum that is also in R.

2. Theoretical Development

2.1. Base of the Treon Topological Space (A, T )

Bermejo defined the set A of r-treonspheres [4] as:
A = {p; € Preim 2y C X : \/Re(p?); =r1; Ar; > 0}

where Re(p?); is the real component of the operation (p?) = p ® p*()), where ® is the product in
algebra B, and (; ;) is the double complex conjugation of a treon [4]. Preim .oy denotes the preimage of
the composition mapping H = & o (-2), such that [4]:

H: Preim<,z> — ]R3,
p—=p

which takes treon p preimages of the operation (-2), and assigns them elements of the vector space R.
The mapping h that composes it is defined as [4]:

h:N—R3,
(p*) = 7,
such that N C X, with X being the total treon set. N is defined as [4]:
N={peX:p= ("}
On the other hand, the mapping (-?) is defined as [4]:

(BY:ACX=>NCX,

p— (p?).

Let T be a topology associated with A, we will have an arbitrary treon topological space (A, T )
[4]. Then, we assert that the collection of open subsets B C T, constitutes a basis for Ty if [17,18]:
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YU € Tp I(Bi)ier : Bi € BAJ Bi = U,

i€l
where the index i belongs to an arbitrary set I.

2.2. Treon Topology Induced by the Bermejian Metric

In algebra B, the Bermejian inner product is defined from the product p; ©® p;(i’j ) [2,4], denoted
{pi,pj):
(pi,pj) = (piopj, —piPp + Pi2Pj1 — Pi3Pj2, —PitPj3 + PisPj1 — PizPj2),
where p; o p; = pinpj + pi2pj2 + pispj3- We should not confuse the subscript notation i, j with the
superscript *(; , which involves the double conjugate of the treon.
For the case (p;, p;) = (p?), this product yields:

(r?) = (Ipill% 2pnpi2 + Piapbiz, 2P pis + pisbia),

where ||p;[|*> = pf + ph + Pl
If for all p; = (pi, pi2, pi3) and pj = (pjl, Pj2s pj3), we define a difference between treons as:

dij = pi — pj = (pin, Piz, Pi3) — (Pj1 P2, P3),
we will have as a result:
dij = (pin — Pj1, P2 — P2, Pi3 — Pj3)-
Executing the Bermejian inner product (d3):
(%) = (Idij|1?, 2dipidia + dijpdia, 2dijadigz + dijadia).-
Therefore, we can define a mapping g;; = g(p;, p;) as:

gijZAXA%R,

Sij = Re(dizj>.
This mapping has the following properties for all p;, pj, px € A:
8ij =0,
8ij = 0 = i=]j

8ij = &jir
8ij < 8ik + 8kj-

L

These properties define the mapping g;; as a metric, which we denote as the Bermejian metric.

2.3. Countable Base for the Treon Space (A, Ty )

Let the pair (A, Ty) be our treon topological space, let W C A not necessarily W € T,, and let
any U € Ty be an open set in Tx:
We say that p is an accumulation point of W [17,18], pacc, if:

VUeT,peU:U\{p}nW #Q.
Thus, W' is the derived set of W if:

W ={peA:p=pac},
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and thus, we say that W is the closure of W if:
W=WUW.

Let (A, Tp), with W C A. We say that W is dense in A if and only if W = A [19,20]. Additionally,
we say that W is countable if |[W| < |N| [20], so there exists a bijective function f : N — W. We say that
W is uncountable simply if it is not countable. Considering this: R is uncountable, and Q is countable
and dense in R.

Consequently, we can define a countable basis for a topology using the Bermejian metric as
follows:

Let (A, Tp) be a topological space induced by the Bermejian metric, denoted (A, g;;). We define
the basis B of Ty = g;; as the collection of balls with radius € centered at a point py = (po1, Po2, Pos):

B = {Be(po) : po € A,e € R e >0},

where the radius € corresponds to metrics fixed at points pg to p;, such that € = go; = 7.
Understanding that Q is countable and dense in R, we can define:

B = {Be(po) : po € Ags,€ € Qe >0},

such that B is a countable base of Tx.

Thus, we say that our treon topological space (A, Ty ) is second-countable, since there exists a
countable base B of Tx. Henceforth, understand (A, Ty ) = (Ags, TAQs) = (Ags, 8ij)-

To ensure that (A, Ty ) is second-countable implied ensuring that there exists a countable base B,
which in turn implied verifying that Ags is indeed countably infinite.

2.3.1. Proof of the Countability of Ags

Proof that A Is Infinitely Uncountable

A is an infinitely uncountable set because a set of treons p = (p1, p2, p3) has components p; € R.
We demonstrate this through a proof by contradiction.

Proof by contradiction: We start by assuming A is countable and will arrive at a contradiction.

If A is countable, then V(p;,0,0) € W C A, such that p; € (0,1) C R, implies that W is countable.
We have denoted the open interval as (0,1).

If W is countable, then there exists a bijective function f:

fN=>W,

1= p1 =0.pup2Pim
2+ p2 = 0.p21p22P2m,
n— pl’l = 0.pnm.

Thus, Vp, € (0,1) CRIn € N:n— py.

We can construct a p, € (0,1) such that p,,, = n = m. Therefore, p, is different from any p,.
Hence, Vp, € (0,1) An € N: n — py. This generates a contradiction.

We conclude that (0,1) C R is infinitely uncountable; by extension, R is infinitely uncountable,
(pi,0,0) is infinitely uncountable, and any (p;, pj, px) € A, such that p;, pj, px € R, implies that A is
infinitely uncountable.

We need the components of a treon to be elements of a countable set. In this sense, we chose the
set Q, which is a countably infinite set, as the set from which we will take the components of the treon
space.
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Construction of a Countably Infinite Set A3

We can define a set of elements p, € Q,Vn € N such that we have an arbitrary treon of the form
(pn,0,0) €Y C Ags. Thus:

pn={[(mn)|. €Q:VYmeZAneZ")= [(mn)~ € (ZxZL*)/ ~},

where ~ is defined as (a,b) ~ (¢, d) < a-zd=b-zc.
Accordingly, we redefine the component p;, as:

pn={[(mn)]. €Q:¥Y(meZAne N CZ")},
where we necessarily consider in N* C Z* the bijective embedding mapping ¢:
(:N—7Z,

nw— [(n,0)]~,

which allows us to have the elements of N well-defined as elements within Z.
To avoid confusion between the equivalence relation that defines Z = (N x N)/ ~ with the
equivalence relation that defines Q = (Z x Z*)/ ~, we denote:

ZE(NXN)/ ~7,

QE(ZXZ*)/NQ.

Thus:
pu = {[(m, [(1,0)]~,)]~g € Q:¥(m € ZAn € N* = [(n,0)]~, € N* C Z*)}.
Therefore:
p1= {[(m,[(l,O)}NZ)LQ €Q:meZAl=][(1,0)]eNC Z*}
= { [(—1,[(1,0)]NZ)LQ, (o, [(1'0)]~2)LQ' (1, [(1'0)]~2)LQ'“'}'
pr = {[(m,[(Z,O)}NZ)}NQ cQ:meZA2=[(2,0)]eNC Z*}

- { [(—1,[(2,0)]NZ)LQ, (o, [(2’0)]~2)LQ' (1 [(2,0)]NZ)LQ,...},
and so on, such that: i
Q=Uri
i=1

Note that Q = (Z x Z*)/ ~ is equivalent to Q = (Z x N*)/ ~ considering the mapping ¢; this is
because there exists a bijective functional correspondence 7t:

m:(ZxZ*)) ~— (ZxN*)/ ~,

[(=a,=b)]~ = [(a,b)]~,
(e, =d)]~ = [(=¢,d)]~.
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Considering that Z is a countably infinite set, because we can perform a correspondence f :
N—+%2 1—0 2~—1 3+— -1, 4— 2, 5+ —2,.., we assert that each set p, =
[(m,[(n,0)]~;)]~qy, for n € N* and m € Z, is countable: Since a countable union of countable sets
remains countable, the union set of all p,, is also countable [17-20].

Thus, (px,0,0) is countable and, by extension: ¥(pu1, pu2, Pn3) € Ags, such that p,; € Q, implies
that Ags is a countably infinite set.

2.3.2. Proof that Ags is Dense in A

The fact that Q is dense in R implies that Ags is dense in A, since for any pair of different
treons (p,,0,0), (pp,0,0) € A, with pg, pp € R, there exists a (px,0,0) € Ags, with py € Q such that
Pa < px < pp. This procedure can be applied to each component of a treon, or collectively to all
components. It is crucial to note that we do not assume an order relation for treons in A, as such an
assumption would be inconsistent in a three-dimensional space of complex entities. We assert that,
since treons are defined by their components, the density of these components induces a corresponding
"density" in the treon.

Proof

For all (p4,0,0), (pp,0,0) € A, such that ps, pp € R, pa < pp = 0 < pp — Pa-
For all a € Zo, we have an arbitrary element of Q [(a, py — pa)]~g > 0.
The Archimedean property [21] states that for any field F, with b € F:

Vb>0dne N:b<mn,

and this allows us to ensure that [(a, py — pa)]~y < [(1,[(1,0)]~;)]~g-
From now on, understanding the axiomatic foundation of the base, we can simplify the notation
of the set N, such that [(1,0)] € N = 1, therefore:

[(a, Po — Pa)]NQ < [(}’l, [(1/0)]~Z)]~Q = [(Q,Pb - ptl)]N@ < [(nrl)]NQ'
Then:
[(a,D)]~g < [(n-(Po—Pa), D]~g,

[0+ 1 paDlg < [(1- pp D]

Recognizing this, we can further simplify the notation without compromising the rigor of the
proof:

(@41 pa Vg < [(1-ppDleg =a+n-pa<n-py.

Let p7 € Z be the integer part of a number # - p, such that p € R and n € N. It always holds that
pz <n-p<pg+a,foracZ-,.
Taking pz < n-p,, wehave py +a <n-p,+a.
Therefore:
pz<n-p,<pztas<n-p;+a<n-py.

Hence:
n-pg < pz+a<n-pyp.

Since (pz + a) € Z; we denote py = pz + a,. Consequently, we have:
n-pg < pr <n-pp.
Now, resuming our notation:

(7 pa, D]~g < [(pre Dlng < [ o, Dl

doi:10.20944/preprints202407.1483.v1
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Multiplying by [(1, n)]~, we obtain:

~gr
[(1’1 ’ Pﬂrn)]NQ < [(Pk/n>]NQ < [(7’1 : Pbrn)}'v@/

[(Pa, D]~g < [(Prom)]~g < [(Po, D]~g-

Since pa, pp € R, the equivalence classes [(pa,1)]~, and [(pp,1)]~, will be real. And since
[(Px,1)]~g € Q, this implies that between any pair of elements of the set R we can always find an
element of the set Q.

Using our logical notation, consider the direction of one of the components of a treon between an
arbitrary pair of treons (p,,0,0) and (pp,0,0) € A, denoted as ([(pa, 1)]~, € R,0,0) and ([(pp, 1)]~¢ €
R,0,0), respectively, there always exists a (p,0,0) € Ags, denoted as ([(px, 1)]~, € Q,0,0).

Extending this analysis to the topological analysis, we have: Let an arbitrary element [(po, 1)]~, €
Rand let [(r,1)]~, € R, such thatr > 0:

[(p0/1)]~@ - [(r,l)]NQ < {(po,l)]NQ.

Therefore, as for each pair [(pa, 1)]~q, [(Pp, 1)]~g € R, With [(pa, 1)]~q < [(pp,1)]~g, there exists
a [(px,1)]~g such that [(pa, 1)]~y < [(pr,1)]~g < [(Pp,1)]~g, we have:

VI(po, Dl~g € RI[(pr )]~ = [(po, Dlng = [(n D]ng < [(pr1)]~g < [(po, Dl~g-

This implies that:

(P, m)]~g € (([(Po, D]~ = [ D]ng, [(Po, Dlng + [ D) \H{l(po, Vg H N Q

where ([(po,1)]~y — [(r,1)]~g, [(Po, 1)]~g + [(r,1)]~y) denotes an open interval.
Therefore:

(([(po, D~g = [, D [(po, Vg + [, D) \{I(P0o, Dl ) NQ # .

Hence, [(po, 1)]~, is an accumulation point of Q.

Since we had chosen an arbitrary element [(po, 1)]~, € R, this implies that all [(po, 1)]~, reals
are accumulation points of Q. Then: Q' = R, and therefore, as Q = QUQ', we can conclude that
Q=QUR=R.

Conclusions

We have constructed a metric space within the context of the treon space without the need to
explicitly define a traditional metric. Instead, we derived the metric from the Bermejian product,
where it is implicitly defined. This approach enabled us to obtain a metric space, which facilitated the
definition of epsilon-balls centered at an arbitrary treon. Using these balls, we were able to construct a
basis for the topology induced by the Bermejian metric.

We defined a countable basis by leveraging the density and countability of rational numbers
within the real numbers.

The theoretical development we presented confirmed that the treon topological space was indeed
second-countable, as there existed a countable basis.

The construction of a countable basis will provide a powerful tool for the topological and geomet-
ric analysis of spaces defined by Bermejian Algebras, opening new possibilities for the definition and
study of manifolds in these spaces. Second-countability will be a fundamental property that ensures
our topological structures are manageable from an analytical and geometric perspective, facilitating
the construction of more complex structures such as differentiable manifolds.
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