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A Zassenhaus Lemma for Digroups

Guy Biyogmam *
Georgia College & State University, 231 W Hancock St, Milledgeville, GA 31061; guy.biyogmam@gcsu.edu

Abstract: In this paper, we construct a quotient structure on digroups. This construction yields a new
functor from the category of digroups to the category of groups. We obtain a modular property for
digroups, and use it to prove an analogue of the Zassenhaus Lemma in this framework.
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1. Introduction

Digroups are a generalization of groups which were independently introduced by J. L. Loday in
his study of dialgebras [7], by K. Liu [5] and R. Felipe [3], and were further studied in [8]. A formal
axiomatic definition was provided by M. Kinyon in [4], in which Kinyon used digroups to construct
Lie racks in his attempt to solve the coquecigrue problem, which consists of finding an appropriate
generalization of Lie’s third theorem in the category of Leibniz algebras [6].

The notion of normal subgroups plays a fundamental role in defining quotient groups and
obtaining the classical isomorphism theorems which are fundamental tools in the development of
Group Theory (see [10]). Recently, Ongay, Velasquez and Wills-Toro defined normal subdigroups
[9] and studied a construction of quotient digroups and the corresponding classical Isomorphism
Theorems. In [2], It is defined the concept of trigroups as a generalization of digroups, following
essentially Loday’s axiomatic definition of associative trioids [7]. The authors in [2] also constructed
quotient trigroups and proved classical isomorphism theorems in the category of trigroups [1]. In this
paper we obtain the same results on digroups by considering that digroups have a trivial trigroup
structure. This study produces a new functor from the category of digroups to the category of groups.
More precisely, we use the notion of conjugation of digoups provided in [4] to define a congruence for
which the quotient set has a group structure, i.e. a trivial digroup structure. In Section 2, we study the
concept quotient digroups and state classical isomorphism theorems yielding from this concept. These
theorems are independent of the theorems obtained in [9]. In Section 3, we establish an analogue of
the Zassenhaus Lemma in the category of digroups.

2. Preliminaries

2.1. Normal Subdigroups

In this section, we provide a few results on normal subdigroups. Recall from [4, Definition 4.1] that
a digroup (D, -, H) is a set D equipped with two binary associative operations - and — respectively
called left and right, and satisfying the following conditions:

xYrFz)=xAy) -z (p1)
x=y-Hz)=xky) H4z (p2)
x4 y-Hz)=x-4yrz) (p3)

forall x,y,z € D, and there exists an element 1 € A satisfying

l-Fx=x=x-1 forall xe D (I)
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and for all x € D, there exists x 1 € D (called inverse of x) such that

1o1=x14x

XX
A subset S of a digroup D is said to be a subdigroup of D if (S, -, H) is a digroup with distinguish
bar-unit 1.
Note that the set4p :={ee D:et x = x = x - ¢ forall x,y € D} of bar-units of D is a
subdigroup of D.
Recall also that a morphism between two digroups is a map that preserves the three binary
operations and is compatible with bar-units and inverses.

Remark 1. [4, Lemma 4.5].

(@) Theset Jp = {x~!:xe D} isagroup in which -=— .

(b)  The mapping ¢ : D — Jp defined by x — (x~1)~1 is an epimorphism of digroups that fixes Jp, and
Ker¢ = 4p.

) (xH'=xr1=1-AxforallxeD.

@@ (xryt=ylrxt=y "t 4xt=(xy)~!forall x,y e D. Consequently, (x~1)~1)~1 =
x~ L

() x'rl=x!'=1-x"forallxeD.

H xry=@HyforalxyeD.

(90 xHy=x-y H forallxyeD.

Remark 2. Let (D, -, ) be a digroup. Then

a ' 4b=a 4 ) =a - )
foralla,beS.
Proof. This is a consequence of Remark 1(d) and Remark 1(g). O

Definition 1. [9, Definition 4]. A subdigroup S of a digroup (D, \-, ) is said to be normal ifx - S 4 x~1 < S
forall x € D.

Remark 3. By the assertions f) and g) of Remark 1, it follows that if S is normal in D then x 1 - S 4 x < S
forall x € D.

The following Lemma is the modular property for groups.

Lemma 1. Let (D, -, ) be a digroup, S and S’ two subdigroups of D and R a subdigroup of S. Consider the
setS={xeD|x eS8} Then

SAS'-R=Sn(S+R) and R45nS =S~ (R—S).

Proof. Letxe Sn S andr e R. Clearly, x -re S - Randx 7= (x"1)"! - re Ssincex~! € Sand
R<S5.50,5nS R< Sn (S + R). For the other inclusion, let x - 7 € § ~ (S - R). It is enough
to show that x € Si.e. x~! € S. Indeed, x DY l=xrl=xr-@Frr1)=(xFr) r!eSsince
xreSandr~'eRc S, and thus x~! = ((x~1)~1)~! € S, thanks to Remark 1(d). This proves the
first identity. The proof of the second identity is similar. [J

Lemma 2. Let (D, +, ) be a digroup. If S and R are two normal subdigroups of D, then S — R is also a
normal subdigroup of D.

d0i:10.20944/preprints202408.1857.v1
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Proof. First we show that S I R is closed under the digroup operations - and - . Indeed, for all
x,y € Sand rq,72 € R, we have as R is normal in D and by Remark 3, y’l  r1 4y € R. Similarly,
(v ") E (r2 k1) A (y 1= 12) € R. So,

(xbr)EErn) =@-((yry ) Er)E Y Er)
Fy Ry )R ()
FN G ) W)
Fy) (T ) HY) Er)
FY (T Ay F )

and,
(xEr) AW En)=cA4((yFy D0 ) Fn) Ay )

(x4 Ay ) (nEr) A Y E )

LA ) e () Ay ) (eq2)

So(xr)FWrHr),(x+r)dy+rn)eS+R
Now forxe Sandr € R,

Il

=

(xFr)t=rtrx 1=(rflkx71)4(rkr71)p=3(r71%x714r)%r*1

(_1 Ly harl=trx+qrn) 4!
=(r- I—x—|r) 'brleSER

Since 1 = 1 + 1, we conclude that S - R is a subdigroup of D. To show that S - R is normal, let
seS,re Rand x € D. Then

Ly kr=(G4x ) 4x) 7

sEr=(H41)Fr=(—(x"
B (xrn).

It follows that:
xE(sENAx t=x-(4x ) F(xFr) 47t

—(xFsH4x ) (x-r4xHeSHR
O

Lemma 3. Let D be a digroup, 11, I and | three subdigroups of D such that Iy and Ip are normal subdigroups
of J. Then 1y - I is a normal subdigroup of |  I.

Proof. Letr; € I, s,vp € I and r € J. We need to show that

(r=s)(rFrn)d(rrs) el - L.Setc; :=sr s !and

=5k rp 4s L Clearly c; € ) and c; € I, by the normality of I; and I in | since I < J.
Sobj i=r ¢ d4rtelandb, ;=1 - ¢ -4 r ! € I, for the same reason. We claim that:
(rs) - (r1 1) ~ (r=s)"! = by - by. Indeed,

bbb=FrFadr)rrradr DB rrad4E 40 (4r
—(rFaADF(@Ar Y =rraqra-r!
—rk(sFrnAds HGrFrnAs ) 4r!
Brr(srnAGE 4s) rnAs 4t
—rk(FnADFRAs T4rli=r-(kr)Fmn—s 47"
—rbkskmbEn) As t4rl=@rs)F(rnFmn) A4@F~s)!

1
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O

Lemma4. Let (D,+, ) beadigroup. If S, S', R and R’ are subdigroups of D such that R a normal subdigroup
of S and R a normal subdigroup of S', then

(@) (SN R’)+ Risanormal subdigroup of (S S") - R
(b) (S " R) + R isanormal subdigroup of (S' " S) + R’.

Proof. Since R and R’ are respectively normal subdigroups of S and S’, one easily verify that they
are, along with S " R” and S’ N R, normal subgroups of S n S’. The results a) and b) now follow from
Lemma3 [

2.2. Quotient Digroups

This section proposes a new notion of quotient of a given digroup by a normal subdigroup. We
construct an equivalence relation for which the equivalence classes are the cosets of the normal
subdigroup, and the equivalence class of the identity element is the normal subdigroup. This
construction is identical to the work presented in [2] on trigroups by considering their underlying
digroup structure. Consequently, the proofs of all results in this section follow by their corresponding
results in [2].

Lemma 5. [2, Lemma 4.1] Let (D, \~, H) be a digroup, and S a subdigroup of D. Then the following assertions
are true:

(@ g-S=S < g leS < S—g=S forall geD.
(b) g-S=h+S < g l4hes.
() SHg=S-Hh < grhles

Proposition 1. [2, Proposition 4.2] Let (D, , ) be a digroup and S a subdigroup of D. Define the relation:
Forx,ye D,
X~y < x4y €8

Then ~ is an equivalence relation and the equivalence classes are the left cosets x = S, x € D (orbits of the action
of Son D).

By the fundamental theorem of equivalence relations, the relation ~ partitions D into the left
cosets x = S, x € D. Let D/S be the set of left cosets. Define the following binary operations
-, Hl: D/S x D/S — D/S by:

(g-S)FMhES)=(@grh+S

(g-S) A thE=S)=(g—h S

The following Proposition provides a functor from the category of digroups to the category of
groups.

Proposition 2. [2, Proposition 4.4] Let (D, -, ) be a digroup and S a normal subdigroup of D. Then the
binary operations |-, - are well-defined and equip D/S with a structure of a group with identity {S} and the
inverse of the class g + S is the class g1 - S.

The following results are isomorphism theorems on digroups. They are obtained from
isomorphism theorems proven in [2] on trigroups by using the trivial trigroup structure of digroups.

Proposition 3. [2, Proposition 4.8] Let D and D' be two digroups and S a normal subdigroup of D. Let
¢ : D — D’ be a morphism of digroups such that Ker (¢) < S. Then there is an isomorphism of groups
$: D/S = Imp/P(S). In particular, if S = ker(¢p) then this isomorphism becomes ¢ : D /ker(¢p) =~ Im¢p/{1}.
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Proposition 4. [2, Corollary 4.3] Let D be a digroup, and S and R two subdigroups of D such that
st R =R s forall s e S. Then there is a group isomorphism

(S R)/R=S/(SAR).

Proposition 5. [2, Proposition 4.17] Let D be a digroup, and S and R two normal subdigroups of D such that
S is a normal subgroup of R. Then there is a group isomorphism

(D/S)/(R/S) = D/R.
3. The Zassenhaus Lemma for Digroups
In this section, we prove the Zassenhaus Lemma for digroups. We use the following Lemmas.

Lemma 6. Let (D, -, ) be a digroup. If S1, S are normal subdigroups of D, then there is a group isomorphism

D D
S1+S 52I—S1.

lle

Proof. Consider the map

] D D
"S1E S, So 51

r definedby at (S1+ Sy)—ar (S2+ 51).

Notice that for all 4,b € D, we have by Remark 2,

A (S1-5)=bF (S1+S) «— a b ) Te(S+Sy)

which implies a ' (™) =51 s, forsome s; € S; and sy € Sy, and thus b~ ! - (a~ 1)~ =

s;l [ sfl €Sy Sy, hencea - (Sp = S1) =b - (Sp + S1). SoT is well-defined. T is clearly a digroup
homomorphism by definition of the operations I, | on left cosets. By interchanging the positions of
S1 and S; in the proof of the well-definition of I', one proves injection. That I' is surjective is trivial. [

The following is an analogue of the Zassenhaus Lemma (also known as the Butterfly Lemma on
groups) [10] for digroups.

Corollary 1. Let (D,+, ) be a digroup. If S, S', R and R’ are subdigroups of D such that R is a normal
subdigroup of S and R’ is a normal subdigroup of S', then

Sn(S-R) _Sn(SFR)
SA(R'-R) ~ S~ (RFR)

Proof. By the modular property of digroups (Lemma 1), it suffices to show that

(SASYR _ (SAS)FR
(SAR)—R (AR FR

lle

SetN:= (S R') - (§’ N R). Clearly, SAR and § A R are normal subdigroup of S~ §'. Tt follows by
Lemma 2 that 91 is a normal subdigroup of S n S’. Now consider the map

R P
¢:(SmS’)kR—>(S;S) definedby xFr+— x99

d0i:10.20944/preprints202408.1857.v1
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@ is well-defined since for all x,y € Sn S and r1,72 € Rsuch that x - vy = y - ry, we have as
5| krl_l =landy !+ yelp,

y ldx=y 4@ =y b )=y - (xr1)

=y ') =y () et
=y r ) En = ) (a ) =
yil—|x=r2|—r1_1eS’mR=1FS’mR<;1Fé\’ngm.Sox~y,i.e.xFUI:yF‘ﬁ.
To show that ® is a digroup homomorphism, notice that as R is normal in S, for all x,y € S n S’ and

r,7 € R,wehavey ' 7 4yeRand (y~ !+ r;l) F (r2 = r1) 4 (y - rp) € R, thanks to Remark 3.
So we have from the proof of Lemma 2

(xkrl)k(ykrz)z(xPy)F((y71F1’14y)P1’2)G(SmS/)FR,

and

(xFr)AyFr) =4 (' Fr)FmEn) AW En)e(Sns) R
Therefore,

P(xr)FYFn)=FYFN=FMFYFN) =P(x )Py r)
and

D((xr)H4yFn)=aFy)FN=(xEN YN =xkr) APy r).

d is surjective since if x € S~ S, then (xH1e S~ S, and we have by Remark 1(f) that ®((x 1)~ |-
R) = (x™1)~! - 9 = x |- N. It remains to show that ® is injective. Indeed, x |- a € Ker (®) —
XEN=N == x1eN = (x1)~! €N, thanks to Lemma 5(a). So (x~1)~! = y; I y, for some
y1€SAR andy, € S’ A R. It follows that

xa=x Y ' ra=mFyw)Fa=yiF(pnFaeSnR R

So Ker (®) € SA R+ R.ButSn R R < Ker (®) since forallx e SR’ andae R, (x 1)~1 = x -
1 € Mimplying that ®(x - a) = ®((x )1 - a) = (x 1)~ - 9N = N. Hence Ker () = (SN R') - R.
Therefore we have by Proposition 3 that

SASh"FR (SnS) (5n S

(§mR’)|—R; m /{N} = TR

The last isomorphism holds since {9} is the identity element in the group SA“TSA/ Similarly, setting

N = (§’ N R) + (§m R’) and considering the map

(S~ S

CD:(§’mS)kR'—> 5 defined by x 7+~ x 9.

we show by that

(SnS)FR _(5n8)

(AR R W
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Since by Lemma 6, SA“TST’ > Si?f, , It follows that
(SASY R (NS R
(SAR)-R (AR R

This completes the proof. O
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