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Abstract: We study Cartan-Schouten metrics, explore invariant dual connections, and propose them
as models for Information Geometry. Based on the underlying Riemannian barycenter and the
biinvariant mean of Lie groups, we subsequently propose a new parametric mean for data science
and machine learning which comes with several advantages compared to traditional tools such as
the arithmetic mean, median, mode, expectation, least square method, maximum likelihood, linear
regression. We call a metric on a Lie group, a Cartan-Schouten metric, if its Levi-Civita connection
is biinvariant, so every 1-parameter subgroup through the unit is a geodesic. Except for not being
left or right invariant in general, Cartan-Schouten metrics enjoy the same geometry as biinvariant
metrics, since they share the same Levi-Civita connection. To bypass the non-invariance apparent
drawback, we show that Cartan-Schouten metrics are completely determined by their value at the
unit. We give an explicit formula for recovering them from their value at the unit, thus making them
much less computationally demanding, compared to general metrics on manifolds. Furthermore, Lie
groups with Cartan-Schouten metrics are complete Riemannian or pseudo-Riemannian manifolds.
We give a complete characterization of Lie groups with Riemannian or Lorentzian Cartan-Schouten
metrics. Cartan-Schouten metrics are in abundance on 2-nilpotent Lie groups. Namely, on every
2-nilpotent Lie group, there is a 1-1 correspondence between the set of left invariant metrics and that
of Cartan-Schouten metrics.

Keywords: Cartan-Schouten metric; dual connections; a-connections; Fisher information matrix;
biinvariant metric; Lorentz metric; exponential barycenter; center of mass; Amari-Chentov 3-tenor;
machine learning; information geometry

1. Introduction

Information geometry is a field that sets the geometric framework for a deeper understanding of
information theory. It applies the concepts and techniques of differential geometry to statistics and
probability theory. Namely, families of probability distributions are studied as Riemannian manifolds
(the Riemannian metric, say p, being for instance the Fisher information metric) provided with some
additional structure, a connection such that the covariant derivative of the Riemannian metric is a
totally symmetric 3-tensor (the Amari-Chentov tensor). Then a parameter family of pairs of connections
(V¥ V%) which are mutually dual with respect to the metric can be deduced such that the covariant
derivatives V*u, V™% are totally symmetric 3-tensors. Conversely any totally symmetric 3-tensor
gives rise to such connections. See Section 2.1.

Generalizing the above, a statistical manifold is a Riemannian or pseudo-Riemannian manifold
(M, ), together with a (locally) flat torsion free linear connection V! such that the covariant derivative
Vlu =: Sis a totally symmetric (0, 3)-tensor. There is a unique connection V! dual to V! with respect
to u. The mutual duality is equivalent to the following

Z-u(X,Y) = pu(VyX,Y) + u(X,V;'Y), (1)

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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for any vector fields X, Y on M. Letting V stand for the Levi-Civita connection of y, one deduces a
parameter family of pairs of mutually dual torsion free (locally) flat connections (V*, V™%), « € R, by

w(viy,z) = u(vxY,Z) - %S(X,Y,Z)
1
w(Vx'Y,2) = u(VxY,Z)+55(X,Y,Z) (2)
such that the covariant derivatives V*y = —V™%u are totally symmetric [20], [24]. Such a

generalization is not a mere mathematical theory, since it has indeed been proved that every statistical
manifold corresponds to a statistical model [21,23]. The notion of dual connections, which was
borrowed from affine geometry (see e.g.[20], [25]) and introduced into information geometry by Amari
[2], is now widely used as a key tool in the applications of information geometry. While metrics such
as the Fisher information metric and divergences like the Kullback-Liebler divergence provide ways of
measuring distances or differences between different probability distributions, geodesics appear as
the shortest distances between probability distributions. All these tools strengthen the central role of
information geometry in data science (see e.g.[1,2]).

In the present work, we study Cartan-Schouten metrics and propose them as models for
information geometry. A Cartan-Schouten metric on a Lie group G, is a metric whose Levi-Civita
connection is the canonical biinvariant Cartan-Schouten connection [7], defined by Vy = %[x, y], for
any x,y in the Lie algebra G of G. So every 1-parameter subgroup through the unit is a geodesic. Lie
groups with Cartan Schouten metrics are geodesically (hence metrically) complete manifolds as well
as realizing the 1-parameter subgroups as geodesics, which allows for a natural way of doing statistics
and information geometry, using their intrinsic connection (just as is the case for biinvariant metrics,
see [29,30,33]). In low dimension, Lie groups with a Cartan-Schouten metric have been classified,
up to dimension 6, in [19,36,41]. The study of Cartan-Schouten metrics is also motivated by the use
of Riemannian statistics on Lie groups in the traditional fields such as Machine Learning, Anatomy
([29], [30]). Here are the main results and organization of the paper. In Section 2, we delve into
the discussions on statistical manifolds and information geometry in details, directly deriving the
Fisher information metric, dual connections, etc. We also set up the framework, the definitions and
discuss the motivations. Another interesting feature is that, although Cartan-Schouten metrics are
in general not left nor right invariant, their geometry is biinvariant, since it is conveyed by their
Levi-Civita connection which is biinvariant. More interestingly, we provide a formula that uses the
sole value of any Cartan-Schouten metric at the unit (neutral element) to give its value everywhere,
just like for left (or right) invariant metrics (see Theorem 9 and Theorem 11). This allows to bypass
the noninvariance drawback and makes Cartan-Schouten metrics computationally more attractive. In
Theorem 4, we describe solvable non-Abelian Lie groups with a Riemannian Cartan-Schouten metric.
More precisely we prove that a solvable non-Abelian Lie group admits a positive (or negative) definite
Cartan-Schouten metric if and only if it is 2-nilpotent. Section 3.3 is devoted to the discussion and
complete characterization of Lie groups with a Cartan-Schouten metric y of Lorentz type (Lorentzian,
for short), that is, y is of signature (1,n — 1). Unlike biinvariant Lorentzian metrics which are rather
scarce (roughly speaking, they only exit on oscillator groups and on the special linear group SL(2)
[26]), Lie groups with Lorentzian Cartan-Schouten metrics are in abundance (see Theorem 7, Theorem
8 and Theorem 3.5). We expect Lorentzian Cartan-Schouten metrics studied in Section 3.3 to offer good
models for singular statistical learning theory as in [43], and applications to relativity or quantum
physics. In any 2-nilpotent Lie group, Cartan-Schouten metrics can have any desired signature, and in
fact, they are as many as metrics (of any signature) on the corresponding Lie algebra, see Theorem 10
and Theorem 11. And yet, all these Cartan-Schouten metrics share the same Levi-Civita connection
and hence the same geometry. However, they may infer different statistics, since for a fixed totally
symmetric 3-tensor taken to be the Amari-Chentsov tensor, the corresponding parameter family of
dual a-connections (V#, V%), depends of the chosen Cartan-Schouten metric. When the connection
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coincides with the Levi-Civita connection of the metric, then the information geometry coincides with
the Riemannian statistics (or statistics in Riemannian manifolds), which is a field in mathematics.
In Theorem 12 we describe all Cartan-Schouten metrics on H-type Carnot groups and supply their
explicit expressions. Note that in 2-nilpotent Lie groups, Cartan-Schouten metrics have very simple
expressions. Indeed, in global affine (exponential) coordinates, all their coefficients are polynomials
of degree 2. We explore and describe left invariant and biinvariant dual connections and statistics
in Section 4, see Proposition 6, Proposition 7, Theorem 13. In Section 5, we propose a new model of
parametric mean for information geometry, data science and machine learning. On the one hand, it is
the common Riemannian barycenter of all the Cartan-Schouten metrics on Carnot groups of H-type.
On the other hand, it is also the biinvariant exponential barycenter of those Carnot groups of H-type.
So it is at the interplay between Riemannian statistics and Lie group invariant statistic. Furthermore, it
combines the arithmetic mean and the variance, and enjoys a manifold of parameters to choose from.

We expect this work to foster news routes of research and applications in several areas of science
and technology, within the scope of applications of Information Geometry.

Throughout the present work, unless explicitly stated, the word metric refers to both Riemannian
and pseudo-Riemannian metrics. We will let §;  stand for the Kronecker symbol, with §;, = 1ifk = j
and 0 otherwise. Unless otherwise explicitly stated, V often stands for the canonical Cartan-Schouten
connection, with Vy := %[x, y] for x,y in the Lie algebra at hand.

2. On Information Geometry on Lie Groups

2.1. Fisher Information Metric, Amari-Chentsov 3-Tensor, x-Connections

Let () be a mesurable subset of R" and ¢/ a domain in R". In (), consider a familly of probabilities
p(—,0) : QO — R, parametrized by 6 = (01,...6,) € U, such that the following hold : (1) the
family p(—, ) is smooth with respect to 6, (2) p(x,68) > 0, for any x € ) and any 0 € U and (3)
Jqp(x,0)dx =1, for any 6 € U. Here we have let [ p(x,6)dx also stand for the sum Y p(x,0) when

xeQ)
Q is a discrete set. The Fisher information matrix associated to the familly p(—, ) is the symmetric

matrix [p;;(0)] given by

pij(0) = / (aag log p(x, 9))(82 log p(x, 9))p(x,9)dx
Ee(;@IOgP(xrﬂ) ;@IOgP(xIG)) : (3)

where Eg(f) := [, fp(x,0)dx is the expectation of f : ) — R, with respect to p(—, ).
One notes that the matrix [p; ()] is positive semi-definite, since for any Y = (y1,- -+ ,y») in R",
one has:

Y[.ui,j(e)]YT = Z :ul] ]/z]/]
ij=1

- / (Zyla% logpxe)(i 186 logpr))p(x,G)dx

Ee(Zyia—eilogp(x,e)) >0, 4)

Hence p;j(0) gives rise to a (possibly pseudo-) Riemannian metric p defined as p(x,y) =
X [yi,]-(e)]YT, for any tangent vector field x,y with (local) components X,Y € R". The metric (3)
is called the Fisher metric on M, when it is definite positive [2], [20], [25].

d0i:10.20944/preprints202408.2120.v1
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We further suppose that the derivation with respect to 6 and the integration with respect to x
commute. The latter property is always satisfied under a few conditions. Differentiating the equality
Jop(x,0)dx =1, gives

0 = afei/QP(x,G)dx—/Qa—eip(x,())dxf/Q(a—eilogp(x,()))p(x,g)dx
0
The second derivatives lead to

0 = P (x G)dx—/( o log p(x, 9)) (x,0)dx
= 30,06 Jo P 30,00, 8P 7) P

d
+ /Q (a—gj log p(x,0) a—eilogp(x,(;))p(x’g)dx
aZ
- (ag 0; log p(x, 9)) +,lli]'(9). ©)

Hence, one gets the following

32
1 (6) = ~Eo (35 55; 08 P(3,0) ). )

Differentiating (3) with respect to 6, one gets

(i#ij(f’) = /Q(agi;ilogp(x,f)))(ae log p(x, 9)) (x,0)dx

+/Q (aagilogp(x,f)))(aezagjlofgp(x,f)));?<xr9)dx
—|—/Q (a%l logp(x,())) (azjlogp(x,())) (azklogp(x,()))p(x,())dx. 8)

Now we re-write (8) as

0 92 0
g ti(0) = (ae a6, 108P(%,0) 55 7, log p(x,0))
—l—Eg(ilogp(x 9)782 log p(x 9)) +S; %(0) 9)
891‘ ! 89k89] ! K !

where S stands for the Amari-Chentsov symmetric 3-tensor, with coefficients

J J J
Si(6) == Eg (aT)i log p(x,6) 35- 1og p(x,) 35- o5 p(x,0)) . (10)

Bringing Levi-Civita connection V of y into play, we use the formula

0 o 9 0 0

g ik = y(v%@ﬁ’ﬁ)+y(ﬁ Vaa zTek) (11)
to deduce the following

0 d d J 0

afgiﬂjk+a*9jﬂik*af&cﬂij = ZV(V%T@’T@)' (12)
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Plugging (9) into the left hand side of (12) we get
(aeaae log p(x,6) azj log P(er)) = V(Va%i aaej’ aaek) - %Sijk (13)
The right hand side of (13) defines a connection vi by
MYy s aa) =1V 4 o agy) ~ 25 (1)

i,j,k=1,...,n. Since S is symmetric, V1 is torsion-free. The torsion-free connection V1 defined by

0 d 0 9 1
19 95_ 2 Y yicZg.
satisfies
d 0 0 9
1 9 o 19 9.\ _ 9 9
and
o 9 2] 0 0 d
1 9 9 9 1.9\ _ o 9
MV 50900 THae Y ae) — *Vaaerae) TH e Vi ae)
0
90, 1k (17)
Equality (16) is equivalent to
1 o1 —1
V= E(V +V) (18)
whereas Equality (17) is equivalent to
X-u(Y,Z)=u(VyY,Z)+u(Y,Vx'2), (19)

for any vector fields X,Y,Z on M. More generally, the torsion-free connections V¥, V7%, a € R,
defined for any i,j,k =1,...,n, by

M srag) = Mg a5~ 35

M3 = M7 a0 5+ 5 0)
are re mutually dual with respect to y, that is,

X-p(Y,2) = p(VyY, Z) + p(Y, Vy'Z), 21)

for any vector fields X, Y, Z on M, and they satisfy V = %(V“ + V%), for any a € R. Furthermore,
the 3-tensors V*u and V ™%y are totally symmetric. More precisely, we have the following identities

VX, Y,z2) = X-u(Y,Z) = u(VyY,Z) —u(Y,VxZ)
= X-u(Y,Z) - (y(VXY,Z) - %S(X,Y,Z))

- (y(Y,VXZ) - %S(X, Y,z)) —aS(X,Y,Z) (22)
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and
V>*u(X,Y,Z) = X-uY,Z)—u(Vi"Y,Z)—u(Y,Vx"Z)
= X-u(Y,2) - (n(VxY,2) +38(X,Y,2))
—(y(Y,VXZ) + %S(X, Y,Z)) = —aS(X,Y,Z) . (23)

Along these lines, one defines a statistical manifold as a triplet (M, u, V') where M is a differential
manifold, u and V! are respectively a Riemannian or pseudo-Riemannian metric and a torsion free
linear connection on M such that the covariant derivative V!u of u with respect to V!, is totally
symmetric. The pair (3, V1) is then also termed a Codazzi structure or a statistics on M, while y and
V! are said to be compatible. The totally symmetric 3-tensor S := V1! is termed the Amari-Chentsov
tensor. There is a unique torsion free affine connection V1 on M, such that

X-u(Y,2) = u(VxY,Z) + u(Y,Vy'2), (24)

for any vector fields X,Y,Z € X(M). Two connections V! and V! satisfying (24), are said to be
mutually dual (or just dual, for short) with respect to . Conversely, in a (pseudo-) Riemannian
manifold (M, ) with Levi-Civita (LC, for short) connection V, consider a totally symmetric covariant
3-tensor S. The tensor field A defined by

W(A(X,Y),Z2) = S(X,Y,Z), (25)

forany X,Y,Z € X (M), gives rise to the two torsion free linear connections vi.=v- %A and
V~1:= V + 1A, which satisfy (24) and V! = —V~1y = S. This thus establishes an equivalence
between statistical structures and totally symmetric 3-tensors on M. One defines a parameter family of
manifolds, the a-manifolds (M, pr, V*, V%), where the a-connections are given by

VRY,Z) = u(VxY,2)-3S(X,Y,2),
WV, z2) = w(VxY,Z)+ %S(X, Y,Z), (26)
or equivalently
o _ o
V“ZV—EA,V“ZV—FEA, (27)

forany X,Y,Z € X(M). The connections V* and V% are dual with respect to V. So another equivalent
definition of a statistical manifold, is a Riemannian (or more generally pseudo-Riemannian) manifold,
together with a totally symmetric tensor S.

In this generalization, totally geodesic submanifolds now play the role of affine subspaces of
Eulidean space in standard statistical models, while geodesics replace straight lines. It has been proved
([21,23]) that every statistical manifold is indeed a statistical model.

2.2. Information Geometry Using Cartan-Schouten Metrics

Let us remind that Cartan-Schouten connections on a Lie group G, are the left invariant
connections such that every 1-parameter subgroup of G through the identity € is a geodesic. The
classical 4+, — and 0 Cartan-Schouten connections ([7]) are respectively given in the Lie algebra G of G

by

Viy =Alx,y], A

|
—_
N
(=]
N

Vx,yeg. (28)
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Definition 1. We will refer to the 0-connection given by Vyy = 3[x,y],V x,y € G, as the Cartan-Schouten
canonical connection. It is the unique symmetric (torsion free) Cartan-Schouten which is bi-invariant.

Our models of statistical manifolds of interest are couples (M, i), where M := G is a Lie group and
y is a Riemannian or pseudo-Riemannian metric on G, which is covariantly constant (or equivalently,
parallel) with respect to the Cartan-Schouten canonical connection V. The latter property simply reads
Vu = 0 or, equivalently,

oy, 2h) = o (wlty e+ It ) 29)

for any left invariant vector fields xt,yt,z" on G. Importantly, when we take the dual connections
to coincide with V, then the model coincides with both the (pseudo-) Riemannian Statistics and Lie
group (bi)invariant statistics as in [29], [30], [34].

Definition 2. If a metric y on a Lie Group, is parallel with respect to the Cartan-Schouten canonical connection,
that is Vi = 0, then we call it a Cartan-Schouten metric. Equivalently, a Cartan-Schouten metric is a metric
whose Levi-Civita connection is the (biinvariant) Cartan-Schouten canonical connection V.

Note that, although the two approaches of defining a statistical manifold given above are
equivalent, in our case the choice of one may influence the direction of the study in the following way.
Indeed, since Cartan-Schouten metrics are not left nor right invariant in general, fixing a left invariant
Amari-Chentsov 3-tensor induces in general a non-invariant pair of dual connections which thus
come with a non-invariant underlying statistical model. In contrast, although it infers a non-invariant
3-tensor, the choice of a left invariant or biinvariant connection compatible with i, leads to an invariant
statistical model.

2.3. Some Advantages and More Motivations

As mentioned in the introduction, every 1-parameter subgroup through the unit is a geodesic.
Cartan Schouten metrics are geodesically (hence metrically) complete manifolds. So they are a nice
model for Riemannian statistics. Their geometries are invariant, since they are conveyed by the
biinvariant symmetric connection. The geodesics of V are translates of one parameter subgroups,
left or right-invariant vector fields are Killing vector fields or affine collineation of the connection
V. It has also been proposed, see e.g. [29], [30], that Riemannian or pseudo-Riemannian metrics
which are biinvariant be used for Riemannian statistics on Lie groups. Cartan-Schouten metrics
are a generalization of biinvariant metrics where the invariance assumption on the metric has been
dropped. Since biinvariant metrics and Cartan-Shouten metrics share the same Levi-Civita connection
(which is biinvariant), they thus share the same geometry. Their common (pseudo-) Riemannian
mean coincides with the Lie group biinvariant exponential barycenter. Thus Cartan-Schouten metrics
allow for a much larger familly of Lie groups with a biinvariant geometry, as we shall see throughout
this work. For example, Heisenberg groups H,11, n > 1, carry infinitely many non-equivalent
Cartan-Schouten metrics, although they do not carry any biinvariant metric (see Example 3.5.2).
Interestingly, those metrics can have any signature, and in fact, there are as many Cartan-Schouten
metrics in any 2-nilpotent Lie group than metrics (of any signature) on its Lie algebra. Another
interesting geometric feature is that, there are infinitely many non isometric Cartan Schouten metrics
that all share the same geometry (same Riemannian curvature, same holonomy group, same geodesics,
same Ricci curvature, same sectional curvature) and yet have different signatures. As a matter of
fact, such a set of metrics covers all possible signatures (p, q), with no restriction on the the integers
p,q > 0 with p + g = n. Cartan-Schouten metrics of Lorentz type studied in Section 3.3 may also be of
good interest for singular statistical learning theory ([43]) and applications to relativity and quantum
physics.
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2.4. Hypersurfaces, Totally Geodesic Submanifolds

In standard statistical models, affine spaces play important roles, for example in dimension
reduction techniques (principal component analysis and factor analysis), linear models, optimization
problems, etc. In the generalization to Riemannian and pseudo-Riemannian statistics, totally geodesic
submanifolds now play the role of affine subspaces of Eulidean space in standard statistical models,
while geodesics replace straight lines. In that context, geodesics certainly play a crucial role, since
they represent the most natural path between probability distributions. A geodesic submanifold M
of a manifold (M, V) endowed with a connection, is a submanifold such that V preserves tangent
vectors, so V restricts to a connection in M. Thus, any geodesic of (M, V) passing through a point
of M stays entirely in M, any geodesic in M is also a geodesic of M. In other words, the geodesic
equation of M restricts to the geodesic equation of M. Geodesic submanifolds can represent simpler
constrained models, the subset of uncorrelated variables in the multivariate gaussian distributions.
Totally geodesic submanifold also provide a natural way of dimensionality reduction of parameter
space.

In our models, totally geodesic submanifolds are closed subgroups. Non-degenerate subgroup
inherit the Cartan-Schouten structure by restriction of the metric. This allows for a natural dimension
reduction.

3. Cartan-Schouten Metrics on Lie Groups

3.1. General Results

The following result from [8] covers most of nonsolvable Lie groups, including all semi-simple
Lie groups and most of non-decomposable nonsolvable Lie groups.

Theorem 1. [8] Let G be a perfect Lie group, that is, its Lie algebra G satisfies [G,G] = G. If G has a
Cartan-Schouten metric y, then y is necessarily biinvariant.

In particular, every Cartan-Schouten metric on a semi-simple Lie group G or on its cotangent
bundle T*G, is biinvariant, where T*G is endowed with its Lie group structure induced by the right
trivialization [8].

We announce the following result whose complete proof will be published elsewhere.

Theorem 2. A connected Lie group G has a Cartan-Schouten metric y if and only if its Lie algebra, say G, has a
metric fi with same signature as y, satisfying the following

0 = pa(llxx2l vl z) +ply, [[x1, x2],2]) (30)
forany x1,x2,y,z € G. Furthermore, at the unit € € G, the two metrics y and fi coincide.

For the proof that the Lie algebra of a Lie Group with a Cartan-Schouten metric, has a metric
satisfying (30), we will need Proposition 2, which is a corollary of the following well-known Proposition
1, whose proof is provided below using a new method. If a metric on a Lie algebra satisfies (30), we call
it a Cartan-Schouten metric on the Lie algebra. Equality (30) is equivalent to the fact that the adjoint
operator ad, of any u € [G, G|, is skew symmetric with respect to j.

Proposition 1. Let y be a Riemannian or pseudo-Riemannian metric on a manifold M. If V! and V" are
two connections on M which are dual with respect to y, then their respective curvature tensors RV and RV
satisfy the following equation,

0 = y(va(Xl,Xz)Y, Z) +;4(Y, RV_I(Xl,Xz)Z) ) 31)
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forany X1,X3,Y,Z € X(M).

Proof. For any Y,Z € X(M), consider the function Fy ; = pu(Y,Z) € C®(M,R) and denote its
differential by v := dFy 7. The relation

0=VrX,Y,2) = X-u(Y,2) = p(VxY,Z) = p(Y,Vy'2)), (32)
is thus equivalent to v(X) = u(VxY?1, Z) + u(Y, Vy'Z)) for any X € x(M). Since v is an exact 1-form,
we thus get

0= dU(Xl, Xz) = Xl : I/(Xz) - X2 . V(Xl) - V([Xl,X2])
= Xi-u(Vy,Y, Z)+ X1 - p(Y, Vil Z) = X - p(Vy, Y, 2)
—Xo - p(Y, V' Z) = u(Vix, x, Y Z) — nY, Vi 1 2) (33)

which we now expand, by applying (32) to (33), as

0 = u(Vy, VY. 2)+u(Vy,Y, V5! Z2) + u(V, Y, Vi1 Z2) + u(Y, V! Vi1 Z)
~u(Vx, VY, Z) = p(Vi,Y, V51 Z) = u(VX,Y, V! Z) = u(Y, V! Vy!Z)
—y(V%XLXZ]Y,Z) —u(Y, V[_;LXZ]Z). (34)

Equality (34) readily simplifies to

_ 1 ol 1 ol 1
0 = H((VX1VX2 = Vx,Vx, — V[Xl/XZ])Y’Z)

1e—1 —1v-1 -1
+u (Y’ (Vxl sz - sz le a V[XerZ])Z>

V(va(xl,xz)y, Z) + y(Y, RV’l(Xl,Xz)z) . (35)
0

As a direct corollary of Proposition 1, we get the following result, which is also consequence of
the Ambrose-Singer holonomy theorem.

Proposition 2. Let y be a Riemannian or pseudo-Riemannian metric and V a (not necessarily torsion free)
connection, on a manifold M. Suppose Ny = 0. Then the curvature tensor RV of V, is skew symmetric with
respect to u :

0 = y(RV(Xl,Xz)Y, z) +y<Y, RV(Xl,Xz)z) ) (36)
forany X1,X5,Y,Z € X(M).

Proof. In Proposition 1, take V! = V1 =V, the identity (31 ) then becomes (36). [

The proof that the Lie algebra of a Lie Group with a Cartan-Schouten metric, has a metric
satisfying (30) is deduced from Proposition 2. Indeed, if M = G is a Lie group, G its Lie algebra, we
take X1, Xp, Y, Z to be all left invariant vector fields on G and V to be the Cartan-Schouten standard
connection. Then Equation (36 ) taken at the unit of G, gives Equation (30). The proof that from a
metric on G satisfying Equation (30), we can construct a Cartan-Schouten metric on any connected Lie
group with Lie algebra G, will be published elsewhere.
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3.2. Riemannian Cartan-Schouten Metrics

In this section, we show that the Lie groups with a Riemannian metric which is also a
Cartan-Schouten metric, are essentially all the 2-nilpotent Lie groups, the compact simple Lie groups,
the Abelian Lie groups and all their Cartesian (direct) products.

The following result is due to J. Milnor.

Theorem 3. [28] The only Lie groups with a biinvariant Riemannian metric are the Cartesian product of some
compact Lie group and some additive vector group.

Milnor’s result somehow implicitly spelled disappointment for those who expected a lot of Lie
groups with biinvariant Riemannian metrics for applications. However, we show here that if we drop
the biinvariance property for the Riemannian metric, and only require that its Levi-Civita connection
be biinvariant (which characterizes Cartan-Schouten metrics), then it turns out that a much wider
family of Lie groups enjoy such a property. We actually further show that Cartan Schouten metrics of
any given signature are in abundance on 2-nilpotent Lie groups, as we shall see Section 3.5.

Theorem 4. For a solvable non-Abelian Lie group G, the following are equivalent. (1) G admits a positive (or
negative) definite Cartan-Schouten metric. (2) G is 2-nilpotent.

Proof. Let G be the Lie algebra of G. Since G is solvable, the linear transformation ad,, is nilpotent for
any u € [G,G]. Thus, if G admits a Cartan-Schouten metric which is positive (or negative) definite,
ad, being skew-adjoint (see (30)), is necessarily equal to the zero map, for any u € [G, G]. Thus G is
2-nilpotent. Conversely, any 2-nilpotent Lie group possess as many Cartan-Schouten metrics which
are positive definite, as left (resp. right) invariant Riemannian metrics. See Theorem 11. O

From Theorem 1 and Theorem 3, we deduce following

Theorem 5. A perfect Lie group admits a Cartan-Schouten metric which is positive (or negative) definite, if and
only if it is semisimple and compact.

Proof. According to Theorem 1, if a perfect Lie group G admits a Cartan-Schouten metric, then the
latter must be biinvariant. Now from Theorem 3, we deduce that G must then be a compact and
semisimlple Lie group. [

3.3. Lorentzian Cartan-Schouten Metrics

3.3.1. A General Result on Lorentzian Cartan-Schouten Metrics

Recall that Lie groups with a biinvariant metric are those special Lie groups with a
Cartan-Schouten metric y which is invariant under both left and right translations of all the group
elements. Equivalently, the Lie algebras of such Lie groups have a metric (the value of y at the unit €)
which is invariant under the adjoint operator (adjoint-invariant, or ad-invariant for short) of every
element of the Lie algebra.

Theorem 6. [26] The only simply connected and nonsimple Lie groups which admit an indecomposable
biinvariant Lorentz metric are the oscillator Lie groups Gj.

Unlike biinvariant Lorentz metrics which only exist on the oscillator Lie groups G,, the special
linear group SL(2), the Abelian Lie groups and their direct products, the more general Cartan-Schouten
metrics which are Lorentz metrics, exist in abundance. Indeed, every 2-nilpotent Lie group of
dimension 7, has as many Lorentzian Cartan-Schouten metrics as there are scalar products of signature
(1,7 — 1) in any vector space of dimension 7 (see Theorem 11).
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We announce the following general result whose proof will be published elsewhere.

Theorem 7. Let G be a nondecomposable solvable Lie group. Suppose G has a Cartan Schouten metric, which is
a Lorentzian metric.Then G is one of the following types: (1) either 2-nilpotent or 3-nilpotent, (2) 3-step solvable
and the derived ideal of its Lie algebra is a direct sum of a Heisenberg Lie algebra and an Abelian Lie algebra.

3.3.2. The Oscillator Lie algebras and Lie Groups

The oscillator Lie algebras G, (resp. Lie groups G,) are an important family of Lie groups in
mathematics and physics with a rich geometry [26]. Let A := (A1,...,A;) be in R” with 0 < A; <
Ay < -++ < A, and let G, stand for R?"*2 = R x R x C" endowed with the Lie group structure given
by the following product. Let o = (t,s,21,...2,), T = (t/,5,2],...2)) € Gy,

1 n
i (t +t,s+5 + 5 Y Im(z;) exp(ith))z; , z1 +exp(ith)zy
=
e Zjt exp(it)\j)z;.,. e Zn+ exp(it)\n)z;l) ) (37)

Set zj = xj+ iy]-, where Xj, Y € R and i2 = —1, so that ¢ and T are respectively identified with the
(2n +2)-uplets (t,5,x1,..., Xu, Y1, -, Yn), (t',8', X}, ... %}, ¥}, ..., yp, ). Hence, the above product now
reads

1& 1&
f— l / . / J— . / . — . / . , 1 . .
0T = (t +t,5s+5 + §j§:1(x]yj yjx;j) cos(Ajt) + > ]‘:El(x]xj +yjy;) sin(Ajt);

x1 + x] cos(At) — vy sin(Aqt), ..., x5 + x}, cos(Ayt) — i), sin(Ant);
Y1 + ) cos(At) + xpsin(Aqt), ..., yn + ), cos(Ant) + x, sin(/\nt)). (38)

The Lie algebra G, of the oscillator group G, has a basis (e,l, €0,€1,---, ezn) in which its Lie
bracket reads

[Ej,€n+]'] =€, [6,1,6]'] = )\jen+]- ’ [6,1, €n+]'] = —)\j(i‘j ’ ] =1,...,n (39)

Following [26], up to a scalar factor, there is a unique adjoint invariant metric (, ), on G, given, for
2n

2n
x= Y xe,y= Y yje, by
=1 =1

n
1
(,y)r = x_ayo+y-1x0+ ), T (xjyj + xn+jyn+j)- (40)
=1

Note that the ad-invariant metric (, ), is a Lorentz metric. Following Theorem 2, in order to find all
Cartan-Schouten metrics, we just need to directly look at the Lie algebra level. We apply Equation (30)
to get all the Cartan-Schouten metrics on G,. Note that the derived ideal [G), G)] of G,, is spanned by
(eo, €1, - --,€2,). When Equation (30) is satisfied in a trivial way, so that no information on y can be read
off, we simply skip it.

®0=rp(leje_1],e-1)+ule—1,leje1]) = =2A;p(ensje-1),

© 0= p(leje_1],e0) +pule_1,leje0]) = —Aju(enyj ),

© 0 =p(leje_1],ex) +pule—1, [ej ex]) = —Ajplensjrex),

0 0= pu(leje-1],enyr) +pule1,lej enik]) = —Ajp(ensj enir) +djxp(e—1,€0),

00 =pu(leje],e1) +pler [eje-1]) = —Ajuler ensj),

0= .”([ej/ ekl entp) + plex, [e]', entpl) = j,pﬂ(ekrEO) =0,
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0= pn(lej entkl eo) + plentk [ej e0]) = 0jxp(eo, e0) =0,
0= ,14([6’]‘, Cnvk)sentp) + p(eniks [ejren+p]) = j,ki‘(eOrerH-p) + ‘5j,p.”<en+kr€0)r
0= V([enJrjr 6_1],6_1) + ]/t(e_l, [en+j/ 6_1]) = 2/\]'74(6]'/ 6_1),
© 0= p(lentje—1]ex) +ple—1, lentjex]) = Ajulej ex) — 6jxm(e-1,¢0),
We summarize the above in the

Theorem 8. A metric on G, is a Cartan-Schouten metric if and only if its nonzero coefficients are as follows

1 .
nlejej) = plensj ensj) = -ple-r,e0) #0, plere1), j=1,...,n. (41)
j

Every metric as in (41) is a Lorentzian. It is ad-invariant if and only if u(e_1,e_1) = 0.

3.4. Case Where the Exponential Map Is a Diffeomorphism

For many Lie groups, the exponential map exp : ¢ — G, is a diffeomorphism. This is the case for
every connected and simply connected nilpotent Lie group and more generally, every connected and
simply connected completely solvable Lie group. More precisely, following the well known works of
Dixmier and Saito in 1957, the exponential map is a diffeomorphism, if and only if G is a connected
and simply connected solvable Lie group that does not contain a closed subgroup isomorphic to the
circle, the universal cover of the special linear group SL(2,R) of 2 by 2 real matrices with determinant
1, the universal cover of the group E(2) := O(2) x R? of rigid motions of the Euclidean 2-space, or the
4-dimensional connected and simply connected oscillator Lie group with Lie algebra ¢ having a basis
(x,y,H,z), with Lie bracket [H, x] =y, [H,y] = —x, [x,y| = z. Equivalently, the exponential map is a
diffeomorphism, if and only if G is a connected and simply connected solvable Lie group whose Lie
algebra G does not contain a Lie subalgebra isomorphic the Lie algebra ¢ of E(2) := O(2) x R? or &.
For Lie groups containing a closed subgroup isomorphic to one of the aforementioned subgroups, the
exponential map is not injective. The exponential map could be surjective although it may even not
be a local diffeomorphism, and may have a cut locus. This is the case for SU(2). We announce the
following result whose proof will be published elsewhere and which will be needed for the proof of
Theorem 11. It allows to directly get the value y, of a Cartan-Schouten metric y at any pointo € G
from the sole value . at the unit €, exactly like for invariant metrics.

Theorem 9. Let G be a Lie group, G its Lie algebra, € its unit. If exp : G — G is a diffeomorphism and G has
a Cartan-Schouten metric y, then setting fi := ye and log := exp ', we have, for every left invariant vector
fields x*,y" on Gand o € G,

[e¢] 1 _
ey @) = Y (e ¥ g ) )

Conversely, if exp : G — G is a diffeomorphism, then every metric ji on G satisfying (30) gives rise to a
Cartan-Schouten metric y on G, via (42).

3.5. Cartan-Schouten Metrics on 2-nilpotent Lie Groups

Recall that a Lie group G is said to be 2-step nilpotent if its Lie algebra, say G, is 2-step nilpotent
(2-nilpotent, for short). Equivalently, the derived ideal [G, G] is contained in the center 3 of G. We
consider here Lie algebras G which, as vector spaces, split as a direct sum G = V @ 3 of two subspaces
V and 3, such that [G,G] = [G, V] = [V, V] = 3 and [G, 3] = 0. Every nondecomposable 2-nilpotent
Lie algebra lies in that category. The 2-nilpotent Lie groups are the nonabelian Lie groups that are the
closest possible to being Abelian. In that regard, we expect them to be, in applications to Information
Geometry, Statistics, Machine Learning, amongst the most important and handiest Lie groups with
Cartan-Schouten metrics. On the other hand, they enjoy a very rich geometry and play special
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important roles in many areas of Mathematics [11-13]. Carnot groups of step 2, H-type Lie groups,
Heisenberg groups, are special cases of 2-nilpotent Lie groups [14-16].

Theorem 10. On a connected 2-nilpotent Lie group of dimension n, the set of Cartan-Schouten metrics is a
connected and simply connected manifold of dimension %n(n +1).

In Theorem 4, we have shown that 2-nilpotent Lie groups are the only non-Abelian solvable Lie
groups with at least one positive (or negative) definite Cartan-Schouten metric. Theorem 11 shows
that a 2-nilpotent Lie group has infinitely many Cartan-Schouten of any desired signature (p,n — p),
for any integer 0 < p < n.

Theorem 11. Let G be a 2-nilpotent Lie group, G its Lie algebra, dim G = n. There is a 1-1 correspondance
between the set of left invariant metrics of signature (p,n — p) and the set of Cartan Schouten metrics of
signature (p,n — p) on G, for any integer p, with 0 < p < n. Namely, every metric ji on G gives rise to a flat
Cartan-Schouten metric y of the same signature on any connected Lie group with Lie algebra G. In particular,
on the corresponding connected and simply connected Lie group G, u is given by

il (x, logo, y])

N —

Y) + %ﬁ([loga,x],y) +

i(llogo, ], logo,y]), (43)

(n(x"y ")) = @l

+

=

] =

forevery o € Gand x,y € G, wherelog: G — G, log ;== exp~!.

Proof. This is a direct consequence of more general results (see Theorem 2 and Theorem 9) whose
proofs will be published elsewhere. Every left invariant metrics ji™ of signature (p,n — p) on G is
uniquely given by its value ji at the unit €. Since G is 2-nilpotent, every metric ji in G satisfies (30) in
Theorem 2. We apply Formula (42) of Theorem 9 to get (43) which defines a unique Cartan-Schouten
metric of signature (p,n — p) on G. Conversely, if j is a Cartan-Schouten metric on G, its value ji at the
unit gives rise to a unique left invariant metric it on G which, by construction, has the same signature
aspu. [

One also has the following

Lemma 1. [19] Let D € gl(n,R). Consider the semidirect sum RD x R". A Lie group with Lie algebra
RD x R" has a Cartan-Schouten metric if and only if it is 2-step nilpotent, or equivalently D? = 0.

So in particular, the group O(2, R) x R? of rigid displacements of the Euclidean plane, does not
have any Cartan-Schouten metric.

3.5.1. Proof of Theorem 10

Let G be a 2-nilpotent Lie group and § its Lie algebra. We use Theorem 11 to build a biunivoque
correspondence between the set of left invariant metrics and that of Cartan-Schouten metrics on G. A
left invariant metric and a Cartan-Schouten metric are both uniquely given by their respective value at
the unit € of G. So the correspondence maps any left invariant metric to the unique Cartan-Schouten
metric which coincides with it at €, and vice versa. Thus, the space of Cartan-Schouten metrics on a
2-nilpotent Lie group of dimenion n, can be identified with the set of nonsingular symmetric matrices

in gl(n, R), which is a smooth manifold of dimension M
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3.5.2. The Heisenberg Lie Group Hy,, 1
1 x z
Consider the (2n + 1)-dimensional Heisenberg group Hy, 11 := {a =(0 1 yT|, x ye
0 0 1

R", z € R}. Its Lie algebra Hy; 11 is spanned by the (1 +2) x (n + 2) elementary matrices e := Ey j,1,
entj = Ejt1nt2, €41 = E1nya, j = 1,...,n. So the Lie bracket reads [ej, e, ;] = e2,+1. The fact that

n
the exponential map is a diffeomorphism can be written explicitly as o = exp ( El(xiei + yiensi) +
i=

n
(z— %xyT)ean), sologo = Y (xje; + Yienti) + (z — 3xyT )eay41. We identify Hp, 1 with R2*+1, with
i=1
the multiplication (x,y,z)(x,v,z') = (x + X,y + vy, z+ 2 + xy'T).
The left-invariant vector fields corresponding to ej, e, 1 j, €211, are respectively

0 d d d
+_ 9 + -9 o + _ 9
i axj’ en—i—] ayj + X az’ € +1 aZ’ (44)

0 +
ay]. n+j

e:ﬂ-, €51, are: (e}*)Jr = dx;j, (e;:ﬂ»)Jr =dy;, (e3,,1)" =dz—xjdy;, j=1,...,n. The Heisenberg
Lie group does not have any biinvariant metric, since [H,+1, Hont+1] = Reg,+1 is also the center of
Hon+1. However, it does possess infinitely many Cartan-Schouten metrics p of any desired signature.
On applying Formula (43) of Theorem 11, we explicitly give the expression of any such metrics  on
Hy,,+1. We denote the constants fi(ep, e;) by kpq, p,q = 1,...,2n + 1, where again I := p.. Next we
give the explicit expression [log, x], for every o € Hy, ;1 and x in the basis (ey, . .., €p,41) of Hopt1 -

so we have =e' . — xjezj1 Iy whereas the left-invariant 1-forms associated to the dual basis e?,

! 1

logo,e] = 2 [(xkex + Yrenik) + (z — Ex]/T)EZn+1/ei] = —Yieu+1,
P
n 1 T
logo,enti] = Y [(xker + yenik) + (z — XY )e2n11, Cnti] = Xi€pi1- (45)
=1

So we now get:

(V(€$1+1/e§§1+1))(‘7) = fi(e2n+1,€2n+1) = kont1,2n+1,

(y(ez*nwef))(o) = fi(eans1,€i) + %ﬁ ([log o, ei]132n+1> = kion1 — %k2n+1,2n+13/i,

(y(ezﬁlﬂ,ej“))(a) = fi(eons1,€nyi) + %ﬁ([log o €n+z’]/€2n+1> = knyipnt1 + %k2n+1,2n+1xi, In the
same way, we obtain

1 1 1
(ﬂ(ef,ef))(ff) = fi(ei,e) — SVifl (€2n+1,€j) — Uit (6i162n+1) + gyt (€2n+1,6’2n+1)

1 1 1
= ghnrinyiy = skianayi = skigny; +kij,

_ 1 _ 1
(n(ef i )N(@) = fleisensy) = qvift (eansnsens) + 5% (e eanin)
1
—Zlyixj.”<€2n+1/32n+1)

1 1 1
= —ghent12n1YiX) — Skutjonr1yi + SkizniaXj + Kins (46)
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Similarly, we compute the following;:

_ 1 1
(et i@ = flewtisens)) + 5%l (e2ns1,ensg) + 537 (entiseant)

1 _
+inle/l (62n+lr€2n+1>
1 1 1
ahnr12n01%iX) + SR ion 1% + S Knion 125+ Knpinj-

We use the above to deduce the following

0 9 o 9
Moy a_xj) = nlelef) ng, —axm) = plef ery ) —xplel ed, ),
9 2 1
”(a_xi' axz,m) = plef ) = Kiznt = SYikani1,n41,
3 9

— ) = + ot (et ot gy (T +
K 0xyyi Oxpyj’ PCyir ) = Xt (€ i Capin) + XiXjp(€5 41, €25 11)

_xi‘u(e;’l:-]" e;_n-«—l)'

d d
R — + + + +
, = qu(e, ;e ) —xiu(es, 1,65 01),
09X, 4 OX2y 11 n-+jr 2n+1 H\C2n417 Con41
d d

_ + +
I3 , = pleyi1,€11)-
0Xx241  9X2441 e

Plugging the f,; in, we finally get the following coefficients

Jd d
y(a_xi’a_x]-)

1 1 1
kij— Eyik2n+1,j - Eyjki,Zn—i-l + Zyiyjkznﬂ,znﬂ,

d d 1 1 1
E)_xl-' Tn-&-] = ki,n+j - Eyikn+j,2n+1 - Exjki,2n+1 + Zyixjk2n+1,2n+1 ,

u(

] ad 1

) = kigup1 — 5Yik ,
:u(axl, ax2n+1) i2n+1 2% 2n+1,2n+1

0 0 1

1
u( ) = kngintj— E(xikn+j,2n+1 + Xjknyiony1) + inxjk2n+1,2n+1r

A
Xy y axn+j

> 2 . 1 ) d

WM 52— Knsjons1 — 5%kons10n41, s 50—
aanrj 0X25141 J 27 0Xx2p 41 OX2p 41

In summary, we have the following.

) = Kon12n41-

d0i:10.20944/preprints202408.2120.v1

15 0f 25

(47)

(48)
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Proposition 3. Any Cartan-Schouten metric on Hy,, 4 is of the following form

n

1 1 1
po= i,]z:l [(ki,j — pYikan+1j = SYikian1 + Eyiyjk2n+1,2n+1) dx;dx;

1 1 1
+ (ki,n+j - Eyikn-i—j,Zn-i—l - Exjki,Zn—&-l + Zyixjk2n+1,2n+1) dx;dx,

1 1 1
+ (kn+i,n+j - Exikn+j,2n+1 - Exjkn+i,2n+1 + inxjk2n+1,2n+l> dxn+idxn+j]
L 1 1
+ Z{ |:<kj,2n+1 - Eyjk2n+1,2n+l)dxj + (kn+j,2n+1 - Exjk2n+1,2n+1)dxn+j} dz
]:
+k2n+1,2n+1 dzzl (49)
where the ky q's are (constant) real parameters, p,q =1,...,2n + 1.

3.5.3. Cartan-Schouten Metrics on Carnot Groups

Here, we consider Carnot groups of order 2 and their Lie algebras, namely the so-called on
H-type Lie groups and Lie algebras. Let G be a simply connected Lie group whose Lie algebra G
is graded G = V & Z such that [G,G] = [V, V] = Z and [G, Z] = 0. One endows G with an inner
product (,) such that the orthogonal V* of V is Z. This induces, for each z € Z, a linear map
Jz:V — V,givenby (Jz(w),w') := (Z, [w,w']) for every w,w’ € V. The map ]z is skew-symmetric
or equivalently (Jz(w),w') = —(w, Jz(w')). The Lie algebra G is said to be of H-type if for every

L
v in V with unit length, ad, is an isometry from (ker(adv)) to Z. The endomorphisms [z satisfy
Jz]z + Jz/]z = —2(Z, Z)ly, in particular J2 = —(Z, Z)Iy, where Iy : V — V is the identity map of V.
m

If (Zy,- -+, Zy) is an orthonormal basis of Z, that is, (Z;, Z;) = 6;;, then [v,w] = ) _(J7,(v), w)Z; for
i=1
any v, w € V. We consider an orthogonal basis (X1, -+, Xy, Z1,- -+, Zm) of G such that (Xq, -+, X,) is
abasisof Vand (Zy,- - -, Z;,) abasis of Z such that (Z;, Z;) = 1foreveryi =1,--- ,m. The Lie bracket
m
reads [X;, X;] = Y (Jz,(Xi), X;)Zx. As a manifold, G is identified with R"". We denote elements
k=1
o= exp(x1X1 ++xn Xn + 2121+ +2mZm) of G, by (x,z) where x = (x1, %2, ,x,) € R" and
z = (21,29, ,2 ) € R™, correspond to normal coordinates associated with exp : G — G, so the
product reads

1
(x,z)(,Z) = (x+x',Z+Z'+§<’Yx/x,>)
1
= (xp+xp, -, xn+xp,z21+2]+ = <'yxx> ,

1
Zm + 2y + E(’y”x, x')) (50)

n n
where ( 'y x, x") Z Z 'yfl x;x; and P = ('yfl) is the matrix of the linear map ]z, . Note that we have
i=11=1
the equality

m
7= fc"+’<, with [X;, X;] :I;lc].’;”‘zk. (51)

The left invariant vector fields Xj+, j=1,--+,ncorresponding to X; are

d
aZk

f:(zk,xx D)

k=1

a3 L (U2 050.00) 5 52)

N —

d
Xt = o *
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n
where X = % kz x;X;. In other words,
=1
d 1 & &2 0
Xt = 4z Z Z'yklxl—. (53)
T ==
On the other hand, forj =1, -- ,m, we have
0

Zh = —. 4
i =5 (54)

Letbe (X7, -, X}, Z],--- ,Z,) the dual basis of (X3, -+, Xy, Z1,- -+, Zi), with corresponding left
invariant 1-forms

np= (X)) =dx, j=1,-,n (55)

and

v =(Z)" =dzj+ 5 2 (072, (X), )dxk—dz] ZZyllxldxl. (56)

1ll

To look for Cartan-Schouten metrics, we apply Formula (43) of Theorem 11, and we follow the
steps as in Example 3.5.2. We summarize our results as follows.

Theorem 12. Let G be an (n + m)-dimensional H-type Lie group whose Lie algebra G decomposes as G =
V & Z such that [G,G] = [V,V] = Zand [G,Z] = 0, where dimV = n and dim Z = m. Any
Cartan-Schouten metric y on G is of the form:

n m.n .
Z [ Z Z Cn+acn+ﬁdn+a,n+ﬁxpxl + Z Z'Vﬁdi,wraxl +dii (dxl)z

a,f=1p,l=1 a=11=1

2
+ E Ayntanta <dztx -5 Z 'Yplx dxp>

a=1 ,p 1

+ ) [4 Yoy Cot Gl P pa?a!
1<i<j<n a,pf=1p,l=1
1 m 7
+§ Z (Cn+ad] nta T C adi,n+a¢>xl + dl]
a=1[=1

m 1 m n ' ‘
+ Z Z 2 2 Z n+¢x,n+ﬁx +diptq | dx'dz"
=1
1 X n+m
S L i

1
il,p=1j=1 2 Z

n+1k
+ Aptantpld Z Z VpiX dx”) (dzﬁ S 2 Z 'yﬂlxldxp> (57)

1<oz</3<m p 11=

dx'dx’

[ M:

C,Z’fld]lxk +d; n+]] 9 X dxdxP

—_

where the dyg’s are real constants numbers such that the determinant of the matrix (d,xﬁ) w,B=1,...m-+n 1S HONZero,
and 'yﬁfj = Cl’.}*k = —C;.*k are real numbers considered as parameters.

Note that each parameter ¢y = (’yf‘]) defines a 2-nilpotent Lie algebra and Lie group of H-type, as
in (50). All the parameters ('yf‘]) belong to the manifold of 2-nilpotent Lie algebras, which in turn, sits
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inside that of nilpotent Lie algebras. Fixing (’yf‘]) and varying (dug)a,p=1,..,m+n amounts to fixing the
Lie algebra and looking for all the Cartan-Schouten metrics on it. Note also that the coefficients of the
metrics are degree 2 polynomials.

3.5.4. Biinvariant Metrics on 2-nilpotent Lie Groups
We summarize some of the results gathered from [6,32] as follows.
Proposition 4. [6,32]Let G be a 2-nilpotent Lie algebra with center 3 satisfying [G, G| = 3. Suppose G has an

ad-invariant metric, say y. Then G must be even dimensional. Moreover, there exists a subspace V such that, 3
and V are Lagrangian subspaces of G in duality with respect to y. More precisely, we have the following,

u(3,3) u(V,V) =0, 2dimV =2dim 3 = dimg, (58)
G = V@ 3 (direct sum of vector spaces). 59)

So, every ad-invariant metric on a 2-nilpotent Lie algebra has signature (1, 11). We get the following
more precise result.

Proposition 5. Let G be a 2-nilpotent Lie algebra of dimensions 2n, with center 3 satisfying [G, G| = 3.

Suppose G has an ad-invariant metric, say u. Then we can choose a subspace V complementary to 3 and a basis

(e1,...,e) of G, where (eq,...,ey) and (ey11, ..., e,) are bases of V and 3 respectively, such that y(e;, e]-) =
n

p(enrisenyi) = 0and p(ej ey j) = 8ij,i,j = 1,...,n. The Lie bracket of G reads [e;, ej] = ) Ci"j*ker,
k=1
where the structure constants C;Z].*k satisfy the following identities:

citt = ot = -yt (60)

Proof. The first claim is a general fact which we prove by induction on the dimension 2n of the vector
space, say E, underlying G. This is true when n = 1. Indeed, suppose a 2-dimensional vector space E
has a nondegenerate bilinear symmetric form y such that a line Ro such that is (v, v) = 0. Let 7 be an
element of € satisfying u(v, ) # 0. By setting

5 @9 o), (61)

we get a basis (v, v*) of E satisfying
u(v,v) = u(v*,v*) =0, and pu(v,0*) =1. (62)

Now suppose this property true up to order n — 1, for some n > 2 and let us show that it also
holds true for n. Let E be a 2n-dimensional vector space endowed with a nondegenerate bilinear
symmetric form y such that an n-dimensional subspace E is totally isotropic with respect to . Let v
be a nonzero vector of E not belonging to E. The linear form f, defined on E by f,(x) = u(v, x) for
any x € E, is nonzero and dimker f, = n — 1. So we write E as E = R? @ ker(f,) for some ¢ € E
satisfying 0 # f,(9) = p(v,9). In the 2-dimensional nondegenerate vector space £ := Rv & R7 we

L_(y— 1(0,0)
1(0,0) 2u(9,0)
€ in E with respect to y, is a 2(n — 1)-dimensional nondegenerate vector space that contains ker( f;)

as a totally isotropic (n — 1)-dimensional subspace and we have the decomposition E = £ & £*. By
hypothesis on the dimension 2(n — 1), there is a basis (ey,...,e,_1,€n:1,---,€_1) of £+ such that
(ént1,---,€2q-1) is a basis of ker(fy) and p(e;, ej) = p(enri,entj) = 0and p(e; e, ) = 0;j, for every
i,j =1,...,n— 1. Altogether, we have a basis (e, ..., ez,) of E satisfying p(e;, e;) = p(enri,enyj) =0

apply (61) to get a basis (e71 = 0), e = 5) satisfying (62). The orthogonal £+ of
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and u(e;, enﬂ) = ¢, forevery i,j = 1,...,n., such that (ént1,---,€2n) is a basis of the Lagrangian
subspace E.
The second claim is proved as follows. From the following equalities, due to the ad-invariance,

u(lei el ee) = pleilejen]) = —ulej, [ei ex]),
we get
& & n+ & n+
Z Cznjﬁﬂ]’l(enerzek) = Z C]'k p,u(eiz €n+p) = — Cik qy(ej,enﬂ), (63)
m=1 p=1 q=1
which simplifies to
ko i _ _
o= gft=-gy (64)

O

Note that the above equalities (64) imply that

cyj+i:cfj+f:o, iji=1,...,n (65)

4. Dual Connections and Statistical Structures

4.1. Statistical Structures

Let G be a Lie group with a Cartan-Schouten metric . For any totally symmetric covariant
3-tensor S on G, define the tensor A as

u(A(X,Y),Z) =S(X,Y,Z). (66)

From (66), one extracts the corresponding dual connections V! and V! to get V! := V — %A and
vV1.=v+ %A. That is,

1

viy = 1([){, Y] - A(X,Y)), V'Y = 5

5 ([X, Y]+ A(X,Y)), (67)

for any vector fields X, Y on G. It is readily seen that both V! and V! are torsion-free, dual with
respect to y and satisfy V! -y = -V-1.y=35.

However, since y is not left (nor right) invariant in general, A is not left invariant in general if
we choose S to be left invariant. We will call a left invariant Cartan-Schouten statistical structure, a
triplet (G, i, V) where G is a Lie group, # and V are respectively a Cartan-Schouten metric and a left
invariant connection on G such that Vy is a totally symmetric 3-tensor. From now on, V is considered
to be torsion free. If we write Vas V =V — 1t, with t : G x G — G symmetric. We set jic =: ji. Then
the total symmetry identity Vu(x*,y*,z") = Vu(y™, x™,z ") taken at the unit ¢, is equivalent to

At y),2) + fy, (x,2)) = Ay, x), 2) + A (x Y, 2))- (68)

A Lie algebra together with a metric and a (locally) flat torsion free connection satisfying (68), is
called a Hessian Lie algebra (see e.g. [3,38]). We have proved the following.

Proposition 6. There is a 1-1 correspondence between left invariant Hessian structures (ji, V) where the metric
fi satisfies (30) and flat statistical structures on Lie groups associated to Cartan-Schouten metrics together with
left invariant connections.
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4.2. Biinvariant Dual Connections

As above, V stands for the Cartan-Schouten canonical connection. A connection on G is of the
form Vyy = J[x,y] — J¢(x,y), where ¢ : G x G — G is some bilinear map. Write ¢ = kw4 gsvm,
where €5V (x, ) = 1(¢(x,y)) — £(y,x)) and € (x,y) = J(¢(x,y)) + £(y, x)). The torsion TV is given
by TV = —#¥™. So the connection V is torsion-free if and only if £ is symmetric. If £ is skew-symmetric,
then obviously, the connections V and V share the same geodesics. The connection V is biinvariant if
and only if it satisfies the following equation (see e.g. [33], [4])

2, Vay] = Vi gy + Vilz,y] . (69)
We deduce that (69) is equivalent to the following

[z t(x y)] = €([z 2], y) + t(x [z, ¥]), (70)

or another equivalent statement is that the covariant derivative of ¢ vanishes, V¢ = 0. If ¢ is
skew-symmetric, the biinvariance condition is also equivalent to saying that ¢ is a 2-cocycle for
the adjoint representation of (G, |,]). That is, the Chevalley-Eilenberg differential of ¢ vanishes:

ot(x,y,2) := [x,t(y,2)] — t([x, ¥, 2) — t(y, [x,2]) = 0, (71)

for any x,y,z € G. In particular, for any linear map ¢ : G — G, the coboundary ¢y, = d¢ = 2V,
defined by £y (x,y) = [x,¥(y)] — ¢([x,y]), is such that V¥ := V — 1, is a biinvariant connection for
which every 1-parameter subgroup through the unit of the Lie group, is a geodesic.

We summarize the above in the following

Proposition 7. The is a 1-1 correspondence between biinvariant Cartan-Schouten connections on a Lie group
and the second space cocyles € : A°G — G, for the adjoint action of G.

Any bilinear map ¢ : G/[G,G] x G/[G,G] — Z(G) naturally lift up to a biinvariant connection
t on G. Here the Lie algebra G/[G, G] is the quotient of G and its derived ideal G/[G, G, and Z(G)
is the center of G. The Lie algebra G is 2-nilpotent if and only if [G,G] C Z(G). So the dimension
of the space of biinvariant connections is greater than the dimension of the space of bilinear maps
t:G/(G,61xG/1G,6] — 16,4].

We look at the case where ¢ is symmetric, so that the connection on G given by V,y = %[x, vl —
1€(x,v), is torsion free. We define the 3-tensor S, with

S(x,y,z) == u(t(x,y),z). (72)

The total symmetry of S is equivalent to the relation

u(t(x,y), z) = p(y, (x,2)), (73)

for any x,y,z € G. The following parameter family of biinvariant #-connections

Viy =2 oyl txy), Vi'y = 2 (o) +atlxy)) 74)

is such that V* and V™" are dual with respect to y, for any « € R. We also have

V(e yt,20) = 3 (ne(e v ), 2) + e =) 75)

So if S is symmetric, then V*u =a S = -V %u.
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Here is a method for constructing biinvariant torsion free flat connections.
Theorem 13. Let G be a Lie group, G its Lie algebra, Z(G) # 0 the center of G. Let Xy,..., X, € Z(G),
where p > 1 is an integer. Let Bj : G X G — R, be bilinear symmetric with VB; = 0,j =1,...,p. The
mapt: GxG — G, t(x,y) = % Bj(x,y)X;, defines a biinvariant torsion-free connection V. = V — Te.
If G is 2-nilpotent and B;(x, Xk)];l 0,j,k=1,...,p forany x € G, then V is flat. In particular, for any
closed 1-forms f;,, j = 1,...,p, set B := jﬁlfj ® fj and £(x,y) == B(x,y)X, for some X € Z(G). Then

V=V- %E is bitnvariant, torsion free and flat.

Proof. Suppose B; are symmetric bilinear forms on G such that VB; = 0,and X; € Z(G),j=1,...,p.
p
Consider the symmetric bilinear map £ : G x G — G, ¢(x,y) = ¥ B;(x,y)X;. By abuse of notation, we
j=1

use here the same notations for both a quantity in the Lie algebra and the corresponding left invariant
quantity. For example a left invariant vector field x" is simply denoted by x. We use the fact that
covariant derivative of each B; vanishes, that is,

VBi(x,y,z) = —% (Bi(lx.v1.2) + Bj(y, [x,2))) =0. 76)

Since [xg, x] = 0, for any x € G, the equation which expresses the biinvariance reads

P
[x,¢(y,2)] — e([x,y],z) — (v, [x,2]) = Zi (Bj(y/Z)[x/ Xj
f=
+2(VBi(x, y,z))Xj) = 0. (77)

Thus the connection V = V — %E is biinvariant and, since t is symmetric, V is also torsion-free. If
B]-(x, X¢) =0, forany x € Gand j,k = 1,...,p, the curvature of V coincides with that of V,

1
R(x,y)z = — (o], 78)
So if in addition, G is 2-nilpotent then R(x,y)z =0, forany x,y,z € G. [

5. A New Model for Statistics, Machine Learning and Data Science

5.1. On 2-nilpotent Lie Group Structures on RN

2-step nilpotent Lie groups are the only Lie groups for which the Cartan-Schouten connection
is flat hence entailing that any Cartan-Schouten metric is a Hessian metric. Thus their study benefits
from the nice properties of Hessian metrics. Moreover, the fact that the Riemannian mean of any
Cartan-Schouten metric coincides with the biinvariant means (exponential barycenter) of the Lie group
as discussed in Section 5.2, makes them much more attractive.

Here is our main point: seen as a manifold, RV is the (common) universal cover for all nilpotent
Lie groups, thus we can look at any phenomenon happening in R as a phenomenon sitting on a
manifold home to infinitely many nilpotent Lie group structures. So we can look for those Lie group
structures which are compatible with the phenomenon at hand, i.e. those Lie group structures for
which our phenomenon is left or right invariant, biinvariant, or the group is a group of symmetries,
etc. Along these lines, in the present paper we concentrate on the case of 2-step nilpotent Lie groups
which offer many advantages, with many foreseen applications.
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5.2. Exponential Barycenter

The group exponential barycenter of a dataset (¢;) is a solution m (if it exists, see[29]) of the
following barycenter equation

p
Y log(m~lo;) =0, (79)
i=1

where log is (locally) the inverse of the exponential map. In our case, the exponential map of
Cartan-Schouten metrics coincides with that of the Lie group. Thus, the solution of (79) coincides with
the (biinvariant) mean of the Lie group. Equation (79) may not admit a unique solution, or may not
even admit a solution at all. We will rather use the terminology of cloud, instead of dataset.

5.3. On a New Model of Parametric Means

Applying the above study and discussions, we propose here a brand new model of parametric
mean, say m, for statistics, machine learning and data science. Since the parameter evolves in the whole
manifold of 2-nilpotent Lie algebras, one enjoys a wide room of parameters to manoeuvre, unlike the
traditional methods such as the arithmetic mean, median, mode, expectation, least square method,
maximum likelihood, linear regression, ... This is particularly suitable for fitting data or estimating the
parameters amid several constraints. The space of application of this mean is the ordinary Euclidean
space RN or any vector space of dimension N, for any given integer N > 2. We first partition N into an
arbitrary (1, m), where n +m = N. For a cloud of p points {(fi}i:L_",p where we denote the coordinates
of each point o; by (x},...,x!""") € R"™™ we will let E(x") stand for the arithmetic mean of the r—th

components E(x") := 3 Y xl,r=1,...,n+m.

NME

1
p

Theorem 14. Every cloud (dataset) of points in R"*™ admits a biinvariant mean for some parameter family of
Lie group structures on R" ™™ which is also the common Riemannian mean of infinitely many Riemannian and
pseudo-Riemannian metrics. More precisely, the mean m = (m!, ..., m" ™) of a cloud of p points {oi}i—1, .,

where 0; = (xil,...,x?*m) € R"™M s given, fork=1,...,n,g=1,...,m, by

ix X ) (80)

1 & 1
k _ k n+q __ n+qy\, = q -
m" = E(x") and m"™ = E(x )+4j1§:1 Vi (E 5 L

The parameters (')’?l)i,j:l,...,n, q=1,...m are real numbers satisfying 'y?l = —’y?j.

Proof. Letu € R"™™ and {0;};—1,. , a cloud of points of R"*" with components Ul =(x},..., X,
We endow R" with the set of 2—ni1potent Lie group structures (50). We denote by u~! = (u!,...,u"*™),
the inverse of u for the parametric Lie group structures (50). By the notation '7]‘1”] xf, we mean
Z v lufx 50 that
jl=1
-1 1, .1 n . no n+l n+111jl n+m n+m1mjl

uo=utxg, ., Ut g +§7ﬂu Xipooo, WG +§'le” X; (81)

and then

log(u~lo;) = (uler},... u"x! u”+1+x”+1+ ”y]lu]x 7]1(u1+x (! +xb), .

1 1 ;
u My ”+m+2'y], wxh — Rl " + xf)(ul + xf))


https://doi.org/10.20944/preprints202408.2120.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2024 doi:10.20944/preprints202408.2120.v1

23 of 25
1 , S -
= (uler}, ... ,u”+x{‘,u”+1+x?+1+ffy}l(u]xf—ulx§ — ! — xfxf), o,
1
Uty "+m+4'y], (wixtu x] — ! — x]xl)) (82)
In order to find the biinvariant mean relative to (50), we need to solve the equation
p
Zlog(uilai) =0. (83)
i=1
p
From the equations pu* + Y xﬁf =0, we get
i=1
b = —E(N) (84)
p
whereas, the equations pu"t7+)" ( n+q+4'y L(wix! ulx] — il — x/x! )) lead to
iz
1 .
u"tm = —E(x"*q)—kzlfy?l(—u]E( XVl E() 4 w4 = Z x)x
1 4
= —E("57] (EGHEG) ~E(E() + B E(R) + Zx )
—  _E(x"t4 1 E(x)E ) 1 Jol 85
= @) (BWEGD + 4 Yoxixd) (85)
1=

The needed mean m is the inverse relative to the group product (50), of u~! with components
(uk u”*’?) given in (84) and (85), withk =1,...,nand g = 1,..., m. We thus deduce the components
(ml, ..., m",m"1, ., m"") of m as follows

mf = E(xF) and m"*1 = E(x"17) + IZ: Vi (E(x] - = Zx Xj ) (86)
], 1

O

5.4. More Discussions on the New Model of Parametric Means

In order to apply this mean to a cloud (dataset) of points in the Euclidean space RV for an integer
N > 2, we have partitioned N into (1, m) with n + m = N. The choice of the partition (1, m) of N
depends on the studied problem and is thus left to the user.

Note that, for each k = 1,...,n, the k-th component of m, is the arithmetic mean of the k-th
components of all the points in the cloud

mh = E(ef) = 0 L) ®7)

whereas, foreachg =1, - -, m, the (n + q)-th component of m, is the sum of the arithmetic mean of the
(n —|— q)-th components of all the points in the cloud and a linear Combination of all the E(x/)E(x!) —

1 Z x] x; weighted by the parameters 'yql The terms E(x/)E -1 Z x] x; are related to the variance

of the dataset, as will be more explicitly explained in subsequent works More importantly, one can
adjust, fix or estimate the parameters 'y?l to better fit a problem at hand. Even better yet, each fixed

value of the parameter v = ('y]ql) defines a different 2-nilpotent (simply connected) Lie group structure
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on R"*" and lives in the smooth manifold of nilpotent Lie algebra structures on R"*". Since they (the
('y;’l)’s) can vary smoothly, one can make them undergo differential or partial differential equations,
series and limits, if the studied phenomenon requires so. One remarks that when the parameter
vanishes, ')/71 =0foranyjl=1,...,n,9=1,...,m, then m coincides with the arithmetic mean of the
dataset (0;).

Note also that the mean m in (80) is the common Riemannian mean of all the infinitely many
Cartan-Schouten metrics (57). So, one can choose the best metric to pair with m, depending on
the studied problem. Given that the set of such metrics is also a smooth manifold of dimension
3(m +n)(n +m + 1) as insured by Theorem 10), one has a wide range of metrics to choose from.
This flexibility of choice, fitting,..., could be a good advantage over other traditional tools such as the
ordinary expectation, the least square, etc.
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