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Abstract: Physical properties such as shape, volume, and size influence the dynamics of biological systems. In this

context, we focus on the geometric properties of limb movements and their physiological and biomechanical effects.

Using hand grasping as a paradigmatic example, we describe how dynamic changes in geometric configuration

can affect the pathophysiology of grasping. We focus on precision pinch, the simplest and most basic form of

grasping, where one finger remains stable while another moves against it (Brand and Hollister, 1999). The thumb

and index finger come together to grasp small objects with great precision, such as a pen. During the precision

pinch, the geometric configuration of the hand changes, modifying the distribution of forces and the functional

connectivity between the fingers. These changes may offer a new approach to the biomechanics of artificial arms.

While current approaches consider grasps as homogeneous structures, we argue that local variations in hand

geometry can lead to new biomedical effects with intriguing operational implications.

Keywords: arm biomechanics; prehension; topological distance; Neményi theorem

1. Introduction

The allometric studies of Otto Snell and D’Arcy Wentworth Thompson (Thompson, 1942) gener-
ated interest in the physical and geometric properties of biological systems. Their impact on physiolog-
ical responses has grown ever since (Bull et al., 2021). Biological functions in living systems are closely
related to their geometry and morphology (Wang et al., 2023). Changes in shape, size, cellular volume,
polarity, particle transport, and the extracellular environment regulate numerous biological activities
on various scales, from endoplasmic reticulum reorganizations (Parlakgül et al., 2022) to nuclear pore
formation (Zheng and Xie, 2019; Schuller et al., 2021), from presynaptic transmission (Ucar et al., 2021)
to virus evolution (Twarock and Luque, 2019).

In this study, we analyze the geometric properties of biomechanical systems and their physiologi-
cal and methodological consequences. Specifically, we analyze hand configuration during grasping,
with particular attention to structural aspects that influence system complexity.

One of the central concepts in topology is the classification of shapes based on their connectivity
and the presence of topological "holes." These holes allow us to differentiate shapes: for example, a
sphere has no holes (genus 0), while a torus has one hole (genus 1). This classification can be used to
distinguish between different shapes in biological systems (Tozzi et al., 2017).

In the context of biomechanics, we will focus on hand grasping. We have chosen this example
as a paradigmatic example because the hand is easily accessible for study through non-invasive,
standardized, and cost-effective methods. State-of-the-art hand mesh reconstruction algorithms and
various kinematic models can generate mesh models of the hand in different poses and 3D position
(Jaworski and Karpiński, 2017). Methods to estimate contact regions between fingers, hand and
object surface, by combining marker-based motion capture with deep learning-based hand mesh
reconstruction have been proposed by (Hartmann et al., 2023).

We will examine how local geometric variations during grasping can produce detectable biome-
chanical effects with practical implications for human physiology, pathology, the design of artificial
hands, and visual analysis.
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2. Hand Dynamics and Geometry

The biomechanics of the hand represents a paradigmatic example of how geometric configuration
affects movements and the overall function of a biological system. The hand consists of a stable wrist
and at least two fingers capable of opposing each other to generate force (Brand and Hollister, 1999).
The thumb, a unique feature of humans and higher primates, contributes about 40% of hand function
(Duncan et al., 2013; Tanrıkulu et al., 2015). The motor, sensory, and mechanical characteristics of
the hand are closely correlated and allow for a wide range of actions (Schreuders et al., 2019). The
hand’s ability to adapt to different positions and apply appropriate biomechanical forces is crucial for
recovery from injuries and surgeries (Duncan et al., 2013).

Regarding biomechanical movements, the basic functions of the hand include various types of
grasps, classified in several ways (Schlesinger, 1919; Smith et al., 1996). The main types of grasps
include (Figures 1A-G):

1. Precision pinch (or terminal grip, palmar grip, fingertip-to-fingertip): the fingertips come together
to grasp small objects, such as a pen.

2. Lateral or opposing grasp: the thumb opposes laterally to generate greater force, for example, when
holding a ticket.

3. Key grip: requires a stable support of the index finger and is used to hold a key.
4. Cylindrical grip (or chuck grip): allows wrapping around small cylindrical objects by joining the

thumb, index, and middle fingers.
5. Hook grip: used to lift a suitcase or bag.
6. Spherical grip: used to grasp a ball.
7. Power grip: used for movements like holding a stick or a bat.

Another classification of grasps is based on grip strength (Smith et al., 1996; Hertling and Kessler,
1996):

1. Precision grip: characterized by thumb abduction or opposition. In this grip, the hand assumes a
dynamic position and includes grips 1-4 listed above.

2. Power grip: where the adductor pollicis stabilizes the object against the palm. In this grip, the
hand is in a static position and includes grips 2, 5-7. Grip strength tends to decrease with age
(Dodds et al., 2013).

Among these, we focus on the precision pinch, which represents the minimal and most basic form
of grasping. In this type of grasp, one finger remains stable while the other moves against it (Brand
and Hollister, 1999), generally involving the thumb and index finger to manipulate small objects with
precision.

The hand’s geometry changes locally during the precision pinch, resulting in adaptations in the
distribution of biomechanical forces. This change does not involve a topological transformation like
the formation of holes or toroids but represents a local variation of the mechanical force trajectories
(Figure 1H).

A possible mathematical modeling of local surface variations can be done using curvilinear
coordinates. The local curvature of a surface S can be described by its Gaussian curvature K, given by:

K = κ1 · κ2

where κ1 and κ2 are the principal curvatures. During a grasp, these curvatures can change, altering
the distribution of mechanical forces. The variation in curvature can be linked to a set of differential
equations that describe local elastic deformations.

These changes lead to important functional, biomedical, and operational implications for the
design of artificial hands and the understanding of grasp physiology.

To mathematically describe the distribution of forces during a precision pinch, we can model the
force applied by the hand as a function of multiple variables, for example, the grip force distribution
F(x, y, z) as a function of the coordinates (x, y, z).
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The function F(x, y, z) represents the distribution of forces exerted by the hand when grasping an
object. This model is useful for describing how the force is distributed across the surface of the hand
and can be formulated as a Gaussian distribution.

The force function can be expressed as:

F(x, y, z) =
P

4πτxτyτz
e
−
(

(x−x0)
2

2τ2
x

+
(y−y0)

2

2τ2
y

+
(z−z0)

2

2τ2
z

)

where:
- P is the total force exerted by the hand.

- (x0, y0, z0) is the central point of the grasp.
- τx, τy, τz are parameters that control the spread of the force along the three spatial directions (indicating
whether the force is distributed isotropically or anisotropically).

The stress tensor σij describes the internal forces that develop within the material of the hand
when an external force is applied. It is a second-order tensor that represents the stress components in
different directions.

- Normal components: σxx, σyy, σzz represent the forces per unit area acting along the principal
directions.

- Shear components: σxy, σxz, σyz represent the tangential forces acting on orthogonal planes.
The stress tensor is connected to the force distribution F(x, y, z) through the following relationship:

σij =
Fi
Aj

where: - Fi is the force applied in the direction i.
- Aj is the area over which this force acts.

To obtain the components of the stress tensor based on the force distribution, we can integrate the
force over a specific area:

σij =
1
A

∫
A

Fi dA

In the context of biomechanics, the equilibrium equations for a deformable body like the hand
can be formulated as follows:

∑ F = 0 (Equilibrium of forces)

∑ M = 0 (Equilibrium of moments)

Where F represents the external forces and M the applied moments.
To describe how the material of the hand responds to applied stress, we can use constitutive laws,

such as Hooke’s law, for elastic materials:

σij = Cijklεkl

where Cijkl is the stiffness tensor of the material, which describes the anisotropic elastic properties,
and εkl is the strain tensor, which represents the local deformations due to the applied forces.

The Force Distribution F(x, y, z), describes how the force is applied on the surface of the hand
during the grasp, and the Stress Tensor σij, describes the internal stresses generated by the applied
load, which depend on the force distribution and the geometry and properties of the material of the
hand.

To accurately model the dynamic behavior of the soft tissues of the hand, we can adopt nonlinear
differential equations that describe the evolution of forces and stresses over time:
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d2u
dt2 = ∇ · σ + fext

where:
- u is the displacement of the tissues.

- fext represents the external forces applied.
This system of differential equations includes viscoelastic and nonlinear deformation effects,

making the model more suitable for describing the biomechanics of the hand during grasping.
Biological materials, such as the soft tissues and tendons of the hand, do not follow a linear

relationship between stress and strain, as described by Hooke’s law for elastic materials. A viscoelastic
model is necessary to describe the behavior of such materials under time-varying loads.

The viscoelastic behavior can be described by a constitutive equation of the form:

σ(t) =
∫ t

0
G(t− t′)

dε(t′)
dt′

dt′

where: - G(t− t′) is the relaxation modulus, which describes the viscoelastic response of the tissue
over time.
- ε(t′) is the strain.

This model allows us to better capture the time-dependent nature and load history of the tissues
of the hand during movement and grasping.

In summary, the described mathematical model allows us to calculate:
1. The force distribution on the surface of the hand, taking into account local geometry and

anatomical properties.
2. The translation of these forces into internal stresses via the anisotropic stress tensor.
3. The nonlinear equilibrium equations to describe the dynamic behavior of the hand during

grasping.
4. The viscoelastic behavior of tissues under time-varying loads.
These models offer a more accurate description of the biomechanical dynamics of the hand, with

applications in the design of prosthetics and bionic devices.

3. Geodesics on Genus-One Manifolds

Flows and paths occurring on a three-dimensional manifold (such as a 3-ball) differ significantly
from those on a donut-like solid torus. For instance, when studying the propagation of sound waves
or the viscoelastic attenuation of shear and longitudinal waves in isothermal and thermal fluids,
the non-uniform curvature of the torus requires a distinct spectrum of eigenfrequencies and their
corresponding basis functions, unlike planar geometries (Busuioc et al., 2019).

A continuous manifold can be described as a three-dimensional continuous space, while a solid
torus is characterized by a central axis with a vortex at each end and a coherent field surrounding it.
Energy flows through one vortex along the central axis, exits through the other vortex, and wraps
around itself to return to the first vortex. Toroidal structures exhibit unique characteristics, such as the
simultaneous presence of positive, zero, and negative Gaussian curvatures within the same system
(Wang et al., 2023). In biological systems, these curvature variations can significantly affect processes
like morphogenesis.

Trajectories on a torus can be described in terms of geodesics, the shortest lines between two points
on the surface (Le Brigant and Preston, 2023). A useful approach to mathematically describe geodesics
on a torus is to consider them as paths traced over time by the movement of a point on the surface,
with the parameter identified with time itself (Jantzen, 2012).

In the renowned work of D’Arcy Wentworth Thompson, On Growth and Form (1942), the mathe-
matical principle behind geodesics and its broad application in biology is explored, with examples in
the cylindrical structures of plant cells. For cylinders, geodesics can take three main forms: 1) a series of
rings parallel to the cylinder, 2) straight lines parallel to the axis, and 3) spiral curves wrapping around
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Figure 1. Geometry of hand grasping. Figures A-G. Basic types of prehension as defined by Schlesinger
(1919), Smith et al. (1996); Duncan et al. (2013). See the text for the nomenclature and further details.
Figure H. Two human hands before and after a precision pinch made by thumb and forefinger. Before
the grip, the hand can be considered a continuous topological object. After the grip, although a physical
opening is created between the thumb and forefinger, the hand remains a topological object of genus
zero, as no continuous hole or handle is formed. The change in configuration affects the geometry of
the hand.
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the cylinder wall. These configurations are found, for example, in the annular and spiral thickenings
in plant cell walls. Muscle fibers covering hollow or tubular organs, such as the heart or stomach, also
tend to arrange themselves along geodesics, much like how an experienced surgeon wraps a bandage
around a limb. These fibers follow the shortest path on the curved surface, automatically organizing
along geodesics.

On the torus, there are five families of geodesics, determined by the parameter h, which represents
the inclination of a geodesic and governs the angle φ with which a geodesic crosses the parallels (Irons,
2005). Unrestricted geodesics can converge and diverge from the meridians, winding around the torus
in various directions. In contrast, restricted geodesics are divided into two groups:

• of the period 1, which do not self-intersect,
• of the period 2, which self-intersect an odd number of times.

To write the equations for geodesic families, consider the parametric equations of a torus:

x(θ, φ) = (R + r cos θ) cos φ

y(θ, φ) = (R + r cos θ) sin φ

z(θ) = r sin θ

where:

• θ is the toroidal angle (along the tube cross-section),
• φ is the poloidal angle (around the torus),
• R is the major radius, and
• r is the radius of the tube.

Unrestricted geodesics on a torus can be obtained by solving the geodesic differential equation,
which depends on the inclination angle h. The derivative of the geodesic with respect to the parameter
λ (which can be thought of as time or a distance parameter along the curve) satisfies the following
system of differential equations:

d2θ

dλ2 = −R + r cos θ

r2
dφ

dλ

d2φ

dλ2 = 0

The solution to these equations yields curves that wind around the torus, and the parameter h,
governing the inclination, can be interpreted as the angle of inclination between the direction of the
geodesic and the torus’ parallels.

For unrestricted geodesics, the poloidal component φ is linear in λ and behaves as:

φ(λ) = φ0 +
h
R

λ

while the toroidal component θ behaves as:

θ(λ) = arcsin
(

r
R + r cos hλ

)
These unrestricted geodesics can converge and diverge from the meridians, winding around the

torus in various directions.

Restricted geodesics on a torus are divided into two categories:

• Period 1 geodesics: These are closed geodesics that do not self-intersect. In this case, the angles φ

and θ repeat after a certain period. These geodesics follow trajectories similar to circles wrapping
around the torus without ever returning to themselves. The equation for these geodesics is:
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Figure 2. Different paths of geodesics moving across the surface of a torus. A geodesic on a torus is a
curve on the toroidal surface that may wind multiple times, forming loops around both the longitudinal
axis and through the central hole. Modified from Verhoeff (2011). Figure N. Two sets of geodesics
emanating from a "base point"—in our case, the contact point between the thumb and forefinger—are
shown and plotted for a distance corresponding to a given radius (thin curves). The two sets of
geodesics focus along curves called conjugate loci, whose components are depicted as either heavy red
or blue curves. As the geodesics approach the inner equator of the torus, the conjugate points move
farther apart, and the resulting geodesic pattern on the torus surface becomes increasingly complex.
Modified from: Cherrie and Waters (2016).

φ(λ) = ωφλ + φ0, θ(λ) = ωθλ + θ0

where ωφ and ωθ are the angular frequencies of the poloidal and toroidal motions, respectively,
and their ratio is a rational number. A few examples of toroidal geodetic paths are illustrated in
Figure 2.

• Period 2 geodesics: These are geodesics that self-intersect an odd number of times. These geodesics
can be viewed as periodic curves that wrap around the torus following more complex paths,
intersecting themselves at certain points. Their equation can be written similarly to that of
period 1 geodesics, but with angular frequencies ωφ and ωθ having a fractional ratio that implies
self-intersection.

ωθ

ωφ
=

p
q

, where p and q are integers with p 6= q

4. Implications of Geodesics in Grasping for the Design of Artificial Hands

The forces acting during a precision grasp follow specific trajectories along the fingers. These
paths can be described in terms of geodesics, which are the shortest lines on a curved surface. Analyzing
these trajectories provides fundamental insights into the mechanical forces applied by the hand during
grasping and can have significant implications for the design of artificial hands.

The geodesics present in a precision grasp influence the distribution of forces along the fingers,
and this knowledge can be used to optimize the mechanical performance of artificial hands. For
instance, prosthetic clamps can be reinforced along the main force paths to prevent structural failures
caused by undetected mechanical forces. Optimizing mechanical design based on these paths ensures
greater strength and durability for prosthetic devices.
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In continuum mechanics, the Neményi theorem demonstrates that, given a set of isothermal curves,
there exists a family of planar stress systems for which such curves represent stress trajectories. This
approach allows the description of force distribution in elastic systems and can be useful in determining
optimal stress paths in mechanical devices, including those used in prosthetics (Sáenz, 2019).

To formalize the Neményi theorem, consider an elastic system described by a set of isothermal
curves Γ(t) in a two-dimensional system. The stress equations associated with the isothermal curves
can be described by the following equilibrium equations for a planar system in Cartesian coordinates:

∂σxx

∂x
+

∂σxy

∂y
= 0

∂σxy

∂x
+

∂σyy

∂y
= 0

where σxx and σyy are the components of normal stress, and σxy is the shear stress. If the curves
Γ(t) are isothermal, a solution to these equilibrium equations can be found using the Airy stress
function Φ, with the relation:

σxx =
∂2Φ
∂y2 , σyy =

∂2Φ
∂x2 , σxy = − ∂2Φ

∂x∂y

The function Φ satisfies the compatibility equation:

∇4Φ = 0

This approach allows the modeling of stress distribution in an artificial hand or other elastic
systems, enabling the analysis of optimal stress paths to avoid structural failures.

Hand grasping during object manipulation can be seen as the temporary formation of an elasto-
plastic structure, where mechanical forces are distributed along specific paths. Force variations that
develop along these trajectories can lead to the formation of biological flows that would otherwise be
undetectable. Recent studies on elastoplastic spring models have shown that the distribution of plastic
deformations can be predicted by analyzing the topological properties of the structure (Makarenkov et
al., 2023). In the context of artificial hand design, the adoption of such models can improve the ability
to predict material behavior under stress, especially in devices that need to absorb energy, such as
those used in the aerospace and automotive sectors (Jiang, 2022).

5. Topological Approaches and System Dynamics

Topological approaches provide tools for measuring the large scale properties of spaces and
physical systems while ignoring small-scale details. In the case of the hand, adopting a topological
approach allows for the analysis of the general properties of the system without needing to con-
sider specific parameters such as stiffness or viscosity. Topological changes can alter the physiology
of the biomechanical system, influencing the localization, number, and connectivity of nodes and
compartments.

However, the continuum assumption often used to describe biological systems is not applicable
to the hand during grasping, as the temporary presence of local geometric variations introduces a
complexity that cannot be adequately described by this model. This drives us to explore new method-
ological approaches for studying hand grasping, allowing the system dynamics to be considered not
only in Euclidean metric spaces but also in more sophisticated contexts, such as algebraic varieties.

6. Challenges in Using Theorems Based on the Continuum Assumption

The appearance of local geometric variations during precision grasping invalidates the use of
topological theorems based on the continuum assumption, which have historically been useful for
studying a wide range of physical and biological phenomena. Among these, the hairy ball theorem,

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 October 2024 doi:10.20944/preprints202410.1202.v1

https://doi.org/10.20944/preprints202410.1202.v1


9 of 13

Brouwer’s fixed-point theorem, and Borsuk-Ulam theorem are not applicable to systems with such variations.
For example, the ability of the Borsuk-Ulam theorem to evaluate symmetry in living organisms is
compromised in the presence of biological fluids with local geometric variations (Tozzi et al., 2017).

7. Elastoplastic Structure and Biological Flows

Hand grasping during object manipulation can be seen as the temporary formation of an elasto-
plastic structure, where mechanical forces are distributed along specific paths. Force variations that
develop along these trajectories can lead to the formation of biological flows that would otherwise be
undetectable. Recent studies on elastoplastic spring models have shown that the distribution of plastic
deformations can be predicted by analyzing the topological properties of the structure (Makarenkov et
al., 2023).

In the context of artificial hand design, the adoption of such models can improve the ability to
predict material behavior under stress, especially in devices that need to absorb energy, such as those
used in the aerospace and automotive sectors (Jiang, 2022).

7.1. Implications for Visual Data Analysis and Hand Design

In the biophysical context, the presence of "voids" or "holes" can provide valuable information
about the three-dimensional structural complexity of an object. A three-dimensional object without
holes, such as an open hand before grasping, can be mathematically treated as a continuous and
homogeneous solid. Although a three-dimensional object is composed of discrete molecules on a
microscopic scale, it can be modeled as a continuous mass on a macroscopic scale. In this way,
measurable physical quantities such as density, fluid velocity, and pressure vary continuously in the
space occupied by the object (Murphy et al., 2022). This methodological approach is useful because it
allows microscopic properties to be averaged over small surfaces or volumes, reducing discontinuities
and abrupt variations (Colin, 2014).

Operational approaches based on continuity treat holes as potential points of instability or
structural failure (Bertoldi, 2017). When observing structures with more complex topological features,
such as the hand during precision grasping, local disconnections may arise. Mathematically, these
disconnections can be described as disjoint sets, that is, sets that do not share common elements
(Cormen et al., 2001). An increase in the number of holes or discontinuities in the structure modifies
the functional properties of the object. In these cases, topological continuity is compromised, and it
becomes necessary to approach the system through discrete rather than continuous models.

As a result, the loss of homogeneity and continuity in the hand’s structure generates changes
in the local similarities and proximity of its components, enabling a classification of hand positions.
These changes are fundamental for texturing and hand design, as well as for topological analysis in
images and visual data.

Topological relationships between voids and surfaces can be addressed through structures such
as cellular complexes or topological ribs, surface curvature, islands, and centroids (Peters, 2020; Peters
and Vergili, 2021; Peters et al., 2023). The interpretation and comparison of signals from images can be
represented through Hilbert transforms and analyzed using Fourier transforms. In the presence of
topological voids, the surrounding regions show unequal signals (e.g., variations in color or surface
curvature) that cannot be generalized to the entire object. Therefore, the presence of a grasp in the hand
in images can induce detectable topological changes in the signal, which becomes more heterogeneous.
These changes allow researchers to distinguish whether the hand is open or closed, or if it is grasping
an object.

In conclusion, the presence of discontinuities in the hand during grasping significantly modifies
its geometric structure, disrupting homogeneity and continuity, providing useful methodological tools
for hand design in computer graphics and the analysis of visual data extracted from images or video.
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8. Conclusions

We investigated the hand’s geometry local changes during the precision pinch, describing the
operational implications for artificial hands design and visual analysis of data extracted from images
or video.

The analysis of topological holes represents a methodological and operational approach that
has already yielded fruitful results in the investigation of cavities and impurities in various physical
systems, such as the cosmic microwave background radiation (Pranav et al., 2019), ultrafast skyrmion
polarization (Li et al., 2021), quasiparticle overlaps (Dai et al., 2020), Berezinskii-Kosterlitz-Thouless
phase transitions (Beekman et al., 2017; Bighin et al., 2019; Padavić et al., 2020), and nanocrystal
nucleation (Jeon et al., 2021). Many biological processes can be described in terms of holes, such as the
conformation of biomolecular backbones, DNA modifications during cell cycle phases (Achar et al.,
2020), and ciliary field defects in simple organisms (Bull et al., 2021). Likewise, the brain, rather than
being homogeneous, exhibits numerous anatomical and functional "cavities" uniformly arranged (Don
et al., 2020; Tozzi et al., 2021).

It is plausible to hypothesize that the presence of countless holes could give rise to open varieties
with an almost infinite number of topological holes. This scenario could open the door to the use
of powerful mathematical tools related to infinite genus varieties, such as the "Loch Ness monster"
surface (Valdez, 2009; Arredondo & Ramírez Maluendas, 2017), Jacob’s ladder, a surface with two
ends (Ghys, 1995), or groups without planar ends and with self-similar terminal spaces (Aougab et al.,
2021), Weierstrass’s periodic minimal surfaces with one end (Edward, 1995), Veech groups of regular
translation surfaces (Ramírez Maluendas & Valdez, 2017), and blooming Cantor trees with infinite
handles (Randecker, 2018).

Empirical validation is needed to deepen the exploration of the topological aspects related to
hand grasping. The integration of computational models with experimental data could strengthen this
analysis and provide a clearer understanding of the practical importance of the observed topological
features in real physiological contexts.

Future research will investigate using rating scales (see [24,26] and pairwise comparisons method
(see [25,27].
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