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Abstract: One of the keys to understanding the universe is the proper measurement of the relation between the
luminosity distance d; and the angular diameter distance d 4. In 1933, Etherington deduced from general relativity
the reciprocity equation d; = d4(1+ z)7, with ¢ = 1 for a local, i.e. non-expanding, universe. This equation
was adapted to an expanding universe —through the comoving distance concept— with the value v = 2. On the
other hand, the feasibility of an expanding universe rest on the Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric that meets the Einstein’s Field Equations for an homogeneous and isotropic universe. The FLRW metric
includes a time dependent factor () — unlike the Einstein’s static universe— that accounts for the cosmological
redshift. In this work, we show that the radial coordinate (r) of FLRW metric admits two different interpretations
driving to an expanding and non-expanding universes. When r is considered has a radial comoving coordinate,
the integration on r produces the comoving distance, and hence the metric drives to an expanding universe.
Nevertheless, when r is considered simply has a radial coordinate, the integration on r produces the luminosity
distance, and hence the metric drives to a non-expanding universe. Thus, weeding out the comoving concept, a
non-expanding nature of FLRW model emerges, where a(t) accounts for the cosmological redshift in the form of
a time downscaling or as a magnetic permeability growth with cosmic time, rather than as space scaling. Even
more, the presence of the time varying factor a(t) drives to the same Friedmann equations, which guarantees the

stability of the non-expanding universe, unlike the Einstein’s static universe.

Keywords: cosmology; luminosity distance; angular distance; expanding universe; static universe; scale factor;

Friedmann equations

0. Introduction

During the 20th century were established the foundations of modern cosmology. The field
equations of general relativity were formulated by Einstein [1]. The definition of new metrics based on
the cosmological principle with the properties of homogeneity and isotropy allowed the physicists
the application of Einstein’s field equations to the universe. While Einstein defined a static metric,
Friedmann [2] deduced mathematically a non-stationary model with a time-dependent factor a(t).
The solution was independently derived by Lemaitre [3] interpreting a(t) as a scale factor of an
expanding universe. The work was completed by Robertson[4] and Walker [5] in what is known as the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric.

Contemporaneously to these achievements, a correlation between redshifts and distances for
extragalactic sources was found by Hubble [6]. The origin of this correlation was subject of intense
debate between proponents of static and expanding universes on the 1930s ([7]). The fault of the
Einstein’s static universe to explain the redshift of galaxies leaned the balance to the FLRW metric,
whose time dependent factor a(t) can directly explain the cosmological redshift ([8]). The FLRW
model describes a solutions to the Einstein’s field equations for a homogeneous and isotropic universe.
The evolution and fate of the Universe depends on the nature of different density components, i.e.,
radiation, matter, curvature and dark energy. But as shown below, the FLRW metric also support a
non-expanding universe accounting for the observed cosmological redshift.
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Different cosmological tests were proposed to probe whether the Universe is expanding or remains
static. Tolman [9] predicted that in an expanding universe, the surface brightness of a receding source
with redshift z will be dimmed by ~ (1 + z) . Consequently to Tolman’s prediction, the equation
dp = da(1+2)7, with v = 2 was established between luminosity distance dy, and angular diameter
distance d 4 for a expanding universe. There are contradictory studies, some of them claim for expansion
([10,11]) while other ([12-14]) are advocating for a static universe. Nevertheless, neither expanding nor
static studies are conclusive, since they depend on an uncertain possible galaxy evolution. On the other
hand, the time dilation of Type Ia supernovae light curves suggested by Wilson [15], and confirmed
by Goldhaber[16], are assumed in favor of cosmological expansion though the same phenomenon
can be described in a non-expanding universe as shown below. An extensive review of theories and
results supporting a non-expanding universe can be found elsewhere [17]. In this work, we show that
the FLRW metric admits a non-expanding interpretation, different from the Einstein’s static universe,
therefore stable, and with a feasible cosmological redshift explanation.

The rest of the paper is organized as follows: Section 1 describes the foundations of the expanding
universe. Section 2 shows some weakness of the expanding interpretation of FLRW metric. A
non-expanding interpretation of FLRW metric is given in Section 3. Section 4 explores the variable
magnetic permeability as a possible explanation of the redshift within a non-expanding universe. The
conclusions are presented in Section 5.

1. Foundations of the Expanding Universe

The expanding universe rest on the Einstein’s field equation given by

1 8nG
R‘uv - Eg}lvR + Agyv = CTT}H/ (1)

where Ry is the Ricci curvature tensor, R is the scalar curvature, Ty, is the energy momentum tensor
and gy metric tensor. The form of g, for a homogeneous and isotropic universe is know as the FLRW
metric and is given by

2
—c2dt? = —c*dP? + a(t)? { Tzt erQZ} )
being
dO? = d6? + sin®0d¢? ?3)

where k describes the curvature, while a(t) is a time-dependent factor commonly interpreted as the scale
factor of an expanding universe. There are different distance ladders relating theory and observations.
Let us to provide a brief summary of some distance definitions and their relations with normalized
densities (Qp1, Oy, Qp, ), corresponding to matter, radiation, cosmological constant and curvature
([18]) respectively. The first Friedmann equation can be expressed from the Hubble parameter H at
any time, and the Hubble constant Hj today as

WS 2~ ) @

where
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E(z) = \/QK(l—i—z)z—i-QA+QM(1+Z)3+Qr(1+z)4 (5)

By integrating Equation 2 along with Equation 4 one can obtain the line of sight comoving distance d¢
as

z 4z
dc =dy 0 E(@) (6)

where dy = ¢/Hy = 3000k~ Mpc is the Hubble distance. From the same equations one can get the
transverse comoving distance dyy as

dHﬁk sinh[vVQydc/dy]  for Q>0
dM = dc fOl’ Qk =0 (7)
dHﬁSin[\NQk'dC/dH] fOT’ O <0
k

With respect to observable quantities, the angular diameter distance d 4 is defined as the ratio between
the object physical size S and its angular size ¢

S
dpy = =
A=y (8)
The angular diameter distance is related to the transverse comoving distance by
dy = da(l+2) ©)

where z is the redshift. On the other hand, the luminosity distance defines the relation between the
bolometric flux energy f received at earth from an object, to its bolometric luminosity L by means of

L
— 1
f =i (10)
or finding d;,
L
L inf (11)
The relation between d; and dy, is given by
dy, = dy(1+2) (12)

and taking into account Equation 9

d? =d%4(1+2)* (13)
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There are four (1+z) factors affecting to flux energy diminution (Figure 1). Two come from the
elongation of the initial distance d4 by a factor of (1 + z) due to universe expansion according to
the inverse square law. Another factor comes from the time dilation due to universe expansion that
reduces the photon emission/reception rate by (1 + z)~!. The last factor comes from the cosmological
wavelength redshift that decrease the energy of photons by (1 + z) ~!. Therefore, a relevant relation is
established between the angular diameter distance and the luminosity distance in the expanding universe as

dp = da(1+ z)? (expanding universe) (14)

Equation 14 is commonly known as Etherington distance-duality relation.

source

D, (distance at emission)

D =(1+z)D,
(distance at reception)

D =(1+2)D, _}% ||
(effect of ime dilation & N

wavelength redshift) \

z=2

Figure 1. Standard Model luminosity-angular distances relation: Angular diameter distance (d 4), comoving
distance (dc) and luminosity distance (dy) for a flat universe. d 4 is the distance at emission, dc is the
distance at reception and d;, account for the distance elongation due to universe expansion (~ (1 + z)),
time dilation and wavelength redshifting (~ (1 + z)). The relation d; = d (1 + z)? can be deduced
from the figure.

2. Weakness of the Expanding Interpretation of FLRW Metric

Let us to focus on the expanding interpretation of the FLRW metric. The radial coordinate  in
Equation 2 is commonly interpreted as a comoving radial coordinate and hence the base for comoving
distance (dp;) computation, rather than luminosity distance d;. Thus, note the observable luminosity
distance dr, given by Equation 11, which depends on the flux of energy, is not related with the energy
momentum tensor T}, in spite of both treat with energy. It is required to define an additional equation

dp =dm(1+2) (15)
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to relate the luminosity distance d;, with the comoving distance d);, and hence with Einstein’s field
equation. Note that it is not a(t), but the consideration of  in FLRW metric as a radial comoving
coordinate, that push the FLRW model to be interpreted as an expanding one.

A similar question arise with respect to Etherington relation. Figure 2 shows the relation between
the luminosity distance A and the angular diameter distance A’ derived by Etherington from general
relativity. Thus, the Etherington equation is the reciprocity theorem for a local (i.e. non-expanding)
universe:

dp =da(1+2) (non — expanding universe) (16)

Note that this equation can be adapted for an expanding universe by the introduction of an additional
intermediate variable d); (comoving distance), that through equations Equation 9 and Equation 15,
gives the Equation 14, known as Etherington distance-duality relation. Therefore, it is by the definition
of these two intermediate external equations (Equation 9 and Equation 15), that the expanding
paradigm is supported.

a=(1+%)m. L (2

Twao conclusions follow from the last equation :—

(i.) The distance computed from estimates of brightness
will agree exactly with the distance computed from estimates
of size only when the star has no apparent radial velocity.

(ii.) For spherical objects of the same absolute size and
brightness, moving variously at varying distances from the
observer, the ratio of the apparent diameter to’the square
root of the apparent brightness is proportional to (1+8A/A),

Figure 2. Etherington equation (snapshot from his paper).

3. Non-Expanding Interpretation of FLRW Metric

Let us reflect on the same FLRW metric considered in the previous section given by

2,2 2402 2 r
—codt = —cdt” +a(t) {1—kr2

+ rdeZ} (17)
and let us to analyze the behavior of light rays considering a non-expanding universe (Figure 3). Let
the origin of coordinates be at the observer O, and considers an extended cosmological object (galaxy)
initially located at a distance d 4 from O at time of emission f.. According to general relativity, light
rays follow null geodesics where d7? = 0. Substituting this value in Equation 17, light rays follow the
equation

dr?
1—kr?

c2dt* = a(t)? [ + r2d02] (18)
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angular distance d,=S/6

Non-e)(pandingS

observer .
universe

Axejen

Figure 3. Geodesics for light rays in a flat non-expanding FLRW universe.

Note from Figure 3 that the light rays propagate on the radial direction (leaving apart non pure
cosmological effects as gravitational lensing or astrophysical events). Therefore § = cte, df = O,
¢ = cte, dp = 0 in Equation 3, and hence Q) = 0. Substituting dQ) = 0 in Equation 18, the light rays
that will arrive to the observer meet

, dr?

2712
codt = a(t) T2

(19)

Now, integrating Equation 19 from time of emission ¢, to time of observation f,, and considering
r simply as the radial coordinate rather than the radial comoving coordinate, the integration limit
becomes directly the luminosity distance, dropping out the intermediate comoving distance concept.
Thus, in this case we obtain

/ foedt ot dr (non — expanding universe) (20)
toa(t) Jo V1—k?
rather than
to cdt v dr
/ = = G (expanding universe) (21)
. a(t) Jo 1—k?

Note that in a non-expanding universe, the comoving distance d) loose its meaning and it should be
substituted by the luminosity distance d;, in all equations.

dy =dp (non — expanding universe) (22)

As a consequence, the radial comoving coordinate r of the expanding FLRW model, should be
interpreted as the radial coordinate on the non-expanding FLRW model. In the simplest case of a flat
non-expanding universe (k = 0), we would have

t
dp = /0 :(d; (non — expanding universe) (23)

where a(t) still would be the factor responsible of time dilation and cosmological redshift in a non-
expanding universe, but with another meaning.

On the other hand, since the comoving concept disappear, we can substitute Equation 22 on
Equation 7, obtaining
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dHﬁ sinh[vQudc/dy]  for Qx>0
dc for =0 (24)
dH\/|1OT\ sin[/|Q|dc/dy] for Q<0

=
=
I

that directly relates the first Friedmann equation with the observable luminosity distance d;, without
the need to define additional intermediate equations.

In an expanding universe, the Friedmann equations constraints the form of the scale factor a(t)
with the different species of the universe as radiation, matter, curvature and cosmological constant.
In the non-expanding interpretation of the FLRW model, a(t) also depends exactly in the same way
on the relative content of these species along cosmic time. Even more, the stability of the FLRW
non-expanding universe resides on the same argumentation given for the expanding universe, but
with a different interpretation, since a(t) is not related to the size of the universe. The standard model
demonstrates that the geodesics for a free particle (galaxy) corresponds to fixed FLRW comoving
coordinates. The same demonstration applies to non-expanding-FLRW by interpreting the radial
comoving coordinate simply as the radial coordinate. Thus, geodesics for a free particle in a non-
expanding universe corresponds to fixed FLRW coordinates. Therefore, it is the own FLRW metric that
ensure the stability of the non-expanding universe.

Let us to consider an alternative view of the FLRW metric dividing both sides of Equation 17 by
a(t)?. In this case we have

cdt \ 2 cdt \? ar -
_(a(t)> :_(a(t)) +[1—kr2+rd0 (25)

In this view, we see that a(t) may affect not only to the spatial coordinates of the FLRW metric, but
alternatively to temporal behaviour or to the speed of light. In the case of constant speed of light,
c = cte, a(t) affects to the temporal behaviour as a time down-scaling rather than a space scaling. From
Equation 23, we can define

t
At = / alf:) (non — expanding universe) (26)
0

in such a way thatd4 = cAt and d; = cAt’, and therefore

/
do _ AP (1+2) (non — expanding universe) (27)
da At

which would explain the redshift as a time dilation.
In the next section, we explore the case of a feasible variable speed of light with cosmic time.

4. Exploring Variable Magnetic Permeability with Cosmic Time as a Possible Cause of
Cosmological Redshift

In this section, we explore the possibility of variable speed of light (VSL) with cosmic time as a
feasible cause of the redshift. The cosmological principle assumes a universe spatially homogeneous
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and spatially isotropic. It does not state that the universe is the same over time. Thus, according to the
cosmological principle, we can allow a space property to change overtime. That is the case of the scale
factor in the expanding universe or the speed of light in the non-expanding one. There are different
VSL theories as those addressing the horizon problem ([19,20]) or the ones allowing the variation of
speed of light between free-falling observers ([21]). Other depart from FLRW metric as the one that
assumes both expansion and VLS ([22])(which would requires a value of v > 3) or those assuming
photons emitted at higher speed of light at earlier times, but maintaining such high velocities up to
earth ([23]), events not observed experimentally.

Though less known, there is a plausible alternative explanation to redshift based on variable
speed of light with cosmic time ([24]). Such approach would still require a spatially constant speed of
light among all free falling observes as the general relativity demands. In this case, from Equation 23
we can write

t
dr = / c(t)dt (non — expanding universe) (28)
0

where

c(t) =

a0 (non — expanding universe) (29)
The process of photon redshift based on a speed of light decreasing with cosmic time can be
described as follow: a galaxy emits a photon at speed ¢, due to an electron transition between atomic
levels at its corresponding energy hvy, being lambda stretched out at emission due to the equation
Az = ¢z /1. In the travel of the photon to earth, A, remains constant, while the frequency decrease up
to v, due to speed of light drop v, = ¢¢/A.
Such behaviour would agree with the observed redshift.
Given that the speed of light is

1
AU
some of the vacuum properties, either dielectric permittivity ey or magnetic permeability 1, have to

change with cosmic time. Since the gross atomic structure of redshifted galaxies and its corresponding
energy levels depend on ¢y, it should remain constant. Thus, we assume

c= (30)

o(t) = ——= (31)

being

uo(t) = poa*(t) (32)

in such a way that only magnetic fields and the fine structure constant would be affected along cosmic
time. Therefore, in this case the time dependent function a(t) defined in FLRW metric would not
correspond to an expansion, but to the square root of an increasing magnetic permeability. Conse-
quently, the speed of light would decreases with cosmic time according to Equation 31, while the
electric permittivity €p remains constant allowing the observed atomic structures. The model can be
denominated p; — FLRW to differentiate it from other possible alternatives.
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Note that i, — FLRW universe does not change the FLRW equation, but reinterpreted it. Thus,
py, — FLRW may assumes the main ideas of the standard model as that the early universe was hotter
and dominated by radiation. But in this case, the cause of the drop in the temperature of the universe
would not be expansion, but the drop of the speed of light with cosmic time. Thus, the cosmic
microwave background would have been emitted at the same energy as in the standard model with
values v; = V(1 + zemb), ¢z = c(1 + zcmb) and Agpp = ¢2/ vz, and is received as ¢, Vg, and Agpyp.

In the same sense, yj, — FLRW would meet the Friedmann equations, being the value of y|,
modulated by the same cosmological species as radiation, matter, curvature or dark energy.

5. Conclusions

The FLRW metric is a solution of the Einstein’s field equations for a homogeneous and isotropic
universe. The FLRW metric is characterized by a time varying factor a(t), which is considered as the
scale factor of an expanding universe. Even more, a(t) is related through Friedman equations with the
different constituents of the universe as radiation, matter, curvature or dark energy.

In this work, we show that a(t) may affect not only to the spatial part of the metric, but alter-
natively to the temporal behaviour or to the speed of light, whenever the FLRW radial comoving
coordinate is considered simply as a radial coordinate. Consequently, the cosmological redshift can be
explained by a time downscaling or a variable magnetic permeability with cosmic time respectively,
rather that by a space scaling, while maintaining the main principles of the standard model.

Finally remark that the relation between the luminosity distance and the angular diameter distance
is the key to elucidate between the different alternatives. Much experimental work should be focused
on this topic.
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