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1. Introduction

Zadeh introduced the concept of fuzzy sets for the first time in [1]. After that different fuzzy
structures have been introduced and investigated. Rosenfeld introduced fuzzy groups and subgroups
in [2]. Wang [3] introduced the notion of fuzzy ring, and Kuroki studied fuzzy semigroups in [4].
The concepts of fuzzy sublattices and fuzzy ideals of a lattice were presented in [5]. Bhakas and
Das [6,7] introduced the concept of («, B)-fuzzy subgroup. Shabir and Ali [8,9] studied (€, €, Vgs)-
fuzzy left (right, two-sided, interior) ideals of semigroups and characterized regular, intra-regular and
semisimple semigroups by the properties of these fuzzy ideals.

In this paper, (€,, €, Vq;)—fuzzy ideals of a lattice is defined, and sublattices are characterized
by the properties of the fuzzy ideals.

2. Preliminaries

In this section we recall some notations and terminology which will be used in the sequel.

The notions of lattice, sublattice and ideal of a lattice are well known and can be found in the
books [10,11]. Recall that a subset I of a lattice L is an ideal in L if

abel=aVvbel,

(ilael,belLandb<a=bel.
We denote by (L, V, A) (or simply by L) a lattice, by I an ideal in L, and by J(L) the set of all ideals of
L. Notice that (J(L), C,U,N) is a distributive lattice. ([0, 1], V, A) is a complete lattice, where [0,1] is
the unit segment of real numbers, and x V y = max(x,y), x Ay = min(x, y).

2.1. Fuzzy Sublattices (Ideals) of a Lattice

A fuzzy subset p of L is a function y : L — [0, 1]. This function is called a membership function.
The set of all fuzzy subsets of L is denoted by B(L). Let u, A € P(L). The fuzzy subsets A A and
iV A are defined as follows:

(mAA)(x) = min{p(x), A(x)}; (pVA)(x) = max{p(x), A(x)}.

We say that u < A, if p(x) < A(x), forall x € L.
If {45 }ies is a family of fuzzy subsets of L, then for all x € L, we define:

(Nses #s)(x) = Niermi(¥) ;- (Uier i) (x) = Vier{pi(x)}.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 2.1 ([12]). Let pu be a fuzzy subset in L. Then y is called a fuzzy sublattice of L if for all x,y € L,
(D) p(x Ny) 2 u(x) Ap(y),
(i) p(x Vy) 2 p(x) A ply),

or equivalently
plxAy) Ap(xVy) = p(x) Aply), forall x,y € L.

Definition 2.2 ([12]). Let p be a fuzzy sublattice of L. Then y is called a fuzzy ideal of L if x < y = p(x) >
u(y) forall x,y € L.

Let L be a lattice and yx be the characteristic function of a subset I of L. The x is a fuzzy sublattice
if and only if I is a sublattice.

Definition 2.3. For « € [0,1], the set u, = {x € L, u(x) > a} is called a—Ilevel subset of u.

For any fuzzy subset y of L, the set {x € L, u(x) > 0} is called the support of , and is denoted
by suppu.

Definition 2.4. Let t € [0,1] and x € L. A fuzzy set i in L is defined by

Hy) :{ oKy

0, otherwise

forally € L, is called a fuzzy point and denoted by x;, where the point x is called its support point, and t is
called its value.

2.2. (€, € Vq)-Fuzzy Sublattice and Ideal of a Lattice

A fuzzy point x; is said to belong to (resp., be quasi-coincident with) a fuzzy set y, written as
x¢ € p (resp., xequ) if u(x) >t (vesp. u(x) +t > 1). If u(x) > t or x¢qu, then we write x;(€ Vq)u. The
symbol € Vg means € Vg does not hold.

Definition 2.5 ([13]). A fuzzy subset y of a lattice L is said to be an (€, € Vq)-fuzzy sublattice of L if for all
t,r € (0,1 and x,y € L,

(i) x¢,yr € pimplies (x V y)inr (€ Vq) .

(ii) x¢, yr € pimplies (x A y)inr(€ V).
w is called an (€, € Vq)-fuzzy ideal of L if u is an (€, € Vq)-fuzzy sublattice of L and

(iii) xy € pand y < x implies y;(€ Vq)pu.

Theorem 2.1 (([13]). Conditions (i)-(iii) in the above definition are equivalent to the following conditions,
respectively:

(1) u(x) Apy) A0S < u(x V),

(2) u(x) Au(y) A0S < u(x Ay),

(3) y < ximplies pu(x) N0.5 < u(y)
forallx,y € L.

Remark 2.1. 1) ([14]) Not every fuzzy subset of L need be (€, € \/q)-fuzzy sublattice of L.
2) ([14]) Not every (€, € Vq)-fuzzy sublattice of L need be (€, € Vq)-fuzzy ideal of L.
3) ([14]) Any fuzzy ideal of L is an (€, € V/q)-fuzzy ideal of L.
4) ([13]) There is an €, € \/q)-fuzzy ideal of L, which is not a fuzzy ideal.

Theorem 2.2 ([13]). Let y is a fuzzy subset of L. y; # @ is a sublattice (ideal) of L, for all 0 < t < 0.5, if and
only if pis an (€, € Vq)-fuzzy sublattice (ideal) of L.
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Theorem 2.3 ([14]). A non-empty subset I of L is an ideal of L if and only if the characteristic function xp is an
(€, € Vq)-fuzzy ideal of L.

3. («, B)-Fuzzy Sublattices and Ideals of a Lattice

This section gives information about (&, B)-fuzzy sublattices for , B € {€,, 45, €1 VG5, €1 NG5}
and & #€,, /\q; (see the next definition).

Definition 3.1 ([8]). Let 7,9, t € [0,1] be such that oy < 6. For a fuzzy point xy and a fuzzy subset y of L, we
define:

Dxp €y pifulx) 2t >

2) xeqsp if p(x) +t > 26;

3) xi(€y Vas)p If Xt € por xeqsp;

4) xi(€y No)u If Xt €4 and xqsp;

5) x¢@ if xpapt does not hold for « € {€,,q5, €4 Vs, €4 NG5}

In this paper, we will consider -y, € [0,1], where y < dand a, B € {€,,4q5, €1 VG5, €y Nqs} and
a #€+ Ngs. It is worth noting that if x € L and t € [0,1] such that x; €, Agsp, then p(x) >t > v and
u(x) +t>26. Hence 26 < p(x) +t < u(x)+ pu(x) = 2u(x). Consequently, p(x) > 4.

Definition 3.2. A fuzzy subset y of a lattice L is said to be an («, B)-fuzzy sublattice of L if for all t,r € (0,1]
and x,y € L the following hold;

(i) x¢, yrap implies (x V' Y ) epr B

(it) x¢, yrap implies (x Ay)nrBH.
w is called an («, B)-fuzzy ideal of L if u is an («, B)-fuzzy sublattice of L and

(iii) xraep and y < x implies y: .

Theorem 3.1. If26 =1+ y and p is an (w, B)-fuzzy sublattice (ideal) of L, then j,, = {x € L : u(x) > v}
is a sublattice (ideal) of L.

Proof. Suppose x,y € pyand x Ay € py or x Vy ¢ p,. Then
pxAy) < or p(xVy) <7.
Casel.a € {€,, €, Vgs}.
Define t = p(x) and r = p(y). Hence x,(,)ap and y,,(,)ap. It follows
plxAy) <o <p) AuY) = (X AV pau) o1 or
p(xVy) <o <p(x) Apy) = (X VY)ux)auy) Ex
and
u(xAy) +u(x) Au(y) < v+pulx) Apy) <v+1=26 = (X AY)ux)au(y)ds# OF
p(xVy) +u(x) Auly) <y +p(x) Apy) <v+1=20 = (X VY)u0)ru(y) Tk

So, we have

(x A y)y(x)/\y(y)BV or (x v y)y(x)/\y(y),BV'
This contradicts our assumptions.

Case2. a =gsand t = 1.
Then then

u(x)+1>9+1=20 = x1gsu and pu(y)+1>v7+1=25 = y1qsp.

Hence,
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p(xAy) +1 <y +1=20 = (X Ay)1qsh,
pxVy)+1<y+1=20= (xVy)iqsp.

Also

H(xAy) <y <l= (xAy)1E4u or
u(xVvy) <y <l= (xVy)iEu.

Therefore, (x Ay)1Bp or (xVy);Bu. This is again a contradiction.
Thus . is a sublattice of L. [

The following theorem characterizes a sublattice (ideal) of a lattice.

Theorem 3.2. Let 26 =1+ vy and A be a nonempty subset of L. Then A is a sublattice (ideal) of L if and only
if the fuzzy subset y of L defined by

V(X)I{ t € 16,1], ifx e A;

ty € [0,], otherwise
is an (x, € Vqs)-fuzzy sublattice (ideal) of L.

Proof. (=) If Ais a sublattice of L, then the following cases can occur.

Case 1. a =¢€,.
We have

XtEqp=p(x)>t>vand yy €, yp = p(y) >r>17.

Therefore, according to the definition of,y, we conclude x,yy € A. Since A is a sublattice, x Ay € A and
x Vy € A, therefore, u(x Ay) > dand pu(x Vy) > 6. Now we have two possibilities (i) and (ii) below.
@D tAr<é.
Then

u(xAy)>6>tAr>vyand u(xVy)>d>tAr>y
which implies
(X AY)iar €4 and (X V Y)inr €4 .

(i) tAr > 0.
Then

u(xAy)+tAr>6+6=256 and u(xVy)+tAr>5+5=26
which implies
(x AY)earqsp and (xVy)inrdsp-
We conclude from (i) and (ii) that
(X AY)tar €4 Vs and (X V y)inr €4 Vs

Therefore, j is an (€, €4 Vq;)-fuzzy sublattice.
Case 2. a = g;.
In this case we have

Xegoh == p(x) +t>20 = p(x) >20—t>20—1=+ and
Yegsh = u(y) +r>20 = u(y) >26 —r>26—-1=1.
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As in Case 1 we conclude x,y € A. Since A is a sublattice, x Ay € AandxVy € A, hence u(x A\y) > 6
and p(x Vy) > . We have again two possibiities.

@DtAr<9.

Then

u(xAy)>6>tAr>vyand p(xVy) >35>tAr>v

which implies (X Ay)inr €4 prand (X V y)inr €4 J.
@ tAr>o.
Now we have

u(xAy)+tAr>6+6=20 and pu(xVy)+tAr>5+35=20

which implies (x A y)inrgspt and (x V y)eargsit.
From (i) and (ii) it follows (x A y)inr €4 Vgsp and (x V y)iar €4 Vgsp, ie., in Case 2 we also
conclude ghat y is a (g5, €4 Vq;)-fuzzy sublattice.

Case 3. &« =€, Vqs.
We have

Xt €4 = p(x) >t > and
Yrgs = u(y) +r>20= u(y) >26—r>25—1=1.

Asin Cases 1 and 2 we conclude x Ay € Aand x Vy € A, hence u(x Ay) > dand u(xVy) > 6.
Then we obtain (x Ay)iar €4 Vgsp and (X V y)iar €4 Vqsp. Therefore, in this case we finally have that
pisa (€4 Vqs, €4 Vqs)-fuzzy sublattice.

(<) Let u be an (a, €, Vq;s)-fuzzy sublattice. Then it follows from A = o = {x € L : u(x) > v}
and Theorems 2.3 and 3.1 that A is a sublattice of L. [

Corollary 3.1. Let 26 = 1+ 1y, and let A be a nonempty subset of L . Then A is a sublattice (ideal) of L if and
only if the fuzzy subset x of L is an (&, € Vq;)-fuzzy sublattice (ideal) of L.

Theorem 3.3. The following assertions are satisfied:
(1) Every (€4 V45, €4 Vq5)-fuzzy sublattice of L is an (&, € Vq5)-fuzzy sublattice of L;
(2) Every (€4 V45, €4 Vqs)-fuzzy ideal of L is an (€, €, Vqs)-fuzzy ideal of L.

Proof. We can use the fact x; €, u imploes x; €, Vqsu to prove this theorem. [J

Theorem 3.4. Let L be a lattice Then:
(1) Every (q5, €4 Vqs)-fuzzy sublattice of L is an (€., €, Vqs)-fuzzy sublattice of L;
(2) Every (g5, €4 Vq5)-fuzzy ideal of L is an (€., €, Vq;)-fuzzy ideal of L.

Proof. We prove only (1) because the proof of (2) is quite similar. Let y be a (g5, €, Vqs)-fuzzy
sublattice of L. Let x,y € L and t, 7 € (7, 1] be such that

Xt €q P, Yr € = p(x) 2t >y and p(y) 21>
Then we have

(XAY) i€y Vs = p(x Ay) <tAr, u(x ANy)+(tAr) <20 = u(x ANy) <4;
(XVY)inr€y Vs = u(xVy) < tAr, u(xVy)+ (tAr) <26 = pu(xVy) <J.

Further,
uxAy)(p(xVy)) <tAr and 7y <tAr < p(x) Au(y)
imply
p(x Ay)(u(xVy)) Vy < p(x) Au(y) Ad.
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Choose k € (1, 1] such that
28— u(x ANy)Vy >k>25—u(x) ANu(y)Ad.

Then we have

20 —u(xAy) =20 —p(x Ay)Vy >k> (20 —pu(x)) A (20 —pu(y)) Ao
= ux)+k>25,u(y)+k>26,u(xANy)+k<25and u(x Ny) <6 <k
= Xt YkGst, (X AN Y)k€y Vs

This contradicts our assumption. Therefore,

(X NY)k €y Vasp.

Similarly, we prove

(X V)i €4 V4sh.
So, we conclude that y is an (€., €, Vqs)-fuzzy sublattice of L. [

The above theorem shows that each («, )-fuzzy sublattice (ideal) of L is an («, €, Vq;)-fuzzy
sublattice (ideal) of L, and each (a, €, Vq;)-fuzzy sublattice (ideal) of L is an (&,, €, Vqs)-fuzzy
sublattice (ideal) of L.

4. (€4, €, Vgq;)-Fuzzy Sublattice and Ideal of a Lattice

In this section we study (€, €4 Vq;)-fuzzy sublattices and (€., €, Vqs)-fuzzy ideals of a lattice
L and characterize sublattices and ideals of L in terms of (€, €, Vqs)-fuzzy sublattices and ideals of
L.

Theorem 4.1. For any fuzzy sublattice y of a lattice L and for all x,y,z € Land t,r € (v, 1] the following
hold:

(1) pisan (€,, €y Vqs)-fuzzy sublattice of L if and only if x; € 1, yr €, p implies p(x Ny) Vy >

p(x) Au(y) A6 and u(xVy) vy = p(x) Ap(y) Ao
(2) pisan (€, €y Vqs)[-fuzzy ideal of L if and only if x; €, p implies u(x Ay) Vy > u(x) Ao and

u(xVy)Vey > u(x)Ad.

Proof. We prove (1); the proof of (2) is similar.
(=) Let y be a (€,, €, Vqs)-fuzzy sublattice of L and suppose, to the contrary, that there are
x,y € L such that

pxAy)Vy <u(x) Au(y) Ao or u(xVy)Vy < p(x) Au(y) Ad.

fu(xAy)Vy < u(x) Au(y) Ad, thenwe choose t € (7,1] suchthat u(x Ay) Vy < t < pu(x) Apu(y) A6,
which implies

u(x) >t>v, uly)>t>y plxAy) <t and p(xAy)+t<o+6=26.

It follows from here

Xt €y, Yt €t (XAY)E4p and (X AY)gsH,

ie. (X ANy)r€y V5.
Similarly, we prove (x V y)¢€, Vgsu. However, the last two conclusions are in contradiction with
our assumption.

(<) Let
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wx Ay)Vy > u(x) Ap(y) A6, p(xVy)Vy > p(x) Au(y) Ao,
and x; €4 U, yr €y H.

Assume, to the contrary, that
(A Y)tar€y Vasp or (xVy)inr€y Visp.
Consider the first case, (x A y)iar€ Vqsp. Then
(X AY)tnr€qp and (X AY)enrfsp-
From here we have the following implications:

u(xAy) <tArand p(x Ay)+tAr <26
= pu(xAy)<d and u(xAy) <tAr <u(x)Auly)
= pu(x Ay) <tAr<u(x) Au(y) Ao,y <9
= p(x Ay) Ve < p(x) Ap(y) A6
Similarly one proves u(x Vy) Vy < u(x) A u(y) Ad. The last two conclusions contradict the

assumption. [

Theorem 4.2. Let p be a fuzzy subset of a lattice L and 26 = 1 4 «y. Then p; # D is a sublattice (ideal) of L for
all t € (v, 6] ifand only if p is an (€., €, Vqs)-fuzzy sublattice (ideal) of L.

Proof. (<) Let u be an (&,, €, Vq;)-fuzzy sublattice of L, and x,y € p;. Then we have
p(x) = t>yand p(y) =t > = p(x) Auy) = t.
Also, by the above theorem, we have

pxAY)Vy 2 u(x) Ap(y) No = pu(x Ay)Vy 2 tN6 =t
= u(xA\y) >t>y=xAy € u,

and

uxVy)Vy Zu(x) Ap(y) No = p(xVy)Vy = tAs=t
= u(xVy)>t>y=xVyEeE .
Therefore, ji; is a sublattice of L.
(=) Let y; be a sublattice of L for all t € (v, d]. We will prove that

pxVy) vy = p(x) Ap(y) A and p(x Ay) Vy = p(x) Apy) A6
Letx;, vt €4 pand pu(x Ay) Vy < u(x) A pu(y) A 6. We choose t € (7,8] such that p(x Ay) Vy <
t < u(x) Au(y) Ad. This implies
p(x) 2 t> 7, u(y) > > and p(xNy) <t,

which finally implies x,y € p, but x Ay ¢ p;. This is a contradiction showing that u(x Ay) V¢ >
u(x) A pu(y) A é holds.

Similarly, we can prove that i (x Vy) Vv > pu(x) A p(y) A 6, which mens that p is an (€., €, Vg;)-
fuzzy sublattice of L. O

Definition 4.1. Let y be a fuzzy subset of L. For all r € (vy, 1] we define:

uo ={x € L:x;qsu} = {x € L: u(x) +r > 26},
Mo ={x € L:x, €y Vasu} = pr Upd.
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Theorem 4.3. Let y be a fuzzy subset of L and 26 = 1+ . If u # @ is a sublattice (ideal) of L, for all
r € (7,1, then y is an (€., €, Vqs)-fuzzy sublattice (ideal) of L.

Also, for r € (8,1), if wis an (€,, €, Vqs)-fuzzy sublattice (ideal) of L, then ul # @ is a sublattice (ideal)
of L.

Proof. Let 4 # @ be a sublattice of L. We prove that
plxAy)Vey = p(x) Ap(y) A6 and p(xVy) vy = p(x) Apy) Ad.

We consider the following two cases:

Case 1.7 € (v,4].
If u(x Ay) Vy < u(x) Au(y) AJ, then we define r = u(x) A u(y) A J, and obtain

HxAY)Vy <r= u(xAy) <r= pu(x Ay)+r<2r<25= Ay ¢ u.

Similarly we get that if u(x Vy) Vy < u(x) Au(y) AJ, then x Vy ¢ ul. Therefore, we have a
contradiction.

Case 2.7 € (4,1].
Ifpu(x Ay) Vy < u(x) Au(y) Ad, then

20 — (p(x Ny) Vy) > 25 — (u(x) Au(y) A6) =
(20 —pu(xAy)) A (20 =) > (20 — pu(x)) V(20 — pu(y)) V.
Take now r € (4,1] such that
(20 —pu(x)) V(20 —u(y)) Vo <r < (20 —p(x Ny)) A (20 — ).
Thus we have

26 —pu(x) <r= pu(x)+r>20 = x €y,
20—u(y) <r=puy)+r>20=y €,
20— pu(xAy) >r=u(xAy)+r<28 = xAy ¢ u.

We have obtained a contradiction which shows pu(x Ay) Vv > u(x) A u(y) Ad.
Similarly, one obtains u(x Ay) vV > u(x) A u(y) AJ.

Conversely, let 7 € (6,1]. Let y be an (€, €, Vq;)-fuzzy sublattice of L, and x,y € ul. Then we
have

p(x)+r>26 = p(x) >26—r>26—1=r and
u(y)+r>20=uly) >26—r>26—1=1.

It follows from here
uxAyY)Vy > pu(x) Au(y) N6 > (26 —r) AN (26 —r) N 6.
Since § < r < 1 we have
6>20—r>26—1 and 26—7r)AN(Q26—7r)NS6=26—r,
which implies
u(xAy) >28—r= pu(xAy)+r>26
which means x Ay € .

Similarly, we obtain x V y € uS. Thus ! is a sublattice of L. [

Theorem 4.4. Let y be a fuzzy subset of L and 26 = 1+ . Then [u]% # @ is a sublattice (ideal) of L, for all
t € (7, 1], ifand only if y is an (€., €4 Vqs)-fuzzy sublattice (ideal) of L.

Proof. (<=) Let u be an (€,, €, Vq;)-fuzzy sublattice of L, and x,y € [u]%. Then we have
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ux)+r>20 = pu(x) >26—r>26—1=+ or u(x) >r>+,and
uy)+r>20=u(y) >26—r>20—1=v or u(y) >r>1.

Since yt is an (€, €, Vqs)-fuzzy sublattice of L, we have

u(xAy)Vy > p(x) Au(y) A6 and
H(xAy)Vy > u(x) Auy) Ad.

We consider the following two cases:

Case 1.1 € (v,9].
In this case we have

UXAY VY > u(xX) Ap(y) N6 >rArANd=r= u(x \y)Vy>r>rvy

which means (x Ay), €, p, ie, x Ay € [u)l.
Similarly, we can prove x V y € [u]¢. Thus [u]? is a sublattice of L.

Case 2.7 € (4,1].
Then 6 < r < 1implies § > 25 —r > 26 — 1. Let x,y € [u]S. We have

u(x)+r>20 = pu(x) >20—r>26—1=v or u(x)>r>r, and
uly)+r>20=u(y) >26—r>20—1=v or u(y) >r>1.

We conclude from here

XAV Yy > ux)Au(y) N6 > (26 —r)AN (26 —r) N6 =25 —r,
ie. p(xAy) >26—r= u(xAy)+r>26,

or

uxAY)Vy > ux) Au(y) N6 >rArnéd =5,
ie. u(x ANy)+r>d+r>26.

So, we conclude that (x A y),q51, which implies x Ay € [u]°.
Similarly, we prove that x Vi € [u]¢. Thus [u])¢ is a sublattice of L.

(=) Let [u]? # @ be a sublattice of L. We prove that

u(xAy)Vy = p(x) Ap(y) Ad and p(xVy) Vy > p(x) Au(y) Ad.

Let, to the contrary, u(x Ay) V¢ < u(x) A u(y) Ad. Then choose r € (v, 1] such that
u(xAy)Vy <r < p(x) Auy) Ad.
Then
ux)>r>9,uly) >r>v uxAy) <rand u(x ANy)+r <o+ =26,
which implies
Xr €y W, Yr €4 H, (XAY)rEqp, and (X AY)rsp.

This means (x A y), €, VqsH.

Similarly, we get (x V y)-€, Vqsu. The last two conclusions contradict the assumption. [

Theorem 4.5. Let A and y be (€., €, Vqs)-fuzzy sublattices (ideals) of L. Then A N\ y is an (€, €, Vqs)-
fuzzy sublattice (ideal) of L.

Proof. For any x,y € L, we have

AN (xAy)Vy=AxAy) ApxAy))Vy=MxAy) V) ApxAy) V).
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By Theorems 2.3-3.3, we have

AAY V)N AY)VY) > (Mx) AAY) AS) A (u(x) Au(y) A9)
(Ax) Ap(x)) AN(AMy) Auy)) Ao
= (Anu)AANuly)) Ag,

which means

AN (xAy)Vy > Anu)(x) AANp)(y) Ad.

Similarly, we can prove

Anm(xvy) vy = Anp)(x)A@AOw)y) Al
Hence, A Ny is an (€4, €, Vqs)-fuzzy sublattice of L. [

Remark 4.1. If {is}ses, S is an index set, is a family of (€., €, Vqs)-fuzzy sublattices (ideals) of L, then
Nses Hs is an (€., € Vq5)-fuzzy sublattice (ideal) of L.

5. Conclusions

We introduced and studied (&, §)-fuzzy sublattices and (&, §)-fuzzy ideals of a lattice. In particular,
(€4, €y Vq5)-fuzzy sublattices and (€,, €, Vqs)-fuzzy ideals are considered and characterized. we
hope that this study can be extended to other mathematical structures.
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