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Article

RHADaMAnTe: An Astro Code to Estimate the Energy
Spectral Distribution of a Curved Wall of a Gap
Opened by a Forming Planet in a Protoplanetary Disk

Francisco Rendón 1,2

1 Instituto de Agroingeniería de la Universidad del Papaloapan; frendon@unpa.edu.mx
2 Avenida Ferrocarril SN, Ciudad Universitaria, Loma Bonita, Oaxaca, México: Universidad del Papaloapan

Abstract: When a star is born, a protoplanetary disk made of gas and dust surrounds the star. The disk can show

gaps opened by different astrophysical mechanisms. The gap has a wall emitting radiation which contributes

to the spectral energy distribution (SED) of the whole system (star, disk and planet) in the IR band. As these

new-born stars are far away from us, its difficult to know whether the gap is opened by a forming planet. I

have developed RHADaMAnTe, a computational astro code based on the geometry of the wall gap coming from

hydrodynamical 3D simulations of protoplanetary disks. With this code it is possible to make models of disks

to estimate synthetic SEDs of the wall gap and prove whether the gap was opened by a forming planet. I have

implemented this code to the stellar system LkCa 15. I found that a planet of 10 Jupiter masses is capable of

opening a gap with a curved wall with height of 12.9AU. However, the synthetic SED does not fit to Spitzer IRS

SED (ξ2 ∼ 4.5) from 5µm to 35µm. This implies that there is an optically thick region inside the gap.

Keywords: protoplanetary disk; wall gap; spectral energy distribution; 3D simultaions

1. Introduction

In a small fraction of young stellar objects (YSOs) surrounded by disks, observations have
discovered a low excess radiation in the near–infrared but a high excess in longer wavelengths. This
has been interpreted as an evidence that these disks called transitional disks (TDs) have central
holes which have practically no dust [1]. More recently, disks showing a significant excess in the
near–infrared have been discovered. Such an excess indicates the presence of an optically thick inner
disk. This inner disk is separated from an outer disk which also has a high optical depth. In this way
the spectral energy distribution (SED) suggests the incipient development of a gap between both disks,
these disks are called pre–transitional disks (Pre–TDs) [2]. Several physical mechanisms have been
suggested to explain the gaps or holes in protoplanetary disks. The one implemented in this work is
driven by forming giant planets.

A key element that produces characteristic features in the SEDs of protoplanetary disks is the
outer wall of the gap or hole. To simplify SED wall models, it is often assumed that the wall is vertical
and frontally irradiated by the central star [2,3]. But this assumption is physically wrong [4]. For dust
sublimation walls, located near from the star, it has been proposed that the wall is curved, where the
dust grain growth and its fall into the mid–plane of the disk, and the gas density high–dependence on
sublimation temperature are the physical mechanisms responsible for such curvature [5].

In order to create synthetic SEDs of protoplanetary disks with gaps or holes having inner curved
walls, I have developed a computational code called RHADaMAnTe. This code is based on an older
code which suggests that the inner vertical wall of the outer disk can explain the mid–infrared spectrum
of the low–mass pre main–sequence star CoKu Tau/4 [6].

To test the code, I present a model of a truncated dusty disk –a disk with an inner hole– that
accounts for the Spitzer Infrared Spectrograph observations of the low-mass pre main–sequence star
LkCa 15. In this model the mid–infrared spectral energy distribution (between 10 and 25µm) arises
from the inner curved wall of the gap in the disk.
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1.1. Dust in Protoplanetary Disks

Dust is a pretty important component of protoplanetary disks surrounding young stars. The
growth of dust grains from sizes of microns to centimeters or larger grains is the first step in planet
formation.

The dust grains in protoplanetary disks follow a size distribution based on a single power law
f (a) ∝ ap [[7], MNR], where the maximum dust size, amax, the minimum dust size, amin, and the
power law index, p, are different for each grain species.

The dust composition in protoplanetary disks has been extensively studied through mid-IR
observations. This dusty mixture includes silicates (mainly), carbonaceous grains, poly-cyclic aromatic
hydrocarbons, and sulfide-bearing grains [8].

Silicate grains are the best understood dust component. The most abundant crystalline silicates are
olivine, which is magnesium-rich (Fo90), and pyroxene. Olivine series range from forsterite, Mg2SiO4

(denoted as Fo100), to the fayalite, Fe2SiO4 (denoted as Fo0). While pyroxene series range from the
enstatite, MgSiO3 (denoted En100), to the ferrosilite, FeSiO3 (denoted En0).

Modeling of the observed spectra expects amorphous silicate grains to exist in protoplanetary
disks [see, e.g. [9]; [10]]. The composition of these grains are glass with embedded metals and
sulfides, and series ranging from ferromagnesian silica to Fe–Mg-bearing aluminosilica. These grains
are difficult to observe directly from infrared spectroscopy. Their spectral signature observed is a
combination of grain composition, shape, size, and structure, making difficult to isolate the pure
amorphous silicate signal.

Carbonaceous grains, including amorphous and graphite elemental carbon, are difficult to detect
in the infrared. However, grain modeling suggests these grains are needed in order to explain the
observed infrared spectra of protoplanetary disks [9].

Nano–diamonds, from sizes of <1 nm to ∼ 10 nm, are found in protoplanetary disks. Diamond
emission coming from the inner region of the disk (i.e. < 15 AU) at 3.43 and 3.53 µm has been detected
in disks [see, e.g. [11]].

The presence of poly-cyclic aromatic hydrocarbons (PAHs) has been detected in the surface layers
of some protoplanetary disks [see, e.g. [12]]. Disks surrounding higher-mass stars, such as Herbig
stars, show more PAHs emission [13] than disks surrounding lower-mass stars, such as T Tauri stars
[14]. Protoplanetary disks with a flaring outer surface show significantly more PAH emission [13].
It follows that PAHs exist in all disks, but they can only be detected, as infrared emission, when
ultraviolet radiation from the central star is able to excite them. The discovery of weak PAH features in
T Tauri stars supports this idea [see, e.g. [14]].

Other dusty components in protoplanetary disks are iron-nickel sulfides grains (FeS, NiS) and
water ice (H2O). Sulfide emision around 23 µm has been detected in the emission spectra of protoplan-
etary disks [15]. While water ice emission has been identified at 3µm [16], 44µm [17], 60µm [18] and
62µm [19].

1.2. LkCa 15

LkCa 15 is a K5-type [20] T Tauri star located in the nearby (145 ± 15pc) the Taurus-Auriga Star
Forming Region [21]. The mass of the central star is 0.97 ± 0.03M⊙ [20], it has an effective temperature
of 4370K [22] and a radius of 1.6R⊙ [23]. Three planet candidates have been detected: LkCa 15b
(semimajor axis a = 14.7 ± 2.1AU) [24], LkCa 15c (a = 18.6 ± 2.5AU) and LkCa 15d (a = 18.0 ±6.7

5.4 AU),
with masses lower than 5–10MX, for the two first planets, and ≤ 0.5MX for the third one [25].

Observations of the far-ultraviolet (1100–2200Å) radiation field and the near–to mid–IR (3-13.5µm)
spectral energy distribution of LkCa 15, from the Space Telescope Imaging Spectrograph (STIS) indicate
the existence of an inner disk gap of a few astronomical units [26].

LkCa 15 has an inner disk, a gap and an outer disk [27]. Using the Spitzer data, LkCa 15 has been
classified as a pre-transitional disk [28], and it has been showed that the inner hole is not devoid of
dust between 0.1 and 5 AU. The outer disk extends from 46 to 800 AU [29].
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Recent observations from Gemini NIRI suggest that a single massive planet would be capable of
opening a gap as large as the one observed in the LkCa 15 disk [22]. This assumption leads me to use a
mass of ∼10MX for the planet candidate in the current work.

Models of the LkCa 15 disk SED show that the inner edge of the disk has a radius of ∼58 AU [23];
this outer disk has a mass of ∼50 MX [30].

2. Geometry of the Wall Projected on the Sky

To find the two–dimensional geometry of a wall gap, I implement the ARTeMiSE code [4]. Which
is a computational and geometrical code that analyses a tri–dimensional simulation of the disk–planet
interaction by considering the wall is located at the points (x, y, z) where the disk optical depth is
τwall =

2
3 . Simulations are done with FARGO-3D code [31] under some specific parameters of the young

stellar object to be studied.

2.1. Inclined Walls

Definition 1. An inclined two–dimensional wall is a line segment with boundaries (Rup
wall, Hup

wall) and
(Rdown

wall , Hdown
wall ), with Rup

wall > Rdown
wall and Hdown

wall = −Hup
wall, as seen in Figure 1a. By rotating this line

segment around z–axis, a conic ring lying in the Euclidean space (x, y, z), is obtained, as seen in Figure 1b. This
ring is the tri–dimensional conic wall.

(a) An inclined wall on the xz-plane. (b) A conic wall in the space xyz.
Figure 1. Construction of a tri-dimensional conic wall.

In the coordinate system (x, y, z) the star is centered at the origin, here z–axis is the disk rotation
axis, and the plane (x, y) is the disk mid–plane. For simplicity, I also consider the cylindrical coordinate
system (R, θ, z), such that all points on the wall superior boundary have coordinates z, x = Rup

wall cos θ

y y = Rup
wall sin θ, whereas all points on the wall inferior boundary have coordinates z, x = Rdown

wall cos θ

y y = Rdown
wall sin θ. Since the protoplanetary disk is assumed to be projected on the plane of the sky

(X, Y), as seen in Figure 2, I consider a third coordinate system (X, Y, Z) also centered at the star,
where the Z–axis is the line of sight. When the disk is face–on the coordinate systems coincide. There
exists a transformation between the three coordinate systems:

X = x, (1a)

Y = y cos(i)− z sin(i), (1b)

Z = z cos(i)− y sin(i), (1c)

where i is the disk inclination angle, that is, the angle between the z–axis and the plane of the sky
(X, Y).

The amount of visible surface of the wall, projected on the plane of the sky, depends on the disk
inclination angle, and there are two possibilities: (i) when the star is visible (corresponding to δ < 1,
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see Equations (4) and (9) for a definition of δ), and (ii) when the star in invisible (corresponding to
δ > 1), as seen in Figure 2. A surface element of the visible area is dA = dX dY = −Rwall sin θdθdY,
with Rdown

wall ≤ Rwall ≤ Rup
wall.

(a) The star is visible: δ < 1. (b) The star is invisible:δ > 1.
Figure 2. Schematic representation of the visible surface of the wall as seen by the observer for two
inclination angles.

Let R be the visible surface of the wall projected on the plane (X, Y) for both cases, as seen in
Figure 3. Then the boundary of this region is defined by two ellipses εup and εdown (see Appendix A.1)
given by the projections of the up and down edges of the tri–dimensional conic wall. The up ellipse
εup is defined as Yup = sYup ∪ iYup, where sYup and iYup are the superior and inferior parts of this
ellipse, respectively, such that

sYup

Rup
wall

= cos(i)

√√√√1 −
(

X
Rup

wall

)2

+
Hup

wall

Rup
wall

sin(i), (2a)

iYup

Rup
wall

= − cos(i)

√√√√1 −
(

X
Rup

wall

)2

+
Hup

wall

Rup
wall

sin(i). (2b)

Similarly, the down ellipse εdown is defined as Ydown = sYdown ∪ iYdown, where sYdown and iYdown
are the superior and inferior parts of this ellipse, respectively, such that

sYdown

Rdown
wall

= cos(i)

√√√√1 −
(

X
Rdown

wall

)2

−
Hdown

wall

Rdown
wall

sin(i), (3a)

iYdown

Rdown
wall

= − cos(i)

√√√√1 −
(

X
Rdown

wall

)2

−
Hdown

wall

Rdown
wall

sin(i). (3b)
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(a) When the star is visible, the visible wall
projected on the plane XY is a region R =

R1 ∪ R2, defined by the intersection of the
ellipses Yup and Ydown. Here X0 = iYup ∩
sYdown.

(b) When the star is invisible, the visible wall
projected on the plane XY is a region R, de-
fined by the ellipse Yup.

Figure 3. Geometry of the visible wall projected on the plane of the sky for two inclination angles.

Ellipses εup and εdown intersect at critical angles θc y π − θc, where θc is given by

sin θc =
1
2

(
Hup

wall

Rup
wall

+
Hdown

wall

Rdown
wall

)
tan(i) = δ. (4)

Depending on the wall inclination angle i, there exist two possibilities to know whether both
ellipses can intersect: if δ < 1 or not if δ > 1, as seen in Figure 3.

For the case δ < 1, the region R is composed by two sub-regions R1 and R2:
where 0 < θ < arcsin(δ):

R1 =
{
(X, Y) : −X0 ≤ X ≤ X0 ∧ sYdown ≤ Y ≤ sYup

}
, (5a)

and where arcsin(δ) < θ < π
2 :

R2 =
{
(X, Y) : ±X0 ≤ X ≤ ±Rup

wall ∧ iYup ≤ Y ≤ sYup

}
, (5b)

that means R = R1 ∪R2 (see Appendixes A.3 and A.4).
For the case δ > 1, the region R is defined as follows

R =
{
(X, Y) : −Rwall ≤ X ≤ Rwall ∧ iYup ≤ Y ≤ sYup

}
. (6)

2.2. Vertical Walls

If in Definition 1 I set Rup
wall = Rdown

wall = Rwall, I obtain a two–dimensional vertical wall, as seen in
Figure 4a. By rotating this line segment around z–axis, I generate a cylindrical ring which lies in the
Euclidean space (x, y, z), as seen in Figure 4b. This ring is a tri–dimensional cylindrical wall.
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(a) A vertical wall of height 2Hwall on the
plane xz.

(b) A vertical wall in the space xyz with
boundaries εu and εdown.

Figure 4. Construction of a tri–dimensional vertical wall.

Following the same mathematical procedure as in the case of an inclined wall, I obtain that

εup : Yup = sYup ∪ iYup, (7a)

εdown : Ydown = sYdown ∪ iYdown, (7b)

where
sYup

Rwall
= cos(i)

√
1 −

(
X

Rwall

)2
+

Hwall
Rwall

sin(i), (8a)

iYup

Rwall
= − cos(i)

√
1 −

(
X

Rwall

)2
+

Hwall
Rwall

sin(i), (8b)

sYdown
Rwall

= cos(i)

√
1 −

(
X

Rwall

)2
− Hwall

Rwall
sin(i), (8c)

sYdown
Rwall

= cos(i)

√
1 −

(
X

Rwall

)2
− Hwall

Rwall
sin(i). (8d)

Both ellipses intersect at critical angles θc y π − θc, where θc is given by

sin θc =
Hwall
Rwall

tan(i) = δ. (9)

3. The RHADaMAnTe Code

To create synthetic SEDs as arising from the inner curved wall of a gap or hole open by a planet in
a protoplanetary disk, I have developed a computational code, written in the FORTRAN 90 language,
called RHADaMAnTe. This code is coupled to the ARTeMiSE code because the geometry of the wall is
required.

As I am interested in estimating the radiation reemitted by a tri–dimensional wall W projected on
the plane of the sky, in this code, I firstly calculate the angle between the radial ray and the normal to
the two–dimensional wall Wπ0 for each incident radial radiation ray coming from the central star, as
seen in Figure 5, by applying an algorithm also called RHADaMAnTe.

Then, I construct the tri–dimensional wall as the finite union of tri–dimensional conic rings
obtained by rotating inclined line segments about the z–axis at different heights. (see Figures 6a and 7).

Next, I calculate the surface projection on the plane of the sky of these rings, and then I calculate
the radiation emitted by each of them by implementing some ideas from an algorithm developed for
vertical walls [6]. Finally, I sum the contribution of the emission of all the projected rings to create a
synthetic SED.
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Figure 5. Geometry of the incidence of the stellar radiation along a ray Rk on the wall Wπ0 .

(a) Construction of segment lines WWk connecting
points Wk−1 and Wk in the two-dimensional wall
Wπ0 .

(b) Height Hk
wall of the line segment WWk .

Figure 6. Discretization of a two–dimensional curved wall Wπ0 by inclined line segments WWk , for
k = 2, . . . , kmax, and one vertical wall WW1 with 2Hk

wall in height.

Figure 7. Construction of a tri–dimensional wall W : Each couple of points Wk−1 and Wk in the
two–dimensional wall Wπ0 defines a ring Wk.

3.1. Geometry of the Radiation Reemitted by the Wall

RHADaMAnTe, acronym for Radial Geometry Algorithm for Calculating the Radiation Emitted by
a Wall), it is a geometrical algorithm which at first calculates the angle between the stellar radiation
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along a radial ray Rk and the normal to the two–dimensional wall Wπ0 , as seen in Figure 5. Secondly,
this algorithm discretizes the two–dimensional wall, which is not continuous, as seen in Figure 6a.

Let θk be the angle between the normal ηk on the point Wk belonging to the wall Wπ0 , and the
stellar radiation ray Rk, such that

θk = θηk
+ φk, (10)

where θηk
is the minimal angle between the normal ηk and the mid–plane (r–axis), and φk is the angle

between the ray Rk and the mid–plane, as seen in Figure 5.
The angle θk is required to calculate the reemitted stellar radiation by the wall. Because of wall’s

curvature and the radial geometry of the stellar radiation, each parcel of the wall does not absorb the
total radiation, as it is in the case of vertical walls. In this case, each parcel absorbs only a fraction of
the radiation which depends on the cos(θk).

Let ℓk be the tangent line to the wall Wπ0 at the point Wk with a positive slope mℓk
. It follows that

the inclination angle of such a line, measured from the r–axis, is θℓk
= tan−1(mℓk

), where

mℓk
=

dW

dr

∣∣∣∣
Wk

.

Physically, the wall Wπ0 should be characterized by a mathematical continuous function. However,
in this case, because of the numerical simulation, the wall is transfered, via the discretization process
described in Section 3.2, into a discrete counterpart. So, as the points Wk with k = 1, 2, · · · , kmax

defining Wπ0 are close enough, it is possible to find an approximation of its derivative.
Consider the points Wk and Wk+1 in the wall Wπ0 to be connected along the segment line Lk (as

seen in Figure 5), then the slope mLk
of this line approximates to the derivative with respect to r of

Wπ0 at the point Wk, that is

dWπ0

dr

∣∣∣∣
Wk

≈ mLk
.

Hence θℓk
≈ θLk

= tan−1(mLk
).

Next, since the line Lk is almost perpendicular to the normal ηk, it follows

θηk
≈ π

2 − θLk
. (11)

Finally, since the star is located at the origin of coordinate system, it is easily to calculate the angle
between the ray Rk and the mid–plane

φk = tan−1

(
W(z)

k

W(r)
k

)
, (12)

where W(r)
k and W(z)

k are the r and z coordinates of the point Wk.

3.2. Discretization of the Two–Dimensional Wall

By applying the ARTeMiSE algorithm, I obtain a set of points Wk = (rk, zk) with k = 1, 2, . . . , kmax,
defining the two–dimensional wall Wπ0 . It means that the wall is not a continuous curve. Then I
discretize the wall as the finite union of infinitesimal inclined walls: I connect each couple of points Wk−1
and Wk by inclined line segments WWk with height 2Hk

wall, as seen in Figure 6a.
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Consider an inclined line segment WWk with boundaries Wk−1 and Wk in the wall Wπ0 , and let
Pm(Wk−1, Wk) be the mid–point of WWk . As I require that the vertical height of this line segment to be
2Hk

wall, I define

Hk
wall := W(z)

k − Pm(z)(Wk−1, Wk) =
1
2 (zk − zk−1) if k = 2, 3, . . . , kmax,

where W(z)
k and Pm(z)(Wk, Wk−1) are the z coordinates of Wk and the mid–point between the points

Wk and Wk−1. See Figure 6b.
If k = 1, I construct a vertical line segment WW1 with boundaries W0 = (r1, 0) and W1, and height

z1, which conects to the mid–plane.

3.3. Curved Wall

Let Wπ0 =
⋃kmax

k WWk be a two–dimensional wall discretized by infinitesimal inclined line seg-
ments WWk for k = 2, . . . , kmax, and a vertical line segment WW1 .

By rotating each inclined line segment around z–axis, one generates a conic ring Wk with minimum
radius Rk−1, maximum radius Rk and total height 2Hk

wall. Whereas, by rotating the vertical line
segment, a cylindrical ring with radius R1 and total height 2H1

wall, is obtained. It follows the tri–
dimensional curved wall can be defined as the finite union of a cylindrical ring and several conic rings:
W =

⋃kmax
k Wk. See Figure 7.

3.3.1. Projection on the Plane of the Sky

The wall W has to be projected on the plane of the sky (X, Y) to calculate the amount of visible
surface. Therefore I consider the coordinate system (X, Y, Z), where Z is along the line of sight, such
that

X = x, (13a)

Y = y cos(i)− z sin(i), (13b)

Z = z cos(i)− y sin(i). (13c)

Since I want to apply the same algorithms of projection described in Sections 2.1 and 2.2, it is
required to do a geometric translation of each ring Wk to a secondary coordinate system (x′, y′, z′) such
that the translated ring W ′

k is centered at the origin. Easily I can say that there exists a translation
transformation Θ1 : (x, y, z) → (x′, y′, z′):

x′ = x (14a)

y′ = y (14b)

z′ = z − δzk, (14c)

where δzk = zk +
1
2 ∆zk is the displacement of the ring along z–axis, to be centered at the origin of the

system (x′, y′, z′), see Figure 8, with zk is the z coordinate of the point Wk and ∆zk = 2Hk
wall.

Applying this translation, it is possible to use the coordinate system (X′, Y′, Z′) to project the ring
W ′

k on the plane (X′, Y′):
X′ = x, (15a)

Y′ = y′ cos(i) + z′ sin(i), (15b)

Z′ = z′ cos(i)− y′ sin(i). (15c)
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(a) A conic ring. (b) A cylindrical ring.
Figure 8. Projection of a ring Wk on the Y-axis: When the ring is located at distance δzk > 0 along the
z-axis of the system (x, y, z), the projected distance on the Y-axis is δzk sin(i).

From Equations (13), (14), and (15) it follows that there exists a translation transformation Θ2 :
(X′, Y′, Z′) → (X, Y, Z), such that:

X = X′, (16a)

Y = Y′ + δzk sin(i) (16b)

Z = Z′ + δzk cos(i), (16c)

where δzk sin(i) is the projection on the Y–axis of the displacement of the ring along the z–axis, as seen
in Figure 8.

Combining Equation (16) with Equations (2) and (3), it follows that for the k–th conic ring

sY(k)
up

Rwall,k
= cos(i)

√
1 − X2

R2
wall,k

+
Hwall,k + δzk

Rwall,k
sin(i), (17a)

iY(k)
up

Rwall,k
= − cos(i)

√
1 − X2

R2
wall,k

+
Hwall,k + δzk

Rwall,k
sin(i). (17b)

sY(k)
down

Rwall,k−1
= cos(i)

√
1 − X2

R2
wall,k−1

−
Hwall,k−1 − δzk−1

Rwall,k−1
sin(i), (17c)

iY(k)
down

Rwall,k−1
= − cos(i)

√
1 − X2

R2
wall,k−1

−
Hwall,k−1 − δzk−1

Rwall,k−1
sin(i). (17d)

Whereas, for the cylindrical ring, by combining Equation (16) with Equation (8), it follows

sY(1)
up

Rwall,k
= cos(i)

√
1 − X2

R2
wall,k

+
Hwall,k + δzk

Rwall,k
sin(i), (18a)

iY(1)
up

Rwall,k
= − cos(i)

√
1 − X2

R2
wall,k

+
Hwall,k + δzk

Rwall,k
sin(i). (18b)

sY(1)
down

Rwall,k
= cos(i)

√
1 − X2

R2
wall,k

−
Hwall,k − δzk

Rwall,k
sin(i), (18c)
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iY(1)
down

Rwall,k
= − cos(i)

√
1 − X2

R2
wall,k

−
Hwall,k − δzk

Rwall,k
sin(i). (18d)

3.4. Emission of the Wall

To calculate the emission or emergent flux Fν of the visible wall projected on the plane of the sky,
I multiply the total emergent intensity Iν by the solid angle Ωwall of the visible surface of the wall,
whose geometry has been described in detail in Section 3.3.

For each element in the visible surface of the projected wall, the thermal emergent intensity,
approximated as isotropic, is given by

Iν ≈
∫ ∞

0
Bν[Td(τd)] exp(−τν)dτν (19)

[see [6] for derivation], where Bν is the Planck function, τd is the total mean optical depth at the disk
frequency band, and τν = τd(κν/χd), with opacity κν.

The wall temperature Td is a function of the optical depth of the disk, and it is calculated as
follows [see [6] for derivation]

T4
d(τd) = α

F0

4σR

[
C′

1 + C′
2 exp(−qτd) + C′

3 exp(−βqτd)
]
, (20)

where

C′
1 = (1 + C1)

(
2 +

3
q

)
+ C2

(
2 +

3
βq

)
, (21a)

C′
2 = (1 + C1)

(
qχd
κd

− 3
q

)
, (21b)

C′
3 = C2β

(
qχd
κd

− 3
qβ2

)
, (21c)

and

C1 = − 3w
1 − β2 , (22a)

C2 =
5w

β
[
(1 + 2β

1

]
(1 − β2)

, (22b)

with α = 1 − w, β =
√

3α, and w = σs/χs is the mean albedo to the stellar radiation and
F0 = L⋆/4πR2

wall, where L⋆ is the stellar luminosity.
At a distance d from the observer, the total solid angle is given by

Ωwall =


cos(i)

(
Rup

wall + Rdown
wall

d

)2[
δ
√

1 − δ2 + arcsin(δ)
]
, if δ < 1,

π cos(i)

(
Rup

wall
d

)2

, if δ ≥ 1,

(23)

with

δ =
1
2

(
Hup

wall

Rup
wall

+
Hdown

wall

Rdown
wall

)
tan(i),

for conic rings, and
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Ωwall =


2 cos(i)

(
Rwall

d

)2[
δ
√

1 − δ2 + arcsin(δ)
]
, if δ < 1,

π cos(i)
(

Rwall
d

)2
, if δ ≥ 1,

(24)

with
δ =

Hwall
Rwall

tan(i),

for cylindrical rings.

3.4.1. Rosseland Mean Opacity

Equation (19) requires the calculation of the opacity κν. This dominant opacity depends on the
chemical composition, pressure and temperature of the gas, as well as the frequency ν of the incident
light. This is a complex endeavour. The problem can be simplified by using a mean opacity averaged
over all frequencies, so that only the dependence on the gas physical properties remains. In the current
work, I use the Rosseland mean opacity, defined as

1
⟨κR⟩ :=

∫ ∞

0

1
κν

∂Bν

∂T
dν∫ ∞

0

∂Bν

∂T
dν

, (25)

where Bν(T) is the Planck’s function, and T is the disk temperature [32].
To calculate the total Rosseland mean opacity κR, I consider that all the dust grains species exist

and the mixture of dust grains is made of small and big grains. Using the previous assumptions I
calculate the total Rosseland mean opacity as follows:

κR(x, z) = ζsmall(x, z)κRsmall + ζbig(x, z)κRbig , (26)

where κRsmall and κRbig are the Rosseland mean opacities associated to the small dust grain size distri-
bution and big dust grain size distribution, respectively. And ζsmall and ζbig represent the abundances
(dust-to-gas mass ratio) of the small and big grains, respectively:

ζsmall(x, z) = 1
2 ζsmall,0

{
1 − tanh

[
k
(

1 − z
δH

)]}
, (27a)

ζbig(x, z) = 1
2 ζbig,0

{
1 + tanh

[
k
(

1 − z
δH

)]}
, (27b)

here δH represents a small fraction of the scale height of the disk, and k is a factor which defines a
smooth transition between small and big grains population [33].

The monochromatic opacity κν in Equation (25) depends on the dust species in the mixture and
their physical and chemical properties, such that it is calculated as the sum of the monochromatic
opacity of each grain species:

κν =
qmax

∑
q

κ
q
ν(aq

min, aq
max, σq, ηq), (28)

where aq
min and aq

max are the sizes of the small and big grains, and σq and ηq are the abundance and
refraction index of the species. Here q is running over the name of the species (e.g. silicates, organics,
amorphous carbon, ice and troilite) in the dust composition of the disk. I calculate the monochromatic
opacities using the Mie theory by implementing some modified routines of a code developed in [6].
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Summarizing, to calculate the emergent flux emitted by the curved wall, I have developed a
computational code called RHADaMAnTe. This code is based on the geometry of the wall calculated by
the ARTeMiSE code. In Figure 9 I show a flowchart of our code. For some tests, see Appendix B.

Figure 9. A flow chart of the RHADaMAnTe code.

4. Results: An Implementation to the Stellar System LkCa 15

In this section, I present a model of the truncated dusty disk of the T Tauri star LkCa 15 that
accounts for the Spitzer Infrared Spectrograph observations. I have modeled the mid–infrared spectral
energy distribution from 5 and 40µm) as arising from the inner curved wall of the outer disk. In this
model a 10MX mass planet is the responsible of the wall curvature. The free dust hole has a radius
of ∼53 AU along the mid-plane. The wall has a half-height of ∼12AU and it is illuminated at normal
incidence by the central star, but it also is shadowed because of the presence of an internal optically
thick disk.

4.1. Simulation: Planet–Disk Interaction

As I am interested in characterizing the geometry of the wall of the disk gap, in the LkCa 15
system, I need to analyze the vertical structure of the disk. Assuming the gap was opened by an
embedded planet, I use the FARGO–3D hydro–dynamical code to launch two numerical simulations of
the disk–planet interaction until the 500th. The only difference among these simulations is the size in
resolution (NX × NY × NZ). The low resolution of 50 × 50 × 30 was used to find quickly the orbit where
the system reaches a quasi–stationary state. The medium resolution of 250 × 250 × 100 was used to
get a better approximation of the wall. According to FARGO–3D requirements, in Table 1 I show some
parameters for simulations.
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Table 1. Disk-planet simulation specifications.

PARAMETER VALUE

Disk

Aspect ratio H 0.045
Surface density Σ0 1.44666 × 10−4

α–viscosity 0.0
Σ0 slope 1.0
Flaring index 0.0

Planet

mp 10MX
ap 23 AU
RocheSmoothing 0.4
Acretion No

Mesh

Units unitless
Dimension 3D
Geometry spherical
[Xmin, Xmax] [−π, π]
[Ymin, Ymax] [0.1, 3.666]
[Zmin, Zmax] [1.37340076, π/2]

Timing Orbits 500

In Figure 10, I present the tri–dimensional structure of the 100th orbit of the LkCa 15 disk
simulation. It is here where the system reached a stationary-state.

(a) Tri–dimensional structure of the full disk (b) Vertical cut of the disk along the planet
location

Figure 10. Visualization of the 3D simulation (100 orbit).

In Figure 11, it can be observed an optically thick inner disk and the gap completly opened. The
planet is located at the point (x, y) = (1, 0) as seen in Figure 11a.
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(a) Mid-plane of the disk at the 100th orbit (b) Vertical cut on the xz–plane at the 100th
orbit.

Figure 11. Density isocontours on the disk: Gap opening.

4.2. Dust Grain

The optical depth of the disk depends on the disk material opacity, I assume that the disk is a
mixture of grains composed of silicates with mass fraction ζsil = 0.0034, organics with ζorg = 0.0041,
and troilite with ζtroi = 8.0× 10−4, consistent with the model proposed in [34]. The grains are assumed
to be spheres, which obey the standard MRN grain size distribution n(a) ∼a3.5 [7].

I consider two grain populations: small grains between minimum radius amin = 0.005µm and
maximum radius amax = 0.25µm, and big grains between minimum radius amin = 0.005µm and
maximum radius amax = 1000µm. I consider a smooth transition between both dust populations, see
Equation (27) in section 3.4.1, where I set k = 20, δ = 0.1 and ζsmall,0 = 0.5 and ζbig,0 = 6.8. I use
optical constants for silicates from [35], [36] and [37], for the organics from [34] and for troilite from
[34] and [38]. I also take into account the sublimation temperature of the grain species in the mixture
Tsil = 1400K, Torg = 425K, and Ttroi = 680K.

For the composition of the silicate dust grains, I considered several possibilities as showed in [39]:
amorphous Mg–Fe glassy olivine (Mg2xFe2−2xSiO4) and glassy pyroxene (MgxFe1−xSiO3), where the
subscripts to each element represents the fraction of the silicate composed of that element, with optical
constants from [36].

4.3. The Vertical Geometry of the Wall

I found that the 10MX mass planet candidate, when is located at 32.3AU from the central star,
opens a gap around the young transitional disk host LkCa 15. The ARTeMiSE code was implemented
to analize the simulation data. The radii of the wall along the mid–plane of the disk and the heights of
the wall have a deppendence on the chemical composition of the silicate grains as showed in Table 2.
In Figure 12, I show the geometry of a wall where the dust garin disk composition has glassy olivine
(silicate) with 50%Fe and 50% Mg.

The location of the planet candidate is not consistent with the observations [e.g. [25]], which
suggest that the possible massive planets LkCa 15 b and LkCa 15c are located at 14.7 ± 2.1AU and
18.6 ± 2.5AU, respectively, along the semimajor axis. However, the radii of the wall along the mid–
plane Rmid−plane

wall are similar to those measured in [40,41], ∼50 AU, and [22],∼56AU.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 November 2024 doi:10.20944/preprints202411.0328.v1

https://doi.org/10.20944/preprints202411.0328.v1


16 of 30

Table 2. Parameters of the wall for different chemical composition of silicate dust grains: pyroxene and
olivine. Organic and troilite grains composition is the same for all cases.

SILICATE Rwall [AU] Hwall [AU]

PYROXENE

Mg0.4Fe0.6SiO3 56.0 11.5
Mg0.6Fe0.4SiO3 49.8 12.3
Mg0.8Fe0.2SiO3 51.0 12.0
Mg0.95Fe0.025SiO3 50.0 13.2

OLIVINE

Mg0.8Fe0.2SiO4 52.5 10.0
Mg0.5Fe0.5SiO4 53.0 12.0

Figure 12. Vertical geometry of the wall of the inner edge of the outer disk (picture is not scaled
proportionally): Because of the embedded planet the wall is curved. It is ∼16AU in width and
∼12.22 AU in height. In this model, the dust consists of a mixture of small and big grains of glassy
olivine (silicate) with 50%Fe and 50% Mg and with a small amount of organic and troilite grains.

4.4. SED of the Wall

I model LkCa 15 as a central star with the properties described in Section 1.2, surrounded by an
optically thick inner disk (as showed in Figure 11) and and outer disk truncated at ∼120AU. I consider
the gap has a curved wall at differentent locations and heights according to Table 2. In the models, I
consider that LkCa 15 is at 140pc from Earth in the Taurus-Auriga star forming region [21] and the
disk inclination is i = 50◦ [25]. A representation of the model is showed in Figure 13.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 November 2024 doi:10.20944/preprints202411.0328.v1

https://doi.org/10.20944/preprints202411.0328.v1


17 of 30

Figure 13. Schematic representation of the pre-transitional disk LkCa15. In this ilustration the blue
point represents the central star and the curved lines are the disk walls. The wall of the inner disk is
fully illuminated by the central star. For the wall of the outer disk, light blue line represents the portion
of the wall that is fully illuminated by the star, and black corresponds to the part of the wall that is in
the umbra of the inner disk.

As the inner disk casts an umbra over the wall of the outer disk, as seen in Figure 13, I have to
remove it from the SED of the outer disk wall. In order to find zumb, I implement some improved
routines developed in [42] for curved sublimation walls. This code uses opacities to calculate the shape
of the wall and assumes that the stellar rays are parallel to the mid–plane. I found that the wall of the
inner disk starts at ∼0.04932AU, from the central star, and runs until ∼0.18407AU where it reaches
∼2.3550 × 10−2AU in height. And the temperature of the sublimation wall decreases with radius and
it ranges from 1014.3 K to 1443.7 K.

In a first approximation, assuming the star as a point, the sublimation wall produces only an
umbra over the wall of the outer disk (see Figure 13). To calculate the size zumb of this umbra, theangle
θshw subtended by the height zinner

wall of the sublimation wall is needed. In addition, for some points
(r, z) in the outer wall, I calculate the angle θ′shw = arctan(z/r) until it reaches the value θshw.

Applying the previous algorithm to the geometry of the wall (see Figure 12), I found that the
umbra produced by the sublimation wall of the inner disk onto the wall of the outer disk is 7.44AU
in height (above and below the disk mid–plane). It means the contribution to the SED of the outer
wall comes from a region of the wall from ∼58.84AU to ∼68.7AU along the radial direction, and from
7.44AU to 12.22AU along the vertical direction. In Figure 14a I show the surface area of the whole
curved wall, and in Figure 14b I show the surface area considered the umbra cast by the inner disk.
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(a) Area of the whole wall.
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(b) Area of the wall considering the umbra cast by
the inner disk above and below of the disk mid–
plane.

Figure 14. Area of the projection of a curved wall on the plane of the sky XY. The wall starts at 53 AU
along the mid-plane and ends at 69 AU, with total height of 24 AU, and the disk inclination angle is
i = 50◦.

Synthetic SEDs of the wall of the outer disk, where the dust consists of grains of glassy pyroxene
with different concentration of Fe and Mg are showed in Figure 15. I performed a chi–square test for
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each model, to examine whether the synthetic SED fits to the Spitzer IRS SED. I found that no model is
either capable to fit the observed SED (χ2∼300) nor reproduce the silicate peak at ∼10µm. However,
for glassy pyroxene with 60% Fe and 40% Mg (see Figure 15a) it seems the silicate peaks tries to appear
at ∼10µm, this lead us to think that a lesser concentration of Mg in the pyroxene composition would
produce the silicate feature. Unfortunately, there is not available, in the literature, the optical constants
needed to calculate the opacities, for such chemical concentrations.
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(c) Glassy pyroxene Mg0.8Fe0.2SiO3. Best fit
χ2∼280.57.
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χ2∼286.10.

Figure 15. Examples of wall synthetic SEDs (green line) compared to the observed SED (blue line) of
LkCa 15. The dust mixture consists of different chemical composition of glassy pyroxene silicate grains
and with a small amount of organic and troilite grains.

In Figure 16, I show the synthetic SEDs of the wall of the outer disk, where the dust mixture
consists of grains of glassy olivine with different concentration of Fe and Mg. I found that none of
these configurations is capable to fit the observed SED (χ2 > 200). However, in both cases a silicate
peak appears at ∼10µm. A concentration of 50% Fe and 50% Mg produces the best fit (see Figure 16b).

Previous results lead us to say that the SED of LkCa 15 is not dominated by the contribution of the
curved wall of the outer disk in the mid–infrared. However, when olivine grains with a concentration
of 50% Fe and 50% Mg or 80% Fe and 20% Mg are in the dust mixture, a silicate feature appears at
∼10µm.
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(a) Glassy olivine Mg0.8Fe0.2SiO4. Best fit χ2∼250.87.
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(b) Glassy olivine Mg0.5Fe0.5SiO4. Best fit χ2∼208.74
Figure 16. Examples of wall synthetic SEDs (green line) compared to the observed SED (blue line) of
LkCa 15. The dust mixture consists of different chemical composition of glassy olivine silicate grains
and with a small amount of organic and troilite grains.

4.5. SED of the System

Considering the SED contribution of the inner sublimation wall and the star, in addition to the
SED contribution of the wall of the outer disk, I present a more complete model of the stellar system
LkCa 15. For the stellar SED, I have used a Kurucz atmosphere model with log[Z/H] = 0.5 and
log[g] = 4.0. Table 3 lists the parameters for this model. In Figure 17, I show the contribution of the
star, the inner sublimation wall and the wall of the outer disk to the total synthetic SED.

Only for some wavelengths in the mid–infrared, ∼15.0µm < λ <∼20.0µm, the sythetic SED
fit to LkCa 15 observed SED, I estimated χ2∼0.45. For all the other wavelengths in the field of
view of the Spitzer IRS (5.217–37.86 µm), the synthetic SED is below the observed SED. For wave-
lengths ∼5.217µm < λ ≤∼8.0µm the difference is not very high (χ2∼3.36); however, for wavelengths
∼8.0 µm < λ ≤∼15.0 µm (with χ2∼17.72) and ∼20.0 µm < λ ≤∼37.86 µm (with χ2∼19.08) this
difference becomes significant (see Figure 18).

I can suggests that the inner sublimation wall and the stellar photo-sphere cannot account for
the significant near-infrared excess in LkCa 15. It means the SED model also requires of optically thin
dust inside the gap to explain the excess and to produce the 10µm silicate feature as showed in [43].
Similarly, as the wall of the outer disk cannot account for the excess in the mid and long–infrared, I
asumme that this SED model also requires of the contribution of the outer disk.
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Figure 17. Pre-transitional disk model of LkCa 15. The best-fit model to LkCa 15 (dark blue line),
with a ∼53AU gap, consists of an inner optically thick disk with a curved sublimation wall and an
outer optically thick disk with a curved wall. Separate model components are the stellar photo-sphere
(yellow line), the inner disk sublimation wall (magenta line) and the outer disk wall (green line). We
show the Spitzer IRS SED (light blue line).
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Figure 18. Synthetic SED (green line) that best fit the observed SED (blue line) of LkCa15. With model
parameters: cos(i) = 0.6427, Rwall = 58.11AU, Hwall = 5.27AU, zumb = 6.73AU. The dust in the inner
disk consists of small grains (amin = 0.005µm) and big grains (amax = 0.25µm) of silicates and graphite,
while in the outer disk, the dust consists of small (amin = 0.005µm and amax = 0.25µm) and big grains
(amin = 0.005µm, amax = 1000µm) of glassy olivine with 50% Fe and 50% Mg and with a small amount
of organic and troilite grains.
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Table 3. Stellar and model properties: Rmin
wall and Hwall in the case of the outer wall are measured at the

location of the umbra cast by the inner disk. Olivine silicate grains composition is 50% Fe and 50% Mg.

PARAMETER VALUE

Star

M⋆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.0M⊙
R⋆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.6 R⊙
T⋆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4370 K
d⋆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 pc
Ṁ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3.3 × 10−9 M⊙ yr−1

Disk Inclination. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50◦

Inner wall

amin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.005µ m
amax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.0µ m
Rmin

wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.04932 AU
Rmax

wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.18407 AU
Hwall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.02335 AU
Tmin

wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1014.3 K
Tmax

wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1443.7 K

Dust . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . silicates
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . graphite

Outer wall

asmall
min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.005µm

asmall
min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.25µm

abig
min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.005µm

abig
min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1000µm

Rmin
wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58.84 AU

Rmax
wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68.70 AU

zumb . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7.44 AU
Hwall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4.78 AU
Tmin

wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59.76 K
Tmax

wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80.55 K

Dust
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . olivine
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . organics
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . troilite

5. Discussion: Vertical Wall SED vs. Curved Wall SED

Wall SED models of LkCa 15 (and many other pre-TDs and TDs) are based on vertical walls [e.g.
[23,43]]. RHADaMAnTe code is able to construct wall SEDs based on this geometry. Here I present
some wall SED models of LkCa 15 considering vertical walls to compare with the best fit curved wall
SED model (as seen in Figure 19).

In these vertical wall SED models, it is also cosidered that the umbra cast by the inner disk is
6.73 AU (measured from the disk mid–plane to up). The height of the wall is 12 AU (measured from
the disk mid–plane to up). The size and composition of the dust grains remain the same as described
for the best fit curved wall SED model.

The vertical walls were located at 30, 58.11, 60.85 and 68.7 AU. RHADaMAnTe estimated the area of
the visible surface projected on the plane of the sky of these vertical walls, Avert

wall, and the curved wall,
Acur

wall. I found that Avert
wall > Acur

wall, if the umbra of the inner disk is considered. While if the emission
of the whole wall is considered, Avert

wall < Acur
wall. Wall temperatures also were estimated, I found 27.63,

26.41, 25.80 and 24.29 K, respectively. It means that the temperature of a vertical wall, Twall, decreases
if its radius, Rwall, increases. Furthermore, the radiation emitted by a vertical wall, Fλ, also decreases
as Rwall increases, as seen in Figure (19).

Finaly, I compared the radiation emitted by vertical walls, Fvert
λ , with the radiation emitted by

the curved wall, Fcurved
λ (see Figure 19). I found that Fvert

λ > Fcurved
λ for wavelengths between 5

and 1000 µm. The difference between fluxes becomes significant, about one order of magnitude, for
9 µm < λ < 35 µm.

This infrared excess arises, in part, from the angle, θ, between the radiation ray and the normal to
the wall (see Section 3.1), because Fλ ∝ cos θ. For vertical walls, cos(θ) ∼ 1 for all the radiation rays
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hitting the wall, because the normal to the wall is always parallel to the disk mid–plane. Whereas
for curved walls 0 ≤ cos(θ) ≤ 1, because of the wall curvature. In addition, for some models, some
regions of the curved wall are farther from the central star than the vertical one.
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−
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vertical wall at 53 AU
vertical wall at 58.11 AU
vertical wall at 60.85 AU
vertical wall at 68.70 AU

SPITZER IRS
curved wall

Figure 19. Comparison between synthetic SEDs of vertical walls of gaps located at different Rwall, and
a curved wall starting at 58.11 AU and finishing at 68.70 AU, created by RHADaMAnTe code. All the
walls are 12.0 AU in height, and it is considered a shadow (umbra) on the walls of 6.73 AU due to the
inner disk. Spitzer IRS SED is showed in blue.

The above two facts induce a lower exposure of the curved wall to the host star radiation, which
derives in much less radiative heating of the wall, and, consequently, in the significantly lower radiative
infrared cooling flux. For this reason, the one order of magnitude in lower infrared emisison in the
curved wall model is as significant as correct by very basic physical considerations: the height of the
curved wall and the umbra cast by the inner disk onto the outer disk.

It is worth mentioning that the geometry, location and height of the curved wall arise from a
physical mechanism considering the opacities and chemical composition of the disk, where the disk is
the result of a three–dimensional hydro–dynamical simulation, whereas for the vertical walls there is
not any physics to choice these parameters. Although the curved wall SED model is the best choice to
compare with the Spitzer IRS SED of LkCa 15, as it is showed in Figure 19, to rise this synthetic flux to
the right level, it is needed, in adittion, the contribution of the central star, the inner disk, the outer
disk and a region of optically thin dust inside the gap, as discussed in Section 4.4.

6. Conclusions

The computational code RHADaMAnTe was developed in order to calculate synthetic SEDs of
protoplanetry disks. As a initial parameter, the code requires the geometry of the wall coming
from hydro-dynamical three-dimensional simulations of the planet-disk interaction and dust grain
properties. This code is useful to explain the observed SED of young stellar systems in transition stage.
It would lead to unveil the structure of the system, such as, the inner disk, the gap, and the outer disk,
even the location and mass of the embedded planet responsible of the gap opening.

From the implementation of this code to the pre-transitional disk LkCa 15, it can be concluded
that:

All models of the SED consisting only of a curved wall, using different concentrations of Fe
and Mg for the silicate (pyroxene and olivine) grains, suggest that LkCa 15’s Spitzer IRS SED cannot
be accounted by the emission of a curved wall. Chi-square tests indicate the models are not good
(χ2∼102). In addition, for models with a dust mixture containing glassy amorphous olivine grains,
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Mg0.2Fe0.2SiO4 or Mg0.5Fe0.5SiO4, a 10µm silicate feature can be observed. However, the intensity of
this silicate emission to that measured in the Spitzer IRS SED.

Including to the wall SED model, the contribution of the stellar photo-sphere and the sublimation
wall of the inner disk, considering a dust mixture with amorphous glassy olivine with 50% Fe and
50% Mg and a small amount of organic and troilite grains, the observed and synthetic SEDs fit better
(χ2∼45). However, this model cannot fit the Spitzer IRS SED. Only for a small band in the mid-infrared,
∼15.5µm < λ <∼18.0µm, the fit is good (χ2∼0.076).

Several limitations exist in the current model: The contribution of the inner disk was not consid-
ered, neither the contribution of an optically thin region inside the gap [e.g. [23,43]], nor the optically
thick outer disk. The inner disk might contribute to the SED at wavelengths in the near infrared. The
optically thin region might explain the silicate feature of the Spitzer IRS SED at 10µm. While the outer
disk might contribute to the SED at wavelengths longer than 18µm.

Vertical wall SED models, via RHADaMAnTe code, show a difference of one order of magnitude
in the flux, Fvert

λ , compared to the curved wall SED model, Fcurved
λ , for wavelengths from 8 to 35 µm.

This difference arises from dependency of the flux, Fλ, on the cosine of the angle, θ, between the stellar
radiation ray and the normal to the wall. This lower exposure of the curved wall to the stellar radiation
results in much less radiative heating of the wall, and, consequently, in the significantly lower radiative
infrared cooling flux.

The synthetic SED of a curved wall, estimated by RHADaMAnTe code, includes physical and
chemical mechanisms absent in the estimation of the SED of a vertical wall. That is, a curved wall SED
is better to fit the Spitzer IRS SED of LkCa 15 or any other protoplanetaray disk.
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Abbreviations

The following abbreviations are used in this manuscript:

M⊙ Mass of the Sun
MX Mass of Jupiter

Appendix A. Mathematical Tools

Appendix A.1. Construction of a Vertical Wall

Consider an inclined segment line as showed in Figure 1a. Circles Cup and Cdown, with radii
Rup

wall and Rdown
wall and height Hup

wall and Hdown
wall , respectively, are generated by rotating such segment line

around z–axis. These circles define the superior and inferior boundaries of a tri–dimensional wall W .
The projection on the XY–plane of these circles, given an inclination angle i, generates the ellipses εup

and εdown, as seen in Figure A1a. Ellipse εup is centered at (h, k) with semi–major and semi–minor axes
a and b, respectively. Whereas, ellipse εdown is centered at (h′, k′) with semi–major and semi–minor
axes a′ and b′, respectively.

Without lost of generality I focus on the construction of ellipse εup. As the coordinate system XY
is centered on the star, it follows h = 0, and the Y coordinate of the ellipse is the projection of the height
Hup

wall of the circle Cup on the Y-axis, as seen in Figure A1b, that is, k = Hup
wall sin(i). The semi–major

axis is a = Rup
wall, and the semi–minor axis is the projection of the radius of the circle Cup on the Y-axis,

as seen in Figure A1b, that is, b = Rup
wall cos(i).
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(a) Ellipses εup and εdown define the pro-
jection, on the XY–plane, of the superior
Cup and inferior Cdown circles which are the
boundaries of the wall.

(b) Projection of the superior circle Cup with
radius Rup

wall and height Hup
wall on the Y–axis.

Figure A1. Geometry of ellipses εup and εdown defining the projection of the tri–dimensional wall W

on the XY–plane.

So the full form of the equation of ellipse εup is:[
X

Rup
wall

]2

+

[
Y − Hup

wall sin(i)

Rup
wall cos(i)

]2

= 1. (A1)

Similarly, for ellipse εdown,[
X

Rdown
wall

]2

+

[
Y + Hdown

wall sin(i)

Rdown
wall cos(i)

]2

= 1. (A2)

Hence, I define

sYup

Rup
wall

= cos(i)

√√√√1 −
(

X
Rup

wall

)2

+
Hup

wall

Rup
wall

sin(i), (A3a)

iYup

Rup
wall

= − cos(i)

√√√√1 −
(

X
Rup

wall

)2

+
Hup

wall

Rup
wall

sin(i), (A3b)

sYdown

Rdown
wall

= cos(i)

√√√√1 −
(

X
Rdown

wall

)2

−
Hdown

wall

Rdown
wall

sin(i), (A3c)

iYdown

Rdown
wall

= − cos(i)

√√√√1 −
(

X
Rdown

wall

)2

−
Hdown

wall

Rdown
wall

sin(i), (A3d)

such that

εup : Yup = sYup ∪ iYup, (A4a)

εdown : Ydown = sYdown ∪ iYdown. (A4b)
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Appendix A.2. Area Between Two Curves

Definition A1. The area between the curves f (x) and g(x) and the ordinates x = a and x = b is given by

A =
∫ b

a
[ f (x)− g(x)]dx, (A5)

if and only if f (x) ≥ g(x) ∀x ∈ [a, b].

Definition A2. Let f : R → [0, 1] be a continuous function defined by x 7→
√

1 − (x/a)2. An anti-derivative
or primitive function of f is

F(x) =
∫ √

1 −
( x

a

)2
dx = 1

2 x

√
1 −

( x
a

)2
+ 1

2 a sin−1
( x

a

)
+ C, (A6)

such that F′(x) = f (x) ∀ x ∈ [0, 1].

Appendix A.3. Theoretical area of the projected vertical wall: The whole wall

The following analysis, on the area of a visible wall (projected on the plane of the sky), focuses on
the case corresponding to δ < 1 (the star is visible), because of LkCa 15 inclination angle (i = 50◦).

The area of the projection of a whole vertical wall on the plane of the sky is

A = A1 + 2A2 (A7)

as seen in Figure (A2). Where, according to Definition A1,

A1 =
∫ X0

−X0

(sYup − sYdown)dX, (A8a)

A2 =
∫ Rwall

X0

(sYup − iYup)dX, (A8b)

and
X0 = sYdown ∩ iYup. (A8c)

Figure A2. Area of the projection of the whole vertical wall on the plane of the sky XY, defined by the
intersection of the ellipses Yup and Ydown.

Since

sYup = Rwall cos(i)

√
1 −

(
X

Rwall

)2
+ Hwall sin(i),

iYup = −Rwall cos(i)

√
1 −

(
X

Rwall

)2
+ Hwall sin(i),
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and

sYdown = Rwall cos(i)

√
1 −

(
X

Rwall

)2
− Hwall sin(i),

it follows

A1 = 2
∫ X0

0
2Hwall sin(i)dX = 4X0Hwall sin(i),

A2 = 2Rwall cos(i)
∫ Rwall

X0

√
1 −

(
X

Rwall

)2
dX

and

X0 = Rwall

√
1 −

[
Hwall
Rwall

tan(i)
]2

.

Using Equation (A6), it leads

A2 = Rwall cos(i)

 1
2 πRwall − X0

√
1 −

(
X0

Rwall

)2
− Rwall sin−1

(
X0

Rwall

).

Hence, the area of the projected vertical wall is

A = 4X0Hwall sin(i)

+Rwall cos(i)

πRwall − 2X0

√
1 −

(
X0

Rwall

)2
− 2Rwall sin−1

(
X0

Rwall

).
(A11)

Appendix A.4. Theoretical Area of the Projected Vertical Wall: The Wall with Shadow

To calculate the area of the projection of a vertical wall considering the umbra cast by the inner
disk, I subtract to the area generated by the whole wall [see Equation (A11)], the area generated by
the shadow. The shadow can be assumed as a vertical wall with Hshw in height, measured from the
mid–plane.

Then the area of the projection of the shadow on the plane of the sky is

Ashw = A1 + 2A2 (A12)

as seen in Figure (A3). Where, according to Definition A1,

A1 =
∫ X1

−X1

(sY′
up − sY′

down)dX, (A13a)

A2 =
∫ X2

X1

(sY′
up − iYup)dX, (A13b)

and
X1 = iYup ∩ sY′

down. (A13c)

X2 = iYup ∩ sY′
up. (A13d)

with
0 < X0 < X1 < X2 < Rwall

Since

sY′
up = Rwall cos(i)

√
1 −

(
X

Rwall

)2
+ Hshw sin(i),
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sY′
down = Rwall cos(i)

√
1 −

(
X

Rwall

)2
− Hshw sin(i),

if follows

A1 = 2
∫ X1

0
2Hshw sin(i)dX = 4X1Hshw sin(i),

A2 = 2Rwall cos(i)
∫ X1

0

√
1 −

(
X

Rwall

)2
dX +

∫ X2

X1

(Hshw − Hwall) sin(i)dX,

X1 = Rwall

√
1 −

[
Hwall + Hshw

2Rwall
tan(i)

]2

and

X2 = Rwall

√
1 −

[
Hwall − Hshw

2Rwall
tan(i)

]2

Figure A3. Area of the projection of the shadow cast by the inner disk on the plane of the sky XY,
defined by the intersection of the ellipses Y′

up, Y′
down and Yup (in gray). The region in blue is the area of

the visible wall.

Using Equation (A6), it leads

A2 = (Hshw − Hwall)(X2 − X1) sin(i)

+Rwall cos(i)

X2

√
1 −

(
X2

Rwall

)2
+ Rwall sin−1

(
X2

Rwall

)

−X1

√
1 −

(
X1

Rwall

)2
− Rwall sin−1

(
X1

Rwall

).

Hence, the area of the shadow, projected on the plane of the sky, is

Ashw = 4X1Hshw sin(i) + 2(Hshw − Hwall)(X2 − X1) sin(i)

+2Rwall cos(i)

X2

√
1 −

(
X2

Rwall

)2
+ Rwall sin−1

(
X2

Rwall

)

−X1

√
1 −

(
X1

Rwall

)2
− Rwall sin−1

(
X1

Rwall

).

(A16)

Appendix B. Testing RHADaMAnTe

RHADaMAnTe code calculates the Spectral Energy Distribution (SED) of the curved wall of gaps
in protoplanetary disk. Before doing its main task, this code has to calculate the projection of each ring

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 November 2024 doi:10.20944/preprints202411.0328.v1

https://doi.org/10.20944/preprints202411.0328.v1


28 of 30

on the plane of the sky, which defines the 3D-wall. Figure A4 shows the results of a test where it is
assumed that the 3D-wall is made of six rings.

Figure A4. Wall surface projected on the plane of the sky XY calculated by RHADaMnTe.

Figure A5 shows the synthetic SED of a curved wall depending on the number of rings used to
estimate it. That is, as the number of the rings increases the size of the SED also increases. In the test it
was noticed that the greater contributors to the SED are those rings near the mid-plane.

Figure A5. SEDs of a curved wall with different ring contributions calculated by RHADaMAnTe. SED in
blue is calculated using all the rings, that is, the whole wall. SED in green is calculated starting from
the 14th ring above the disk-mid plane, and SED in red is calculated starting from the 36th ring, that is,
a shadowed wall.
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