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Abstract: In this paper, we study algebraic Schouten solitons concerning the perturbed canonical connection
and the perturbed Kobayashi Nomizu connection on three-dimensional Lorentzian Lie groups and give the
complete classification of the algebraic Schouten solitons with product structure on three-dimensional Lorentzian

Lie groups.
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1. Introduction

Einstein metrics are fundamental in differential geometry and physics and have been widely
studied in (pseudo)-Riemannian geometry. The Riemannian manifolds (M, g) are called Ricci soliton
if there exists a smooth vector field X and a real constant A satisfying,

Ric+ %Exg =Ag, (1)

Ric is the Ricci tensor, and L£Lxg denotes the Lie derivative of g concerning the vector field X. It is
a natural generalization of Einstein metric, a fixed solution of Hamilton Ricci flow equation up to
diffeomorphism and scaling. The theory of Ricci flow was developed by Hamilton [1], and it was
applied by Perelman [2] to prove the long well-open problem Poincare conjecture. Ricci flow, Ricci
soliton have applications in Physics [3,4]. Especially, Lauret introduced the concept of algebraic Ricci
soliton as a natural generalization of the Einstein metric in the Riemannian case [5]. Onda and Batat
extended the idea to the pseudo-Riemannian Lie group and obtained a complete classification of
algebraic Ricci solitons of three-dimensional Lorentzian Lie groups in [6], the author also proved
that, in the pseudo-Riemannian setting, Ricci solitons need not be algebraic Ricci solitons. Motivated
by Lauret’s research, Wears derived the algebraic T-solitons and established the connection between
T-solitons and algebraic T-solitons. In [7], Wears gave a complete classification of algebraic T-solitons
on three-dimensional unimodular Lie groups using Milnor frames. In [8], a generalized Ricci soliton
on three-dimensional Lie groups was defined, which could be considered a Schouten soliton.

In [9], Etayo and Santamaria studied some affine connections on manifolds with a product or
complex structure. Motivated by this research, mathematicians started to study Ricci soliton associated
with different affine connections. For example, in [10], Wang classified affine Ricci solitons associated
with canonical connections, perturbed canonical connection, Kobayashi-Nomizu connection, and
perturbed Kobayashi-Nomizu connection on three-dimensional Lorentzian Lie groups with some
product structure. In [8,11], Azami investigated the affine generalized Ricci solitons concerning the
perturbed canonical connection and the perturbed Kobayashi Nomizu connection on three-dimensional
Lorentzian Lie groups. For more results related to Ricci solitons, see [12-15]. In this paper, we
investigate algebraic Schouten solitons associated with the perturbed canonical connection and the
perturbed Kobayashi-Nomizu connection. Next, we derive the detailed classification of algebraic
Schouten solitons related to these connections on three-dimensional Lorentzian Lie groups.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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This paper is organized as follows. In section 2, we give some fundamental concepts for Lie groups,
specifically relating to the perturbed canonical connection and the perturbed Kobayashi Nomizu
connection. In section 3, we classify algebraic Schouten solitons associated with the perturbed canonical
connection and the perturbed KobayashiNomizu connection on three-dimensional Lorentzian Lie
groups with a product structure.

2. Preliminaries

Milnor surveyed old and new results on left-invariant Riemannian metrics on Lie groups, espe-
cially three-dimensional unimodular Lie groups, which are entirely classified in [16]. In [17], Rahmani
classified three-dimensional unimodular Lie groups equipped with a left-invariant Lorentzian metric.
Moreover, the non-unimodular cases were solved in [18,19]. Throughout this paper, we shall by
{G;}7_, denote the connected three-dimensional Lie groups equipped with left-invariant Lorentzian
metrics and { 91}17:1 as their Lie algebras (see [6]). Let | be a product structure on G; and is defined by

Jer=e1, Jea=-e, Jez=es. )

Then J? = id and g(Je;, Je;) = g(e;, ¢;). Canonical connection and Kobayashi-Nomizu connection [9]
are defined by

VYY = VxY — =(Vx])]Y,

N —

(©)
VY = 94y - (V)X — (V)X

On G;, i = 1,2,...,7, the perturbed canonical connection and the perturbed Kobayashi-Nomizu
connection is defined by

VY = V&Y +pe(X)e3 (V)es, "
=1
VxY = VXY +pe3(X)e3(Y)es,
where p is a non-zero constant. Then
=0 =0 =1 =1
Ve = Vgie]', Ve,e3 =pe3, Ve = Vgiej, V.,e3 = pes, 5)
fori,j € {1,2}. Now, we define the Ricci curvature as follow
R(X,Y)Z = [V, VY|Z - VixyZ i€{01}. (6)
The Ricci tensor of (G;, g) with respect to V' are defined by
P'(X,Y) = —g(R(X,e1)Y,e1) — g(R(X,e2)Y,e2) + g(R(X, e3)Y,e3), i€ {0,1}, (7)
where {eq, ey, 3} is a pseudo-orthonormal basis, with e3 timelike. Let
; (X,Y)+p (Y, X) .
pl(x,y):‘)( );p( ) ieqo1). 6)
Then, the Ricci operator Ric' with respect to V' is given by
F(X,Y) = g(Ric' (X),Y), i€{01}. 9)

One can define the Schouten tensor with the expression as follow

Si(e;, ej) = ﬁi(ei,ej) —s'Aogle;, ej), i€{0,1}, (10)
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where s denotes the scalar curvature and Ag is a real number. Refer to [20], we have
s'=pl(er,e1) + ez, en) — pl(es,es), i€ {0,1}. (11)

Definition 1. (Gj, g, ]) is called the algebraic Schouten soliton associated with the perturbed canonical connec-
tion V', if it satisfies

Ric’ = (%A + ¢)Id + D°, (12)
where ¢ is a real number, and DO is a derivation of gi, i.e.,

D[X,Y] = [D°X, Y] + [X, D°Y] for X,Y € g;. (13)

(Gi, 8, )) is called the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu connection
ﬁl, if it satisfies

Ric' = (s'Ag + ¢)Id + D, (14)

where c is a real number, and DY is a derivation of gi, ie.,
D![X,Y] = [D'X,Y] + [X,D'Y] for X,Y € g;. (15)

3. Algebraic Schouten Solitons Associated with the Perturbed Canonical Connections on
Three-Dimensional Lorentzian Lie Groups

This section presents the curvature property for the perturbed canonical connection correspond-
ing to three-dimensional Lorentzian Lie groups. Then, we fully classify algebraic Schouten soliton
associated with the perturbed canonical connection on Lie groups G;,i =1,...,7.

3.1. Algebraic Schouten Soliton of Gy
By [6], we have the following Lie algebra of G; satisfies

le1,e2) = wey — Pes,  [e1,e3] = —wey — ey, e, €3] = Peq + aep + aes, (16)

where a # 0. {e1, ey, e3} is a pseudo-orthonormal basis of gq, with e3 timelike. From [21], we have the
following lemma.

Lemma 1 ([21]). The Ricci tensor of (Gy, g, J) associated with the perturbed canonical connection s given

by
—(a? + %,32) 0 %ucﬁ
P (ei, e)) = ap —(@?+p%) 3(a®+ap) | (17)
lap 0

Theorem 1. (Gy, g, ]) is the algebraic Schouten soliton associated with the perturbed canonical connection A
if it satisfies « # 0, B =p =0, c = Ja — 2a%A,.

Proof. Using (17), we have

_o[a —(@*+ 35) 0 — 3P el
Ric | ey | = ap —(@2+ 182 1?2 +ap) | |e |- (18)
es 1apB a? 0 e3

Therefore, the scalar curvature can be obtained as s® = —(2a? + ?). We can write D° as
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0 ﬁz 2 ap
D% = —(a? — (207 + ) Ao + c)er — Lo
o 2
D%, = —(a® + % — (262 + BA)Ag +c)er — er“pe?” (19)

o
De; = —'Bel + ?ez + ((20c2 + /32)/\0 —c)es

Hence, by (13), there exists an algebraic Schouten soliton associated with the perturbed canonical
connection V° can be established if it satisfies the following system of equations

2 2 B2
a(a Jrli (2a2+52)/\o+c)—ﬁ— JrzaPZO,
5042[34-204/3,0 =0,

B+ — (202 + g +0) = F 0
0 y

X (20)
2, g2 a
a((2a”+ B ))Lo—C)—? =0,
(2% + p*)Ag —¢) =0,
2
B2 + B0 —0) - P =0
Since & # 0, the last two equations of the system (20) yields f = 0. Then, (20) reduce to
%az—Zaz/\o-i-c— F=o,
2 (21)
- = +20%Ag —c=0.
2
Then we have p =0, c = %zxz —2a%)p. O
3.2. Algebraic Schouten Soliton of Gy
By [6], we have the following Lie algebra of G; satisfies
le1, 2] = ve2 — Bes, [e1,e3] = —Pex —ves, ez, €3] = wey, (22)

where v # 0. {e1, e, €3} is a pseudo-orthonormal basis of gy, with e3 timelike. From [21], we have the
following lemma.

Lemma 2 ([21]). The Ricci tensor of (Ga, g, ]) associated with the perturbed canonical connection s given

by
—(7* + 3ap) 0 —37p
Pleie;) = 0 (v +%) 1pr—lav |- (23)
0 %[57 — %wy 0

Theorem 2. (Gy, g, ]) is the algebraic Schouten soliton associated with the perturbed canonical connection v
if it satisfiesa = B =0,y # 0, and c = —* + 29%A,.

Proof. Using (23), we have

el —(v* + 3ap) 0 —Lp el
Ric | e | = 0 —(V+3ap) —IBy+iay||e]. (24)
e3 0 3By — jay 0 e3
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Therefore, the scalar curvature can be obtained as s = — (292 + a). We can write D° as
D% = (77 + %8 — 297 + ap)ro + c)er + Ly
DV = (2 + L — 292+ ap)ro + s — (BT - e @5)
o
D0€3 = ('877 — %)62 + ((2’)/2 + 06,3))\0 —c)es.

Hence, by (13) , there exists an algebraic Schouten soliton associated with the perturbed canonical
connections V' can be established if it satisfies the following system of equations

70+ 2+ ap)ho o)~ By - B =0,

ayp =0,

pr + L 7 tapproto) by -4 =0, (26)
B(—(27* + ap)ho+ ) +v(By - ) =0,
a(—(29* +aB)Ag +c) = 0.

Since ¥ # 0, the second equation of (26) yields « = 0, or p = 0. Let & = 0. In this case, (26) becomes

Y(* =B =270 +¢) =0,
B(3Y* =27 +¢) =0, 27)
B(v* —29*Ag+¢) = 0.

The last two equations above leads to B = 0 and ¢ = —2 +279%1g. Now, let p = 0. The last two
equations in (26) give By — %(X’Y = 0, substitute into the first two equations in (26) yields 7* = 0, which
is a contradiction. O

3.3. Algebraic Schouten Soliton of G3
By [6], we have the following Lie algebra of G3 satisfies

le1,e2] = —ve3, le1,e3] = —Pea, ez, €3] = aey, (28)

where {e1,ep,e3} is a pseudo-orthonormal basis of gz, with e3 timelike. From [21], we have the
following lemma.

Lemma 3 ([21]). The Ricci tensor of (Gs, g, |) associated with the perturbed canonical connection s given

by
-+ p—17) 0 0
P0(ei ef) = 0 —Iy(@+B—v) 0]. (29)
0 0 0

Theorem 3. (Gg3, g, ]) is the algebraic Schouten soliton associated with the perturbed canonical connection A
if it satisfies one of the following conditions:

1. a=B=v7=0forallc

2. a#0,B=9=0c=0;

3. a=9=0,#0,c=0;

4 a#0,Bp#0,v=0c=0;

5. a=B=017#0,c= -7+
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6. a=7#0,=0,c=0;
7. a=0,B#0,v#0,andf=7c=0;
8 a#0,#0,v#0,anda+p=c=0.
Proof. Using (29), we have
o[ —37(@+B—17) 0 0\ (e
Ric e, | = 0 —Iyw+B—7) 0f|e]. (30)
e3 0 0 0 e3
The scalar curvature is given by s® = —y(a + 8 — 7). We can express D as
1
Doy = —(57(@+p—7) —7(a+p—1ro+c)ey,
(31)

DV, = ~(37(@+B—7) — 7(a+ B~ Ao +c)ex
D3 = (y(a+ B — 7)Ao — c)e.

Therefore, by (13) there exists an algebraic Schouten soliton associated with the perturbed canonical
connection V° can be established if it satisfies the following system of equations

Yr(@+B—7)—y(@+p—7)Ao+c)=0,
B(y(a+pB—7)Ao—c) =0, (32)
a(y(a+B—7)Ao—c) =0.

Assuming that v = 0, we have cases (1)-(4). Next, let y # 0, thenc = —y(a + B — ) +y(a + B — 7)Ao.
Meanwhile, if « = 0, we have cases (5)-(7); if « # 0, for case (8), system (32) hold. O

3.4. Algebraic Schouten Soliton of G4
By [6], we have the following Lie algebra of G4 satisfies

le1,e2] = —ea+ (27 — Bles, [e1,e3] = ez — Pea, ez, 3] = ey, (33)

where 7 = 10or — 1. {e1, €2, €3} is a pseudo-orthonormal basis of g4, with e3 timelike. From [21], we
have the following lemma.

Lemma 4 ([21]). The Ricci tensor of (G, g, ]) associated with the perturbed canonical connection s given

by
(27— B)(3 +7) 1 0 5
P (eire)) = 0 @ =p)§ -+ -1 (§+5-1%) (34)
0 (§+4-5) 0

Theorem 4. (Gy, g, ]) is the algebraic Schouten soliton associated with the perturbed canonical connection v
ifit satisfiesa =0, =1n,p #0,c =0.

Proof. Using (34), we have

e 27 =B)(5+m) -1 0 -5 e
Ric"| e, | = 0 @ -pG+m -1 —(§+5-5 ||| @
e3 0 (4 %—g) 0 e3
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Therefore, the scalar curvature can be obtained as s’ = 2(2 — B) (%zx +17) — 2. We can write D° as

Dle; = (2~ B)(5 +1) 1= (221 = B)(5 +1) =)Ao —c)er — Fes,

D = (20 = B)(5 +1) = 1= (221 = B)(5 +1) —DAo —Jerez — (5 + 3 —

Dles = (§+1 - Brer — (220 - B)§ +1) - Do+ s

N[

)63/ (36)

Hence, by (13), there exists an algebraic Schouten soliton associated with the perturbed canonical
connection V' can be established if it satisfies

%o

£-o

(21— B)(5 +1) —1= (221 = B)(5+1) =2 —c+ (1= B) (5 +11— B) =0,

21— B2y~ B +1) —2- 221 - )5 +1) ~2Ao—c) = (5+1-B) =0, (37
B2 —B)(5 +1m) ~2)ho+0) = (5 +1—B) =0,

#((2(21 = B)(5 +1) —2)A0 +¢) = 0.

Consider that « = 0, we get

2n—Bn—1—(2n(2n—B) —2)Ao—c+(n—B)(n—p) =0,
(27 =B)(2(2n =B —2—(2n(2n —B) —2)Ag—c) — (1 — B) =0, (38)
B((27(2n — B) —2)Ag+c¢) — (1 —B) =0.

Then we obtaina =0, =1,p0#0,c =0.
Next, let p = 0 and a # 0, then c = —(2(27 — B)(5 +77) — 2)Ao. Meanwhile, we have

(21— B)(5+m) —1=0,

N (39)
(27 = p)(2(2y = p)(5 +1) —=2) =0.
This is a contradiction. O
3.5. Algebraic Schouten Soliton of Gs
By [6], we have the following Lie algebra of Gs satisfies
ler,e2] =0, [er,es] = wey + Pea, ez, e3] = yer + dey, (40)

where & + 8 # 0 and ay — 5 = 0. {e1, ez, 3} is a pseudo-orthonormal basis of gs, with e3 timelike.
From [21], we have the following lemma.

Lemma 5 ([21]). The Ricci tensor of (Gs, g, ]) associated with the perturbed canonical connection s given
by

P (eiej) = (41)

o O O
o O O
o O O

Theorem 5. (Gs, g, ]) is the algebraic Schouten soliton associated with the perturbed canonical connection v
ifc =0.
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Proof. Using (41), we have
o e1 0 0 O e1
Ric e ] =0 0 O |ex]- (42)
e3 0 0 O €3
Therefore, the scalar curvature can be obtained as s = 0. We can write D as
D061 = —ceq,
D%, = —cey, (43)
D%; = —ces.

Hence, by (13), there exists an algebraic Schouten soliton associated with the perturbed canonical
connection can be established if c = 0. O

3.6. Algebraic Schouten Soliton of Gg

By [6], we have the following Lie algebra of G satisfies

[e1, e2] = wen + Bes,
le1, €3] = yeo + des, (44)

le2,e3] =0,

where « + 6 # 0 and ay — B6 = 0. {ey, e, e3} is a pseudo-orthonormal basis of gg, with e3 timelike.
From [21], we have the following lemma.

Lemma 6 ([21]). The Ricci tensor of (G, g, ) associated with the perturbed canonical connection V0 is given

by
1B(B—)—a? 0 300
P°(ei ef) = 0 BB —7) —a? F(—ay+35(B—) |- (45)
0 3(—ay+35(B—17)) 0

Theorem 6. (G, g, ]) is the algebraic Schouten soliton associated with the perturbed canonical connection A
if it satisfies one of the following conditions:

“:ﬁ=7=0,57é0,c:—s/\0;
0‘7&0'.57&0/7:5:0,6171(1‘32:ZZXZIC:_SAO,.
0‘7&0//32'7:(5:0,c:—a2_5)\0;
xa#0,B=7=08#0anda =6,c=—a*—s)y;
K£0,B=7=0,6#0anda # 5 c=—a®—sA,.

NSNS

Proof. Using (45), we have

_o[n 3B(B—7) —a? 0 —30p e
Ric' | e | = 0 BB—7)—a®  —L—ay+35B-7) ||| (6
es 0 F(—ay+16(B—7)) 0 e3

Therefore, the scalar curvature can be obtained as s° = B(8 — ) — 2a%. We can write D as
2 2 op
(6= — o = (B(B—7) — 22)A0 — Jer — Fes,
1 1
(B=7) —a® = (B(B—7) —20}) Ao —c)e — 5(—ay + 56(B—1))es, (47

Dles = 3(—ay + 36(5 = M)ex — (BB —7) ~ 22)A0 + s
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Hence, by (13), there exists an algebraic Schouten soliton associated with the perturbed canonical
connection V° can be established if it satisfies the following system of equations

w(5B(B—7) — @ — (B(B— 1)~ 2y — ) + 5 (B + 1) (~ay + 366~ 7)) =,

BB(B — 1) — 20 — (B(B — 1) —20))g — ) + (6 — ) (—aey + 20(B — 1)) = 0,

1 n (48)
BB —7) —202)A0 + ) + 5(6 — &) (~ar + 26(B 7)) =0,
1 1 1
(5B(B =) —a® = (B(B—71) —2*)Ao =) + 5 (B+7)(—ay + 56(— 7)) = 0.
Assume first « = 0, then we have  # 0, = v = 0, and ¢ = 0. Therefore, the case (1) hold.
Consider « # 0, and let 6 = 0. Since ay — 6 = 0, we have y = 0. Then (48) reduce to
1o 2 2
—B-—ua°— —2a°)Ag—c) =0,
a(5p7—a” = (B —2a%)Ao —c) (49)
BB — 202 — (B> —2a%)Ag — ) = 0.

If B # 0, then B2 = 2a? and ¢ = 0; if B = 0 then ¢ = —a? + 2a?A(. Therefore, the case (2) and (3) holds.

Next, let § # 0. The first and the fourth equations of the system (48) give (« — 8)(38( — ) —
a? —s\g — ¢) = 0, which yields « = 6 or & # 5. Let « = 4, since ay — B6 = 0 we have B = 7. In this
case, the system (48) becomes

1 1
1~ +20200 — ) + 5 (B+7) (v + 36(6 — 7)) =0,
B(—20% + 2021 —¢) =0, (50)
Y(2a%Ag —¢) = 0.
If B =y =0, then we have c = —a? + 2a%A( and case (4) is true; if B # 0, the last two equations of the
system (50) gives 2a? = 0, which is a contradiction.

If a # J, the first and the fourth equations of the system (48) gives 8(B — ) —a? — (B(B— ) —
2a2)Ag — ¢ = 0. In this case, system (48) reduce to

—ar T %5(13*7) =0,
BIB(B— ) — 262 — (B(B —7) — 2a2)A9 — ) = 0, 61)
(BB —7) —2a*)Ag+¢) =0.

The second equation in the system (51) yields g + ¢ = 0. Since ay — Bé = 0 we deduce that § = ¢ = 0.
Therefore, the case (5) hold. O

3.7. Algebraic Schouten Soliton of G7
By [6], we have the following Lie algebra of Gy satisfies

le1, e2] = —aey — Bex — Pes,
[e1, €3] = ey + Ber + Pes, (52)
le2, €3] = yep + dey + des,

where o + 6 # 0 and ay = 0. {e1, e, €3} is a pseudo-orthonormal basis of gy, with e3 timelike. From
[21], we have the following lemma.
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Lemma 7 ([21]). The Ricci tensor of (Gy, g, J) associated with the perturbed canonical connection s given

by
. —(a®+ 3B7) 0 —2(ay + 396 — Bp)
PO (ei ej) = 0 —(a®+3By) (e +3Br+6p) | (53)
—3(ay+390) 32+ 1py) 0

Theorem 7. (Gy,g,]) is the algebraic Schouten soliton associated with the perturbed canonical connection a
if it satisfies one of the following conditions:

1. a#0,=7=0,=0p0#0,c=—1a%+2a%\;
2. oc;«éO,ﬁ:'y:O,é#O,p:O,c:—§a2+20¢2)\0;
3. a=9=0,0#0,p=0,andc=0.

Proof. Using (53), we have

_of@ —(a? + 3B7) 0 3 (ay + %75 - Bp) e1
Ric' e | = 0 —2+13py) L2+ 1pr+op) || ez |- (54)
e3 —3(ay+376)  3(a®+ 3p7) 0 e3
Therefore, the scalar curvature can be obtained as s = —(2a? + B7). We can write D° as

1
Dley = — (a2 + 3B — (26 + 7)Ao+ Jer + 3 (a7 + 379 — ip)es,

1 1
D%, = —(a® + Eﬁ'y — (20% + By)Ag +c)ea — E(zx + iﬁ'y +6p)es, (55)

1 1 1 1
DY%; = — = (ay + 5’75)61 + (@ + 557)62 + ((2a® — By)Ao — €)es.

2< 2(
Hence, by (13), there exists an algebraic Schouten soliton associated with the perturbed canonical
connection V° can be established if it satisfies the following system of equations

1a2 4+ B — 150 — (202 + By)Ag +¢) — Sy(ay + % — Bp) — 1p(ay + L) =0,

a(5u

B(a2 + B — 160 — (202 + By)Ag +¢) — 15(m+%5 o) =0,

B2+ B 5o — (2624 Bry)Ag o)+ (= 0)(ay + ¥ —PBp) =0,

a(%a2+% (202 + By)Ao +¢) — (“'Y"'T) =0,

B+ B — 202+ pr)o+0) = O, (56)
ﬁ(%az—l— %‘r —0p — (202 + By)Ag +¢) + %w(ﬂé’r-ir 775 —pp) =0,

122+ pr)do—c) — hla—d)(ar + F) =0,

5(302 + B — (202 4 By)do + ) + Jplay +5) =0,

5(3a? + B —5p — (202 + B)Ao +¢) + 1B(ar + B) + $v(ar + B — Bp) = 0.

Since ay = 0 and a + J # 0. Assume that o # 0, v = 0. In this case, (56) becomes,

a(a? —20%Ag +¢) — sa(a? +6p) =0,

ﬁ(ﬂéz 202 +¢)=0,

13( 2 —0p—20*Ag+c) — 3(w = 8)Bo =0,

1 2

joc —20°Ag+c=0,

B(a? — 2«2/\0 +¢)=0, ©7)
B(a® —L6p —2a%Ag +¢) — 1aBp =0,

6(%a? —21x2AO +¢c)=0,

6(a% — 300 —2a%Ag +¢) = 0.
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The fourth and the fifth equations of the system (57) give B = 0, then we have dp = 0. If § = 0 then
c = —1a2 +2a%Ag; if p = 0 then ¢ = —1a? + 2a2A. Therefore, the cases (1)-(2) holds.
If we assume & = v = 0, then § # 0. In this case, (56) becomes,

Bc =0,
1

Be — 5B =0,

6c=0 ©8)
1o

5c—§5p—0.

Then we have p = 0, and ¢ = 0. Therefore, the case (3) hold. O

4. Algebraic Schouten Solitons Associated with the Perturbed Kobayashi-Nomizu Connections on
Three-Dimensional Lorentzian Lie Groups

In this section, we present the curvature property for the perturbed Kobayashi-Nomizu connection
corresponding to three-dimensional Lorentzian Lie groups. Then, we fully classify algebraic Schouten
soliton associated with the Kobayashi-Nomizu canonical connection on Lie groups G;,i =1,...,7.

4.1. Algebraic Schouten Soliton of Gy
By [6], we have the following Lie algebra of G; satisfies

le1,e2] = ey — Bes,  [e1,e3] = —ae; — Bea, [en, €3] = Per + ey + aes, (59)

where « # 0. {e1, €3, e3} is a pseudo-orthonormal basis of g1, with e3 timelike. Then from [21], we have
the following lemma. From [21], we have the following lemma.

Lemma 8 ([21]). The Ricci tensor of (Gy,g, ]) associated with the perturbed Kobayashi-Nomizu connection v

< oiven b
is given by e y s
p' (e ef) = ap —(@®+B%) (e +ap) |. (60)
e e T

Theorem 8. (Gy,g,]) is the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu
connection V' if it satisfies w # 0, p = p = 0, c = —3a2 + 2a2A,.

Proof. Using (60), we have

(@ —(a® + %) ap 30B el
Ric e | = af —(@2+B%) —3(@®+ap) ||e]. (61)
e3 — %zxﬁ %txz 0 es3
Therefore, the scalar curvature can be obtained as s' = —2(a? + ?). We can write D! as

«
Dle; = —(a® 4 B> —2(a® + B*)Ag + ¢)ey + afes + —ﬁe3,

2
1 2 @2 2., p2 o + ap
D'e; = afey — (a” + B~ — 2(a” + B) Ao+ ¢)ep — 5 (62)
1 ap o 2, p2
D'es = ——e1 + —ex + (2(a” + B)Ao — ¢)es.

2 2
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Hence, by (15) an algebraic Schouten soliton exists associated with the perturbed Kobayashi-Nomizu
connection V' can be established if it satisfies the following system of equations

w + txzp 2
w(a® + B —2(a*+ Ao +¢) = — - aB”,
o?p —app =0,
B(20% +28% —2(a® + B*)Ag +¢) — a?B =0,

3
o

w(2(a® + B2)Ag — ) — 20 — 5 = 0,

B(2(a® + B*)Ag —¢) —24°6 =0,
B(2(a® + B*)Ag —¢) —a?p = 0.

(63)

Since & # 0, the last two equations of the (63) yields g = 0. In this case, (63) reduce to

1
§a2 —20%Ag +c = %,
(64)

“2
0 —2a%Ag+ ¢ =0.

Then, we havep =0, c = —%09 +2a2). O

4.2. Algebraic Schouten Soliton of G,
By [6], we have the following Lie algebra of G; satisfies

le1,e2] = yea — Bes, [e1,e3] = —Pex —ves, [ez, €3] = aeq, (65)

where 7y # 0. {e1, €2, 3} is a pseudo-orthonormal basis of gy, with e3 timelike. From [21], we have the
following lemma.

Lemma 9 ([21]). The Ricci tensor of (Gy, g, ]) associated with the perturbed Kobayashi-Nomizu connection v

is given by
(P +p) 0 —370
ol(e;, ej) = 0 —(v* +ap) —%zx’y . (66)
0 —%Dé’)/ 0

Theorem 9. (G, g,]) is the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu
connection V- if it satisfiesa = B =0,y # 0, and c = —* + 29%A,.

Proof. Using (66), we have

(e —(7*+ %) 0 310\ (@
Ric | e | = 0 —(P+ap) ay||e]. (67)
es3 0 — %zx’y 0 e3
Therefore, the scalar curvature can be obtained as s! = —(29? + 2 + af). We can write D! as

1
Dley = —(7v*+ = (297 + B + ap)Ao + c)er + 57pe3,
1
Dley = —(v* +af — (29* + B>+ aB)Ag +c)ex + %763, (68)

1
D163 = —szfyez + ((2')/2 + ,82 +aB)Ag — c)es.
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Hence, by (15), there exists an algebraic Schouten soliton associated with the perturbed Kobayashi-

Nomizu connection V' can be established if it satisfies the following system of equations

Y+ B = (297 + B + aB)Ao +¢) + apy =0,
B2y + B +ap— (27" + B +ap)Ao+¢) —ar® =0,
ayp =0,

B(—(29% + B>+ aB)Ag +¢) —ay? = 0.

(69)

Since 7y # 0, the third equation in (69) yields « = 0 or p = 0. Let &« = 0. In this case, (69) becomes

YV + B = (27" + B2)Ag +¢) =0,
By + B2 +ap— (272 + Ao +¢) =0, (70)
B(—(27*+ Ao +¢) =0.
Assume f # 0, then the first and the last equations above leads to 82 + 9% = 0, which is a contradiction.
Then we have B = 0 and ¢ = —9? + 272A,.

Next, let p = 0. If B = 0, then the last equation in (69) give ay?, which is a contradiction. If B #0,
the second and the last equations in (69) yields B(27* + B2 + af) = 0. In this case, (69) reduce to

7(72 + /32 — (272 + [32 +af)Ao+c)+apy =0,
B(—(27* + B>+ aB)ro+¢) —ar” =0, (71)
292+ B2 +ap = 0.

The first two equation above yields « = —f and replacing it in the last equation, we get 7> = 0, which
is a contradiction. [J

4.3. Algebraic Schouten Soliton of G3
By [6], we have the following Lie algebra of Gj satisfies

[61162] = —es, [ell 63] = _ﬁeZ/ [62/ 63] = «eq, (72)

where {e1,ep,e3} is a pseudo-orthonormal basis of g3, with e3 timelike. From [21], we have the
following lemma.

Lemma 10 ([21]). The Ricci tensor of (Gs, g, J) associated with the perturbed Kobayashi-Nomizu connection
V'is given by

-By 0 O
ol (e;, ej) = 0 —ay 0. (73)
0 0 0

Theorem 10. (G3,g,]) is the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu
connection V' if it satisfies one of the following conditions:

x=B=v=0,forallc
x#0,B=7v=0,c=0;
a=7=0B#0c=0;
a#0,#0,v=0,c=0;
a==07#0c=0;
zx#O,'y;éO,,B:O,andzx:'y,c:—042+1x2)\0;
zx:O,ﬁ#O,y#O,c:—ﬁz—l—ﬁ%O.

NSO W=
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Proof. Using (73), we have
(e —B 0 0 eq
Ric ey | = 0 —ay 0 e |. (74)
€3 0 0 0 e3
Therefore, the scalar curvature can be obtained as s' = — (a7 + ). We can write D! as

D'e; = —(By — (ay + B7)Ao +c)er,
Dle; = —(ay — (ay + By)Ao + C)ea, (75)
D'es = ((ay + 7)Ao —c)es.

Hence, by (15) there exists an algebraic Schouten soliton associated with the perturbed Kobayashi-

Nomizu connection V' can be established if it satisfies the following system of equations

Y(ey + By — (ay + Br)ro+¢) =0,
B(By —ay — (ay + By)Ao+c) =0, (76)
a(ay — By — (ay + By)Ao +¢) =0.

Assume that ¢y = 0, then we have cases (1)-(4). Now, we assume that v # 0 thenc = —ay — v +
(ay + By)Ao. Meanwhile, if B = 0 we have cases (5) and (6); if B # 0, for case (7), system (76) hold. [

4.4. Algebraic Schouten Soliton of G4
By [6], we have the following Lie algebra of G4 satisfies

le1,e2) = —ex + (27 — Bes, [e1,e3] = e3 — Pea, [ez, €3] = wey, (77)

where 7 = 1or — 1. {e1, €2, €3} is a pseudo-orthonormal basis of g4, with e3 timelike. From [21], we
have the following lemma.

Lemma 11 ([21]). The Ricci tensor of (Ga, g, ]) associated with the perturbed Kobayashi-Nomizu connection
V'is given by

—(1+(B—21)p) 0 30
p'(eiej) = 0 —(1+(B—2y)a) 3a|. (78)
0 T 0

Theorem 11. (Gy, g, ]) is not the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu

|
connection V.

Proof. Using (78), we have

(& —(1+(B—21)p) 0 —30\ (@
Ric ey | = 0 —(1+B-2n)a) —ia|f|e|. (79)
e3 0 %oc e3

Therefore, the scalar curvature can be obtained as s' = —(2 + (8 — 217)(B + «)). We can write D! as
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Dley = —(1+ (B —20)p — 2+ (B —20)(B +a))Ao + cJer — 5pes,

Dles = (14 (B~ 21) — (2+ (B —20)(B + ) Ag +c)es — paes, (80)

Dles = 2aes + ((2+ (B~ 21)(B+a)Ao — es.

Hence, by (15) there exists an algebraic Schouten soliton associated with the perturbed Kobayashi-

Nomizu connection V' can be established if it satisfies the following system of equations

xp =0,
1+ (B—2np— 2+ (B-2n)(B+a))ro+c=aly—p),
2n—=pB)2+(B—2n)(a+p)— 2+ (B—2n)(p+a))ro+c) =—a, (81)

BU(B—21)(B—a) = 2+ (B—21)(B+a))Ao+¢) =&,
a((B—2n)(a—p) = (2+(B—2y)(B+a))Ao+¢) =0.

Assume first that « = 0, we have

{1+ (B=2n)B— B2+ (B—27))Ag+c =0,
B((B—21)B— B2+ (B—21))Ao+¢c) =0.

(82)

This is a contradiction.
If p =0, and a # 0, we have

1+ (B—2m)B—(B—2n)(a—B) =a(n—p),
2n—=B)2+(B-2n)(a+p)—(B—21)(a —B)) = —a, (83)
B((B—2n)(B—a)—(B—21)(a—B)) =a.

Which have no solution. [

4.5. Algebraic Schouten Soliton of Gs
By [6], we have the following Lie algebra of Gs satisfies

le1,e2] =0, [eq,e3] = ey + Bep, e, €3] = yeq + dey, (84)

where & + 8 # 0 and ay — B5 = 0. {e1, ez, 3} is a pseudo-orthonormal basis of gs, with e3 timelike.
From [21], we have the following lemma.

Lemma 12 ([21]). The Ricci tensor of (Gs, g, ] ) associated with the perturbed Kobayashi-Nomizu connection
V'is given by

<1

p (eief) = (85)

o O O
o O O
o O O

Theorem 12. (Gs, g, ]) is the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu

=
connection V- if ¢ = 0.

Proof. Using (85), we have

(& 0 0 0\ (e
Ric [e; | =10 0 0] |e]- (86)
e3 0 0 O €3


https://doi.org/10.20944/preprints202412.0589.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 December 2024 d0i:10.20944/preprints202412.0589.v1

16 of 20
Therefore, the scalar curvature can be obtained as s! = 0. We can write D! as
D1€1 = —ceq,
Dley = —cey, (87)
D1e3 = —ces.

Hence, by (15), there exists an algebraic Schouten soliton associated with the perturbed Kobayashi-

Nomizu connection Vl can be established if c = 0. O

4.6. Algebraic Schouten Soliton of Gg
By [6], we have the following Lie algebra of Gg satisfies

le1,e2] = ey + PBes,
le1, €3] = yeo + des, (88)

[e2,e3] =0,
where a + 6 # 0 and ay — 6 = 0. {e1, €2, 3} is a pseudo-orthonormal basis of ge, with e3 timelike.

Lemma 13 ([21]). The Ricci tensor of (Ge, g, ]) associated with the perturbed Kobayashi-Nomizu connection
V'is given by

—(a2+By) 0  %dp
p' (e ef) = 0 -2 0 |. (89)
0 0 0

Theorem 13. (G, g, ]) is the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu
connection V' if it satisfies one of the following conditions:

1_ a:ﬁ:’y:o/é#o/c:—s/\o;

2a=6=0,7v#0,6#0,c=—sAp;

3.a#0,B=7=0=0,c=—a’—sAy;

4 a #0,B=7=0,0#0,c= —a’®—sAo.

Proof. Using (89), we have

[ —(@®+By) 0 =30\ (e
Ric e | = 0 —a® 0 e |- (90)
63 0 0 0 63
Therefore, the scalar curvature can be obtained as s' = — (2«2 + 7). We can write D! as

1)
Dle; = —(a + By — (20% + 7)Ao + c)er — 7p€3,
Dle; = —(a® — (207 + By)Ag + c)ea, 1)

Dles = ((2a% + By)Ag — c)es.

Hence, by (15) there exists an algebraic Schouten soliton associated with the perturbed Kobayashi-

Nomizu connection V' can be established if it satisfies the following system of equations

a(a® + By — (20 + By)Ao+¢) =0,
B(2a> + By — (2a% + By)Ao +¢) =0,
v(By — (20 + By) Ao +¢) =0,

5(a® + By — (24 + 7)Ao +¢) = 0.

(92)
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Assume first « = 0, since « +6 # 0 and ay — 6 = 0, we have B = 0 and § # 0. In this case, (92)

becomes
yc =0,
93
{Jc =0. 3)
If v = 0, then ¢ = 0. Therefore, the case (1) hold. If v # 0, then ¢ = 0. In this case, the system (92)

holds.
If & # 0, consider that § = 0. Similarly, we have y = 0, then (92) reduce to

2 2
a(a” —20°Ag+c) =0,
( A ) 94)
B(2a” —2a"Ag +¢) =0,
which leads to B = 0 and ¢ = —a? + 2a?A,.
If § # 0, then the second and the third equations of the system (92) gives a? = B7* = 0, which
provides B = 7 = 0. Therefore, the case (4) hold. O

4.7. Algebraic Schouten Soliton of G7
By [6], we have the following Lie algebra of Gy satisfies

le1,e2] = —wey — e — Pes,
le1,e3] = ey + Bea + Pes,
le2, 3] = yeq + ey + dez,

(95)

where « +  # 0 and ad = 0. {e1, e, e3} is a pseudo-orthonormal basis of gy, with e; timelike.
Lemma 14 ([21]). The Ricci tensor of (Gy, g, J) associated with the perturbed Kobayashi-Nomizu connection

V'is given by

—a? 5(Bs —ap) Bla+6+5)
pl(eie)) = | 3(Bo—ap) —(a®+P>+PBy) 2(Br+as+282+5p)|. (96)
0

Bla+6)  3(By+as+26?)
Theorem 14. (Gy,g,]) is the algebraic Schouten soliton associated with the perturbed Kobayashi-Nomizu

S . iy
connection V" if it satisfies one of the following conditions:

1. w#O,ﬁ:O,’y:O,a:éandp:_4alcz_%(5z+2az/\0,
2.a=B=9=0,6#0,andp=—45,c = -5

Proof. Using (96), we have

(@ o 2(BS— ap) —Bla+d+5) e
Ric |ex | =|3(B6—ap) —(a®2+B+By) —L(By+as+252+dp)||e (97)
e3 Bla+6)  F(By+ad+20%) 0 e3
Therefore, the scalar curvature can be obtained as s! = —(2a% + 2 + 7). We can write D' as
Dle; = —(a® +s'Ag +c)er + 2(B6 — aB)er — Ba + 5+ §)es,
Dle; = 3(B5 — ap)er — (a® + B> + Py + 5" Ao+ c)ex — 5 (By + ab + 26% 4 Jp)es, (98)

Dles = B(a+0d)er + 5 (By +ad +20%)ex — (s'Ag + c)es.

Hence, by (15) there exists an algebraic Schouten soliton associated with the perturbed Kobayashi-

Nomizu connection V' can be established if it satisfies the following system of equations
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a(a? + B2+ By +s'Ag+¢) +By(a+6+5) + 1B(B6 — aB) — Ya(By +ad +26% + 6p) =0,
B(a® +s'Ag+c) — 1Bop + sa(Bs —aB) + pS(a+ 5+ 5) =0,

B(20% + % + By +5'Ag +¢) — B(By +ad +28% +6p) + (B—a)d(a+6+5) =0,

a(s'Ag+¢) + 5(B—7)(BS — aB) + B2 (a +6) + sa(By +ad +26%) = 0,

B(—B* — By +5'Ao+c) + 5 (a — 8)(BS — ap) + B(By + ad +26%) =0, (99)
B(a? +51A0+c)——ﬁ5p—aﬁ(a+5+ ) —16(B5 —apB) =0,

(/32+ﬁ’y+51/\0+c) +1B(6 - )(3§+tx):O,

5(s'Ao+c)+ 2 (y—B)(BS —aB) + 1(5([5'y+0c(5+252) B*(a+6) =0,

5(a? +/32+/3')/+sl/\0+c) [37(044—5—1— ) — (5(/3'y+0c5+252+(5p) 1/32(3(5+1x)

Throughout the proof, recall that « + § # 0 and ay = 0. Assume first « # 0, v = 0. In this case, (99)
becomes

a(a? + B2 — (202 + B*)Ag +¢) + 3B(BS — aB) — a(Bry + &b + 257 + 6p) =0,

B(a? — (202 + B*)Ag +c) — 3p0p + s (o — ap) + pé(a+ 6+ 5) =0,

B(2a% + B2 — (20> + B2)Ag +¢) — B(ad + 202+ 5p) + (B—a)s(a+ 5+ 5) =0,

w(— (21x + B Ag+c¢) + Z,B(ﬁé—txﬁ)+ﬁ2(rx+(5)+%o¢(uc§+2(52):O,

B(—p? — (202 + B2)Ag +¢) + 2 (e —6)(BS — ap) + pad +262) = 0, (100)
ﬁ(wz (20% + B*) Ao +¢) — ﬁép—aﬁ(w+5+§)—%5(/35—aﬁ)=0/
3B(6—a)(36+a) =0,

5(—(202 + BP)Ag +¢) — (ﬁ(S—zx,B) + 16(ad +26%) — BP(a+6) =0,

S(a® + p* — (242 +ﬁ2)Ao+c) 30(ad +26% + 6p) = 1B*(30 + a).

The seventh equation of (100) yields p = 0, or &« = 6 or « = —3J. Let p = 0. In this case, (100) becomes

a(e? —2a%Ag + ¢) — Ta(ad +26% + 6p) =0,

ad(w+6+5) =0,

a(—2a2Ag +c) + sa(ad +26%) =0, (101)
5(—2a%Ag +¢) + 25(ad +262) = 0,

6(a — 20?4 ¢) — 35(ad 4 26% + 6p) = 0.

Then, we have « = § and p = —4«. Therefore, the case (1) hold. Now;, let « = §, then the second and
the sixth equations of (100) yield a + 6 + g = 0. In this case, the first and the third equations in (100)

becomes 1
2 2 2 2
4+ B — a4+ B )Ag+c+-ad =0,
0+ 7= (2074 7)Ao e+ S (102)
202 4+ B% — (202 + B*)Ag + c+ad = 0.
We have o« = —%, which is a contradiction. Finally, let « = —30, again the second and the sixth
equations of (100) yields o = 0. The last two equations in (100) give
5(— (202 + BH)Ag +¢) — %53 =0,
(103)

S(a? 4 B2 — (262 + B2)Ao +¢) + %53 =0.

This is a contradiction.
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Assume that x = v = 0, since & + 6 # 0, we have § # 0. In this case, (100) becomes
p%5 =0,
LA

B(—B*Ag +¢) — 3B5p =0,
6(—P*A+c) — 3825+ 6% =0,
6(B% — Ao +c) — 16(26% + 5p) = 0.

We have 8 = 0, p = —46. Therefore, the case (2) hold. O
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