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Abstract: A new approach for predicting the geometrical characteristics of the mixing behavior of an inclined 

dense jet for angles ranging from 15° to 85° is proposed in this study. This approach is called group method of 

data handling (GMDH) which is based on the artificial neural network (ANN) technique. The proposed model 

was trained and tested using existing experimental data reported in literature. The model was then evaluated 

using statistical indices as well as compared with analytical models from previous studies. The results of the 

coefficient of determination (R2) indicate a high accuracy of the proposed model with values of 0.9719 and 

0.9513 for training and testing for the dimensionless of the distance from the nozzle to the return point 𝑥௥/𝐷, 

and 0.9454 and 0.9565 for training and testing for the dimensionless of the terminal rise height 𝑦௧/𝐷  . 

Moreover, four previous analytical models were used to evaluate the GMDH model. The results showed the 

superiority of the proposed model in predicting the geometrical characteristics of the inclined dense jet for all 

tested angles. Finally, the standard error of estimate (SEE) was applied to demonstrate which model performed 

the best in terms of getting closer to the actual data. The results illustrate that all fitting lines of the GMDH 

model performed very well for all geometrical parameter predictions and was the best model with 

approximately 10% error, which was the lowest value of error among the models. Therefore, this study 

confirms that the GMDH model can be used to predict the geometrical properties of the inclined negatively 

buoyant jet with high performance and accuracy. 

Keywords: inclined negatively buoyant jet; analytical model; GMDH; statistical indices; densimetric 

Froude number 

 

1. Introduction 

The unwanted wastewater produced from seawater desalination plants is normally discharged 

back into the coastal water body adjacent to the plants. This is done with a submerged pipe creating 

a buoyant effluent jet. This effluent (brine) has a high concentration of salinity which causes negative 

impacts on the marine ecosystem, particularly in the near-field zone of the discharge point [1,2]. The 

discharged effluent is either a positively buoyant jet (lighter than the receiving water) or a negatively 

buoyant jet (denser than the receiving water), depending on the method used in the desalination 

plant. The dense jet (negatively buoyant jet) has highly adverse effects on the marine environment. 

Commonly, desalination plants that use a Reverse Osmosis (RO) system use submerged discharges, 

which formed a negatively buoyant jet, to ensure a high dilution of this effluent in order to minimize 

the adverse impacts on the marine environment. 

A large body of previous research has focused on laboratory studies of the mixing of the 

negatively buoyant jet either alone or in combination with modeling efforts [3–26]. Less effort, 

however, has been given to numerical modeling and developing an analytical solution and to predict 
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the behaviors and geometric characteristics of inclined dense jets [27–30], which still requires further 

investigation. Therefore, more studies using numerical modeling as an efficient tool can be useful for 

predicting the behaviors of brine discharges into seawater. 

As known, there are two hypotheses for developing models either based on the entrainment or 

jet spreading, which are being developed and studied previously. In 2003, Lee and Chu [27] 

developed a model called JETLAG/VISJET in order to predict the mixing of the near-field zone of an 

inclined round buoyant jet. This model is a combination of two approaches, i.e., entrainment and jet 

spreading, and presents empirical correlations for the dilution of the geometrical characteristics. In 

2004, Jirka [28] developed an integrated numerical model (CORJET) that can predict negatively 

buoyant jets for a wide range of angles (0° to 90°) discharged into ambient water with slop or flat 

bottom. A few years later, Kikkert et al. [29] presented an analytical method to predict the behavior 

of an inclined dense jet using experimental data reported from previous studies to validate their 

model. Their model has limitations as it can be valid for angles ranging from 0° to 75° and for 

densimetric Froude numbers (𝐹𝑟ௗ), the ratio of inertia to buoyancy, ranging from 14 to 99. In the same 

manner as of Kikkert et al. [29], Oliver et al. [30] developed a modified integral model called the 

Reduced Buoyancy Flux (RBF) model to predict the behavior of negatively buoyant jets in near-fields. 

One of the advantages of this modified model is its ability to predict the effects of the additional 

mixing noted in previous studies.  

In recent years, efforts in different areas of the engineering science field have focused on the use 

of Artificial Neural Network (ANN) methods. One of these methods is the group method of data 

handling (GMDH), which is used for solving nonlinear engineering problems and providing explicit 

equations for modeling the hydraulic and hydrological phenomena. Using this method has shown 

accurate results compared to those of other methods [31–40], for example, Alitaleshi and Daghbandan 

[32] conducted a study to evaluate the quality of treated water in a water treatment plant using 

GMDH-type neural network. The results showed the success of the model used (GMDH) for 

prediction as the results of the determination coefficient were higher than 0.97. Naeini et al. [33] 

developed a model using GMDH to estimate the Elasticity modulus (𝐸௦) of clayey deposits that is 

used to predict the elastic settlement of foundations. The results obtained were compared with the 

previous empirical equations. They found that the GMDH model showed higher performance (32 to 

42% improvement) with respect to the other correlations. Another study was conducted by Gholami 

et al. [35] to study the ability of the GMDH model for predicting the geometric variables of stable 

channels (width, depth, and slope). The results showed that the GMDH model performed well. 

Moreover, they compared the result obtained from GMDH with those from previous theoretical 

equations (based on regression analysis), and this comparison showed the ability of GMDH model 

to predict the geometric variables of channels better than other theoretical equations. Najafzadeh et 

al. [39] used GMDH to predict scour depth around a vertical pile exposed regular waves and 

compared their results with the result of different previous methods. They concluded that the use of 

GMDH model provided the most accurate prediction of scour depth compared to other models.  

Recently, Alfaifi et al. [41] have used a GMDH model to predict the geometrical characteristics 

of inclined dense jets for angles 15° and 52°. It is believed that this is the first time this new approach 

has been used in the field of mixing jet behavior. These researchers have established empirical 

equations for estimating the geometrical characteristics of inclined buoyant jets. The GMDH results 

gave an accurate prediction for the parameters tested compared to the other analytical models.  

Therefore, the goal of the present study is to examine the superiority of the GMDH model in 

predicting the main geometrical characteristics of inclined negatively buoyant jets by performing a 

comprehensive study for a wide range of angles ranging from 15° up to 85°. Moreover, the 

performance of the GMDH model is assessed by comparing its results to those of other analytical and 

numerical methods. To the best of the authors’ knowledge, this study with use of the GMDH method 

has not been used before for predictions for inclined negatively buoyant jets. 
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2. Methodology 

2.1. Analysis of an Inclined Negatively Buoyant Jet 

In Figure 1, an inclined turbulent round dense jet being discharge into a body of stagnant water 

body is illustrated (the ambient velocity is,𝑈௔ = 0). The port (jet) for the discharge has a diameter 𝐷 

and is positioned at an angle (𝜃) compared to the horizontal plane. The ambient water into which the 

jet is being expelled is an unstratified and has a constant density 𝜌௔. This water is deep enough to 

allow the jet to fully develop below the water surface without any effects from water surface. The 

initial discharge velocity of the jet is 𝑈଴ and it has a density 𝜌௔ (𝜌௔ ൏ 𝜌଴). 

 

Figure 1. Dimensional parameters of the inclined round dense jet in stagnant ambient water. 

The four crucial characteristics of the mixing of the jet with regard to geometry are: its terminal 

rise height (𝑦௧); the horizontal distance from the point of maximum height of the centerline to the 

nozzle (𝑥௠); its centerline height (𝑦௠), and its return point (𝑥௥), i.e., the distance horizontally from 

where the jet’s centerline returns to the same elevation as the tip of the nozzle (Figure 1). The 

distribution pattern of a jet being discharged into a homogeneous and stagnant ambient fluid can be 

affected by various parameters known as the source angle 𝜃, 𝐷, U0 and the initial density difference 

(∆𝜌 = 𝜌଴ − 𝜌௔) between the ambient fluid and the discharge fluid. In addition, the inclined dense jets 

can be characterized by its discharge volume flux Q
0
=U0πD2/4, momentum flux 𝑀଴ = 𝑈଴ଶ𝐷ଶ 𝜋 4⁄ , and 

buoyancy flux 𝐵଴ = g଴ᇱ  𝑈଴𝜋𝐷ଶ/4 , where g′ =  g(𝜌଴ − 𝜌௔)/𝜌௔ , which defined as the effective 

gravitational acceleration and g is the gravitational acceleration. Two length scales can be formed 

from these fluxes: the momentum length scale 𝐿ெ = 𝑀଴ଷ/ସ/𝐵଴ଵ/ଶ
, which determines the distance over 

which the buoyancy of the jet is less important than its momentum, and the source length scale 𝐿ொ =𝑄଴/𝑀଴ଵ/ଶ
, which determines the distance over which the source discharge is important. These two 

length scales are employed to determine the mixing and geometric characteristics of a turbulent 

buoyant jet. The equation defining the jet densimetric Froude number (Frd) is as follows: 𝐹𝑟ௗ = ௎బඥ௚ᇲ஽, (1)

The terminal rise height of an inclined dense jet can be written in terms of the length scales as: ୷౪୐౉ = f ൬୐౉୐్ , θ൰,  (2)

Instead of the length scales, 𝑦௧  can also be alternatively expressed by using the jet’s densimetric 

Froude number and nozzle diameter as:  ୷౪୊୰ౚୈ = C୷౪(θ), (3)

Similarly, the other geometric parameters of the jet (i.e. 𝑥௥, 𝑥௠, and 𝑦௠) can be derived by using the 

coefficient values (𝐶௫ೝ, 𝐶௫೘, and 𝐶௬೘), which can be established through experiments.  
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2.2. The GMDH Method 

Several researchers in various engineering fields have used artificial neural network methods to 

address a wide-range of applications, such as multigene genetic-programming (MGGP) technique, 

genetic algorithm artificial neural network (GAA),the genetic programming (GP), Gene Expression 

Programming (GEP), and the GMDH. These approaches were used for solving nonlinear engineering 

problems while providing an explicit equation for predicting and modeling each phenomenon. Their 

studies have shown accurate results compared to those of other methods [32,35–39,42–57]. Therefore, 

regarding the outcomes obtained from previous studies, it is worth implementing some of those 

methods to predict the geometrical characteristics of inclined buoyant jets. 

The group method of data handling (GMDH) was first proposed by Ivakhnenko [58], and is a 

computer program-based algorithm. This type of algorithm is often used to model problems that 

involve data series for multi-input-single-output systems. Second-order polynomials are used in the 

GMDH as network functions, and the main advantage of the GMDH, as opposed to traditional neural 

networks, is its use in establishing mathematical models for a given procedure.  

The concept of the GMDH of selection and hybridization corresponds to the genetic algorithm. 

Like other types of neural networks, the GMDH can have one or more hidden layers. More 

information regarding GMDH processing is provided in a recently published article by the same 

authors in Alfaifi et al. [41]. 

2.2.1. GMDH Modeling Setup 

To use the GMDH method for prediction of the geometrical characteristics of a negatively 

buoyant dense jet, the output variables were set to be the dimensionless of jet characteristics (i.e.,  xm/𝐷, y
m

/𝐷, xr/𝐷, and  y
t
/𝐷) by using one output variable for each run. For all cases, the Frd and 

θ parameters were used as input variables. The explicit equations for the GMDH were developed 

using the GMDH Shell software [59]. The dataset used covered all discharge angles presented in 

previous studies ranging from 15° to 85°. Obtaining a good prediction from the GMDH model is 

based on the preparation of the dataset, and therefore the observed dataset used in this study was 

randomly divided into two groups one for training and one for testing. For each case, the GMDH 

model was trained using 70% to 80% of the dataset, while the remaining data were used for testing 

the model. In this study, the layers were limited to a maximum of two layers in order to ensure the 

simplicity of the model. The developed models were used to calculate the dimensionality of the jet 

geometrics as a function of Frd  and θ  for the training dataset. The optimal models were then 

selected and used to perform additional calculations for the testing dataset. Finally, the performances 

of these models were evaluated. 

For the training dataset, the models developed were used to determine the dimensionless of the 

jet geometrics as a function of Frd and θ, with the optimal models being selected. After that, the 

models selected were used to perform additional calculations for the testing dataset, and then their 

performance was evaluated. 

3. Results and Discussion 

In this section, the results of the proposed model (GMDH) are presented. The predicted results 

of the GMDH are compared with the observed data obtained from previous studies for angles 

ranging from 15° to 85°. For brevity, only the results of xr/D and y
t
/D are shown in this section. The 

results of the dimensionless geometrical parameters xr/D and y
t
/D for the actual data for training 

and testing are plotted versus the predicted values of the GMDH model, as shown in Figure 2a,b. In 

order to evaluate the performance of the GMDH model, a linear fit with the coefficient of 

determination (𝑅ଶ ) was added to each Figure to show the accuracy of the proposed model in 

predicting and fitting the actual data. From these Figures, it can be seen that the 𝑅ଶ values show an 

excellent prediction for the proposed model (GMDH) where 0.9719 and 0.9513 were for training and 

testing for xr/D and 0.9454 and 0.9565 were for training and testing for y
t
/D. The testing results for 

both parameters show a good prediction of the model. Although there was a decrease in the value of 
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the 𝑅ଶ for xr/D for the testing model compared to the training model, the accuracy remains high 

and acceptable. This indicates that all fitting lines pass through most of the data and the proposed 

model is highly accurate and satisfactory. 

  
(a) 

  
(b) 

Figure 2. The scatter plot with fitting lines of the actual and GMDH predicted results for angles from 

15° to 85°: (a) xr/D and (b) y
t
/D. 

Figure 3a,b, shows a detailed depiction of the performance of the GMDH model for xr/D (Figure 

3a) and y
t
/D (Figure 3b) as well as how the model was trained and tested by the data index. In Figure 

3a, the model was trained by 75% of the data, while in Figure 3b, it was trained by 70% of the data. 

As mentioned previously, the model was trained by between 70% and 80% of the data. Therefore, the 

key to influencing the change of training ratio is to obtain a simple model with high accuracy. 

 
(a) 
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(b) 

Figure 3. The performance of GMDH model in the training and testing stage. 

The equations extracted from the GMDH method for all geometrical parameters are presented 

in Table 1. These equations were used to predict the geometrical parameters in this study. As can be 

seen, all of the equations in Table 1 are functions of the 𝐹𝑟ௗ and the 𝜃. These equations are valid for 𝐹𝑟ௗ ranging from 10 to 100. All of the equations presented in Table 1 can be used for predicting the 

geometrical parameters for the inclined dense jet for any angles located between 15° and 85°. All of 

these equations are presented in dimensionless geometric parameters, which depend on the same 

input variables: 𝐹𝑟ௗ and 𝜃.  

Table 1. Nonlinear equations extracted from GMDH for dimensionless geometrical parameters. 

Geometrical GMDH proposed equations  

xm/D = - 31.538 +1.94873 θ - 0.0234242 θ2 + 1.63203 Frd (4) 

xr/D 
= - 0.35311 + 2.9030 Frd + 0.065091 Frd N3 - 0.13909 Frd

2 - 0.005735 N3
2

N3 = - 47.2107 + 2.77506 θ - 0.0340387 θ2 + 2.82939 Frd 
(5) 

y
m

/D = 2.37956 - 0.139279 θ + 0.0263993 θ Frd + 0.0026574 θ2 + 0.113531 Frd (6) 

y
t
/D = 1.00174 + 0.0336764 θ Frd - 0.000250209 θ2 + 0.0418149 Frd (7) 

3.1. Assessment of the model performance statistically 

Some of the most commonly used statistical indices are presented in this study to evaluate the 

performance of the GMDH model. These indices can clearly show the accuracy of the proposed model 

as it is commonly used in literature. In the present study, the three most important types of statistical 

indices were used: the coefficient of determination (𝑅ଶ), Root Mean Squared Error (RMSE), and Mean 

Absolute Error (MAE), which are defined as follows:  Rଶ = 1 − ∑(yො − yത)ଶ∑(y − yത)ଶ (8)

MAE = ∑ |yො − y|୬୧ୀଵ n  (9)

RMSE = ඨ∑ (yො − y)ଶ୬୧ୀଵ n  (10)

where 𝑦ො is the predicted values of the GMDH model, 𝑦ത is the mean of the actual data, y is the actual 

data, and 𝑛 is the number of actual data. As known, the low values of these parameters (except Rଶ) 

indicate the high accuracy of the model. The statistical results obtained for the GMDH model from 
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these Equations (i.e., 8-10) are presented in Table 2. The results of the GMDH model used for 

predicting the geometrical characteristics of the inclined jet show a high accuracy of the prediction, 

as shown from the Rଶ results. All geometrical results are higher than 0.94, which means that the 

model proposed produced excellent predicting results. The highest value of the Rଶ was 0.967 for 

xr/D, while the lowest value for the same index was for xm/D, which was 0.948. The most interesting 

finding from Table 2 are the testing results, which are the results that evaluate the accuracy of the 

proposed model. For MAE, the lowest value was noted for the y
m

/𝐷 (4.458), while the lowest value 

for the RMSE was found for the xm/D (6.861). On the other hand, the highest value for MAE was 

shown for x௠/𝐷  (6.809), while for the RMSE, the highest value was found for xr/D  (10.143). 

Generally, all the results obtained for the statistical indices in Table 2 show excellent agreement 

between the dataset observed and the proposed model (GMDH) which can be used for predicting 

the geometrical parameters of the inclined dense jets with highly accurate results.  

Table 2. Results of statistical indices for training and testing of the GMDH model. 

Geometrical 

parameter 
R2 MAE RMSE R2 MAE RMSE 

training testing 

xm/D 0.948 5.911 8.239 0.936 6.809 9.192 

xr/D 0.971 6.052 8.556 0.951 6.499 10.143 
y

m
/D 0.962 4.009 5.711 0.947 4.458 6.861 

y
t
/D 0.945 5.471 8.298 0.956 5.236 7.804 

3.2. Comparing GMDH results with previous models 

In this study, another evaluation for the performance of the GMDH model has been done by 

comparing it with several analytical and numerical models reported on in previous studies. Four 

analytical models explained in the literature were selected. These analytical solution models were 

CORJET for Jirka [60], Kikkert et al. [29], VISJET for Lee and Chu [27], and Oliver et al. [61]. The 

results of the GMDH model for dimensionless geometrical characteristics of xr/D and y
t
/D versus 

the 𝐹𝑟ௗ are shown in Figures 4 and 5, along with the previous analytical models. For brevity, the 

results of four angles (i.e., 15°, 45°, 60°, and 75°) for xr/D, and five angles (i.e., 15°, 45°, 60°, 75°, and 

85°) for y
t
/D, are presented in this study. The existing dataset found that the highest angle in the 

literature was 75° for xr/D, while 85° was the highest for y
t
/D. Due to a lack of previous data for 

some of the geometrical parameters, results of only two analytical models (CORJET and VESJET) 

were shown in several pictures. As shown in Figure 4, the GMDH model predicted results are 

presented in black lines and more effectively demonstrate predictions compared to the observed data 

obtained from the previous experiments compared to other analytical models (see Figure 4a,c). It is 

clear that the GMDH model shows accurate predictions and its results are almost identical and 

overlap with the previous analytical model for some angles (i.e., 45° and 60°), see Figure 4b,c.  

  

(a) (b) 
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(c) (d) 

Figure 4. A comparison of GMDH predicted results with previous analytical solutions for xr/D for 

angles: (a) 15°, (b) 45°, (c) 60°, and (d) 75°. 

Another comparison for the GMDH predicted results for y
t
/D is presented in Figure 5a,b,c,d, 

and e. A fifth angle was added for the y
t
/D comparison (i.e., 85°) to test the predictive capability of 

the proposed model. In these Fig.s, two other models were added to the comparison (i.e., CORJET 

and VISJET). The proposed model (GMDH) showed a good prediction of all angles. It should be 

noted that it is in a neutral position for the data scatter. In addition, there is a convergence of the 

GMDH and VISJET models presented by Lee and Chu [27] in Figure 5b,c. The predicted results of 

other analytical models (i.e., Kikkert et al. [29]; Oliver et al. [61]) were seen slightly higher than other 

models as the inclination angle increased, while the predicted results of the CORJET model were 

lowest in terms of comparing to the actual data and other models. 

  

(a) (b) 

  
(c) (d) 
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(e) 

Figure 5. A comparison of GMDH predicted results with previous analytical solutions for 𝑦௧/𝐷 for 

angles: (a) 15°, (b) 45°, (c) 60°, (d) 75° and (e) 85°. 

To quantify the variations of the results obtained from these models (proposed and previous 

models) with the actual data, the statistical index equation called Standard Error of the Estimate (SEE) 

can be used to see which model is preferred and gave a more precise prediction of the actual data. 

The low value of the SEE, the more accurate of the model. The SEE equation is defined as follows: 

SEE = ඨ1n ∑(yො − y)ଶ (11)

The results of the model predictions for geometrical parameters for all angles are summarized 

in Table 3. The results of the standard error show that the GMDH model performed better and is 

much more accurate than other models. All results of the SEE for the GMDH model were the lowest 

values for all angles for both geometrical parameters except for angle 45° for xr/D where the result 

of Oliver et al.’s model was the lowest. Therefore, the SEE results illustrate that all fitting lines of the 

GMDH model performed well for all geometrical parameter predictions, as the scattered data are 

closely located around the fitting lines with approximately 10% error around the lines. As a result, 

the GMDH model is the most accurate model among those tested.  

Table 3. Results of the standard error of the estimate for all models. 

Geometrical 

parameter 
Angle 

GMDH 

model 
CORJET VISJET 

Kikkert et al.  

(2007) 

Oliver et al. 

(2013) 

 
xr/D 

 

 

15° 6.39 - - 7.94 6.86 

45° 10.82 - - 11.72 10.77 

60° 9.42 - - 12.29 9.51 

75° 4.35 - - 20.80 4.99 

 
y

t
/D 

 

 

15° 3.35 - - 3.72 3.66 

45° 11.13 12.16 11.31 15.71 12.44 

60° 9.81 12.17 10.96 18.72 12.31 

75° 3.93 - - 12.00 12.95 

85° 9.06 - - 15.53 16.39 

Accordingly, this provides evidence that the GMDH model is considered a reliable model for 

predicting the geometrical parameters of the near-field mixing zone of the inclined dense jets. 

Figure 6a,b, shows the results of the constant values for the normalized forms (𝑥௥/𝐷𝐹𝑟ௗ) and 

(𝑦௧/𝐷𝐹𝑟ௗ ) for the GMDH model plotted against the initial discharge angle along with the data 
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reported in previous studies. Third-order polynomial fittings were obtained for all models in both 

Figures. Despite the large dispersion in the actual data, the fitting curve of the proposed model is 

considered the best prediction compared to the other models in terms of being close to most of the 

actual data. Moreover, the results obtained from the GMDH model are consistent with what was 

previously stated by [6], which shows that the horizontal distance of the return point increases with 

an increasing angle up to approximately 40° and then the distance begins to decrease. For Figure 6b, 

the results show that the terminal rise height gradually increases as the angle of the jet increases until 

reaching approximately angle 85°, at which point the fitting curve stays almost constant without any 

change. In this Figure, the GMDH model was in good agreement with the observed data. Generally, 

it can be seen that the GMDH predictive model shows better results with the observed data than the 

other models. 

 
(a) 

 
(b) 

Figure 6. Results of various nozzle angles compared with previous observed data and analytical 

models for: (a) horizontal distance of return point; (b) Terminal rise height. 
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3.3. Uncertainty analysis 

Uncertainty analysis is crucial to assess the confidence in the results obtained and evaluate the 

proposed GMDH models. Therefore, to measure the uncertainty of the prediction of the geometrical 

characteristics obtained from the GMDH models, several explicit statistics were employed such as, 

the prediction error (𝐸௜ ), Mean Prediction Error (𝑀𝑃𝐸 ), Standard Deviation (𝑠ௗ ), and Width of 

Uncertainty Band (𝑊𝑈𝐵). These parameters are calculated for the whole dataset employed in this 

study. The negative and positive values of the 𝑀𝑃𝐸  demonstrate that the models are 

underestimating or overestimating the observed values, respectively. These parameters are as 

follows [44]: 

 E୧ = Prediction୧ − Actual୧, (12)Eഥ = ∑ E୧ n⁄୬୧ୀଵ , (13)

MPE = ∑ (୔୰ୣୢ୧ୡ୲୧୭୬ି୅ୡ୲୳ୟ୪)౤౟సభ ୬ , (14)

sୢ = ට∑ (୉౟ି୉ഥ)మ౤౟సభ(୬ିଵ) ,  (15)

WUB = 1.96 sୢ√n (16)

where 𝑛 is the sample size. Moreover, a confidence band was defined around the prediction error 

values for 𝑀𝑃𝐸  and 𝑠ௗ  by using Wilson score method without a continuity correction. The 

difference between the low and high uncertainty bands is defined as the WUB. The model can be 

considered highly accurate when the value of the WUB is smaller. Therefore, a confidence band of 

95% was achieved using ±1.96 𝑠ௗ √𝑛⁄  values [62]. 

Results of the uncertainty analysis obtained for the GMDH models predictions of the 𝑥௠/𝐷, 𝑥௥/𝐷, 𝑦௠/𝐷 , and 𝑦௧/𝐷 are presented in Table 4 along with the mean prediction errors, the width of 

uncertainty band and 95% Prediction Error Interval (𝑃𝐸𝐼). 

Table 4. Uncertainty analysis for GMDH prediction models of the geometrical characteristics. 

GMDH model for 

the geometrical 

characteristic 

Number of  

sample size 
MPE 𝐬𝐝 WUB 95% PEI 

xm/D 309 +0.29 8.58 ±0.96 -0.66  to  +1.25 

xr/D 305 -0.11 9.29 ±1.04 -1.15  to  +0.93 

y
m

/D 341 -0.10 6.11 ±0.65 -0.75  to  +0.55 

y
t
/D 420 -0.03 8.25 ±0.79 -0.82  to  +0.76 

Based on the results shown in Table 4, the lowest values for the mean prediction error was for 

the non-dimensional 𝑦௧/𝐷, while the lowest value of the 𝑠ௗ, 𝑊𝑈𝐵, and 95% 𝑃𝐸𝐼 is obtained for the 𝑦௠/𝐷 which indicates that it is the most accurate model compared to other models. On the other 

hand, the least accurate predicted model in this study was found to be for the non-dimensional 

geometrical parameters of 𝑥௠/𝐷 and 𝑥௥/𝐷 with the higher values of the 𝑠ௗ, 𝑊𝑈𝐵, and 95% 𝑃𝐸𝐼, 

respectively. For the 𝑀𝑃𝐸 , it can be seen that the largest value was for the 𝑥௠/𝐷 , i.e., +0.29 . 

Although both 𝑥௥/𝐷 and 𝑦௠/𝐷 had almost the same value of the 𝑀𝑃𝐸, but considering the 𝑊𝑈𝐵 

and 95% 𝑃𝐸𝐼 values the predicted model of 𝑦௠/𝐷 is more accurate. The larger value of the 𝑊𝑈𝐵 

was noted for the 𝑥௥/𝐷 where was ranging from −1.04 to +1.04, which is inaccurate compared to 

other predicted models. As a result, the non-dimensional values of the geometrical characteristic 𝑦௠/𝐷  predicted by the model showed the lowest values of the mean prediction error, smallest 
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uncertainty bandwidth, and confidence band of 95% prediction error interval, therefore, validating 

the accuracy of this GMDH methodology. 

4. Conclusions 

Discharge of the brine water produced from desalination plants back into the coastal ocean using 

a submerged pipe is a common method widely used in engineering practices. Therefore, studying 

the mixing behavior of this discharge in the near-field zone has become a research priority to reduce 

the impact of this water on the marine environment. The discharged water can be formed as an 

inclined negatively buoyant jet when its density is higher than the density of the receiving water. 

Therefore, predicting the geometrical characteristics of this jet is crucial important for improving the 

understanding of the mixing behavior of this type of discharging and its dilution. In this study, the 

geometrical characteristics of the inclined negatively buoyant jet for angles ranging from 15° to 85° 

was modeled and predicted using a type of artificial neural network (ANN) called group method of 

data handling (GMDH). Results of this model were evaluated statistically and compared with a 

number of other analytical models previously studied. The results show that this model, while being 

efficient, is more accurate and is better able to accurately predict the geometrical characteristics of the 

negatively buoyant jet compared to the others. 
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